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Abstract— We study error-correcting codes for permutations Since this will be the distance measure used throughout the
under the infinity norm, motivated the rank-modulation scheme paper, we will usually omit theo subscript.
for flash memories. In this scheme, a set ofi flash cells are
combined to create a single virtual multi-level cell. Infomation  Definition 1. A limited-magnitude rank-modulation code
is stored in the permutation induced by the cell charge leval (| MRM-code) with parameter$n, M, d), is a subse€ C S,

Spike errors, which are characterized by a limited-magnitude g
change in cell charge levels, correspond to a low-distancéange of cardinality M, such thatde(f,g) > d for all f,g€C,

under the infinity norm. f # g. (We will sometimes omit the parametet.)
We define codes protecting against spike errors, callelimited-
magnitude rank-modulation codes (LMRM codes), and present Il. CODE CONSTRUCTIONS

several constructions for these codes, some resulting in tmal
codes. These codes admit simple recursive, and sometimesedt,
encoding and decoding procedures.

_We also provide lower and upper bounds on the maximal &,nqtrction 1. Givenn,d € N we construct the codé —
size of LMRM codes both in the general case, and in the case ’

where the codes form a subgroup of the symmetric group. In {feSn| fi) =i (mod d)}.

the asymptotic analysis, the codes we construct out-perfor the Theorem 2. The codeC from Constructior is an(n, M, d)-
Gilbert-Varshamov-like bound estimate. ’ nmod d d—(n mod d),
LMRM code,M = ([n/d]!) (ln/d|") .

The following is a simple construction (discovered indepen
dently and concurrently by [4]).

|. INTRODUCTION This construction allows a simple encoding and de-

Recently (see [2]), the rank-modulation scheme has be%‘ﬁdmg procedures, as well as an immediate generaliza-
suggested as an efficient method for storing information }h)n b a product-hk_e construction. ,LeuES” ) denote
flash memory devices. Let us considerfflash memory cells the identity permutation. For convenience, given a set
which we namel,2,...,n. The charge level of each celfl & S we denoted(H) = m_‘mf/gGH/f#gd(f'g)
is denoted bye; € R for all i € [n]. In the rank-modulation @Nd d(H) = maxsgep,f10d(f,g). Finally, we recall the
scheme, the charge levels of the cells induce a permutatfgowing notation: For H, K C S, we denote HX =
in the following way: The induced permutation (in vectorfhk = khk™1 | heH,keK}.
notation) is[f1, fa, ..., fu] iff cg >cp >0 > ¢y,

For a measure of the corruption of a stored permutation vg;é?(n
may use any of a variety of metrics over the symmetric grodp _~ H andH N K = {1}. We construct the code = H x
S, (see [1]). Given a metric oves,, defined by a distance ™~ — HK = {hk|h € H,keK}.
functiond : S, x S, — INU {0}, anerror-correcting codeis  Theorem 3. The code from Constructio is an (n, M, d)-

a subset of5,, with lower-bounded distance between distinctk MRM subgroup code withM = |H||K| andd >
members. _ N _ _ min {d(H), d(K), max {d(H) — d(K), d(K) - d(H) } }

In this work we consider a limited-magnitude spike error.

Suppose a permutatig‘he S, was stored by setting the charge The lower bound on the distance given in Theorem 3, which
levels of n flash memory cells tay,cy,...,c,. We say a We shall call thedesign distance, is often not tight.

single spike error of limited-magnitude L has occurred in the
i-th cell if the corrupted charge levet], obeys|c; — c| <
L. In general, we say spike errors of limited-magnitude  Apart from the obvious analogues of the Gilbert-Varshamov
have occurred if the corrupted charge levels of all the cellsound, and the ball-packing bound, we can state a code-
¢}, ¢, ..., Cp, ObEYymMaX; ¢ [y |c; — ¢j| < L. We therefore find anticode bound. Given a set C S, we denoteD(A) =

it suitable to use thé,-metric overS, defined by the distance {d(f,g) | f,g€ A}. We also denote thénverse of A as

functionde(f, g) = max; ¢ |f(i) —g(i)|, forall f,g€Su. A7 ={f71] feA}.

struction 2. Let H andK be subgroups 0§, such that

I11. BOUNDS



Definition 4. Two sets,A,B C S,, are said to be set and an 41y
antisetif D(A) N D(B) = {0}.

Theorem5.Letd : S, x S, — INU{0} be a distance measure
inducing a right-invariant metric. LeA, B C S,, be a set and
an antiset. ThehA| - |B| < |S,| = n!.

We can apply the set-antiset method and get:
Theorem 6.If C is an(n, M, d)-LMRM code, then
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wherer = n mod d.
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. Figurel. (a) The Gilbert-Varshamov bound in tecube (b) The MRRW
Some of the constructions and bounds presented take ydlind in then-cube (c) The rate of the code from Construction 1 (d) The

a simple asymptotic form. We will compare them with thos@ilbert-Varshamov-like bound of Theorem 9 (e) The codéearde bound of

|mp||ed by the previous constructions of [5] Theorem 8 (f) The ball-packing bound of Theorem 10
Definition 7. Given an(n, M, d)-LMRM code, we say it has
rateR = logTzM andnormalized distancé = %_ bound on the size of a ball (which is not known exactly). It was

conjectured in [3] that this lower bound might be improved
substantially. We also note that Construction 1 producedsso
Theorem 8.For any(n, M, d)-LMRM code, which asymptotically out-perform the Gilbert-Varshamie

1 1 1 bound of Theorem 9 for a wide range 6f(with crossover
R < (5 bJ - 5> log, (bJ - 1) + Hp <5 bJ - 5> + atd = 0.34904), and appear to be quite close to the bound

otherwise. Again, this might be a result of a weak upper bound

We begin with the asymptotic form of Theorem 6:

+2-26 FJ +0(1) on the size of a ball. Finally, the codes presented by [5] are
g severely restricted since they are derived from binary saade
whereH, is the binary entropy function. the n-cube, and as such, are bounded by theube versions

We now state the asymptotic form of the GiIbert-Of the Gilbert-Varshamov bound and the MRRW bound (see,

Varshamov-like bound: for example, [6]).

Theorem 9. For any constarit < § < 1 there exists an infinite IV. CONCLUSION

sequence ofn, M, d)-LMRM codes With% > ¢ and rateR = We have studied codes for the rank modulation scheme
log, M satisfyingR > fov(6) +o(1), where which protect against limited-magnitude errors. We presgn
" - ' code constructions (some of which admit simple encoding
logz% +25(logye—1)—1 0<6< % and decoding procedures). We also explored bounds on the
fov(9) = —26log, L +2(1—8)logye L<o<1 parameters of these codes. The strongest upper bound appear

) _ ) to be the code-anticode bound. For a full description of the
The ball-packing bound has the following asymptotic formiesylts, the reader is referred to [7].

Theorem 10.For any(n, M, d)-LMRM code,
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