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Abstract—This paper explores models for finding outer bounds possible networks that can be built from a small collectién o
on the capacities of a simple family of wireless networks. Each independent, memoryless point-to-point, two-receivesablr
wireless network is comprlsed of a collection of mdepen.dent, cast, and additive two-transmitter multiple access chisnne
memoryless channels with no more than three nodes: one ith additi . Network ith d without |
transmitter and two receivers in each broadcast channel, two W' a '_ ve _n0|se. ewor _S wi an_ without cycles are
transmitters and one receiver in each multiple access channel, included in this class. This simple family of network models
and one transmitter and one receiver in each point-to-point incorporates both the broadcast and interference feamires
channel. The approach taken applies prior network equivalence wireless communication networks. Bounds on the capacity of
results for modeling the individual components in each network each network are given as a function of the network coding

and then bounds the difference between the modeling network itv of di wwork of noisel At
capacity and the capacity of the original network. For binary Capacity of a corresponding network of noiseless, polat-to

channels, the modeling network guarantees capacities within a POoint links. These results are tight in some cases — inctudin
constant multiplicative factor of the true network capacity for networks where separation is known not to be optimal. For

all possible demand types. The results for networks of Gaussian the binary channel models, all capacities for the bounding
channels yield cuts across each channel within an additive network are shown to be within a constant multiplicative

constant of the optimal cut value. These constant gaps in cut L
values give additive bounds on the accuracy of capacities for [actor of the true network capacity; this result holds even f

demand types where cut-sets are tight. The bounding network demand types like multiple unicast demands where precise
capacity is also tight for some example networks where the gap characterization of capacity remains an open problem. For

between the capacity region and the traditional cut-set outer the Gaussian channel models, additive constant bounds on
bounds can be made arbitrarily large. the values of cuts yield additive constant bounds on network
|. INTRODUCTION capacity for demand types where cut-sets are tight.

Cut-set bounds [1, Theorem 15.10.1] are a powerful tool for Section Il gives th? problem §et—up and background on
bounding capacities of network systems. Unfortunatelgs¢h network models. Section Il describes the channels emgloye

bounds are known not to be tight even for some very simpl¢® and derives their upper and lower bounding models.

network examples [1, Section 15.10], and the gap between thgction IV bounds the accuracy of the modeling network

cut-set bounds and capacity can grow linearly with the netwoCaPacities as estimates for the true network capacity.
size even for networks of noiseless, point-to-point linR$. [ I
Combining recent work on network equivalence [3], [4] with

old and new analytical (e.g., [5], [6], [2]) and computa@bn Consider anm-node networkN. At each timet, nodev
(e.g., [7], [8]) bounds on capacities of networks of noisgle transmits a random variabth(“) and receives a random vari-
point-to-point channels yields many new upper bounds @bleYt(”). The network is memoryless, so it is characterized
the capacities of networks. A corresponding lower bourlly a conditional probability distribution

on each network capacity can be achieved by first channel ) (m)1.(1) (m)

coding across each individual channel and then applying pyx) =ply™, .oy ™ a2t

available lower bounds on the capacities of the resulting,e nenwork structure is described by a hypergraph with node
network of (asymptotically) noiseless point-to-point kit setV — {1,...,m} and hyperedge seE — {ei,...,ex}.
Combining these approaches yields network capacity bourels.p, hyperédgé = [V1, V2] has a collection of i;1put7 nodes
and corresponding bounds on their accuracy. Vi, C V and a set of output nodds, C V' \ V;. This work
This paper explores this approach on two families %cuses on networks of point-to-poirm_/u — V3| = 1), two-
wireless network models: a family of binary networks an,aiver broadcast channeld(| = 1, [Va| = 2), and two-

a family of Gaussian networks. Each family includes all; cmitter multiple access channelg;( = 2, |V»| = 1). The
indegree and outdegree of nodeare

. PRELIMINARIES

1This observation is almost immediate for networks without egciThe
argument for networks with cycles requires more care becauseamnot
apply block channel codes across time in these examples. $aad34] for din(v) = [{[V1,V2] € E|v € Va}|
details in the cases of point-to-point channel componerdsatwork channel .
components, respectively. dout(v) = |{[V1,V2] € E|v € V1 }].



vy

When dout( ) and di, (v) exceed 1X®) = Hj‘;“(“) X (,d) R,
y(v _ Hdm (v) y(v d (”) — (va,l)’ o ,Xtv’dout(v))),

and ;") = (Y(” ) Y(” 4n(D)) " where the outputs and

inputs of v are descnbed in the (fixed but arbitrary) order *“
imposed by the hyperedge indices. L&t (e) and Va(e) Ry
denote the input and output ports of edgeFor example,

if channele = [{u}, {v1,v2}] has input port(u, s) for some

’U2 v
s e {l,...,douw(u)} and output portgv;, 1) and(vy, 7o) for  Ro = I(XE“’Si;YE“‘”;) , Ry *)I()(( B s>) YE”Q ”)
somerle{l odin(vi)}, i€ {1,2}, thenVi(e) = {(u,s)} B =I(X "5 Y ") By =1(X 55y 5y )
R, I(X(“ 5), Y(vz T2)|y v1, Tl)) R, = I(X(“ ,8). Y(vz r2) )
andVz(e) = {(v1,71), (v2,7r2)}. Forany setS C {(u,s) : u €
def
{17 o 7m}a s € {L- . out( )} let X5<= (X(“) TV E S’) Fig. 1. Two deterministic broadcast channel models from [4].

denote the vector of channel inputs describedyand let
x° specify a single instance of that random vector. Similarly,
for any setS C {(u,s) :u e {1,...,m},s € {1,...,din(u)}, Definition 2: The rate regionZ(N) C Rf(m’l) of a
stéf(y(v) v € ) denotes a vector of channel outputs, angetwork A/ is the closure of the set of rate vectoRs such
yS is a particular instance of that vector. Whéhnis empty, that for anyA > 0 a (A\,R) — S(N) solution exists for all
XS andY* are treated as fixed but arbitrary constants. THd0cklengthsn sufficiently large.
channels described by the elementskbfire independent, so  Theorem 2.1 bounds the capacity of a netwarkby the
capacity of a network\y; that is identical to\ except that a
plylx) = [] p(y"> ") single noisy channel i\ is replaced by a noiseless bit-pipe
c€E of the same capacity.

A blocklengthn code operates the network overtime ~ Theorem 2.1 ([3, Theorem 3]) et networksV and\y be

steps with the goal of communicating, for all distir@t /), defined as

messagel (") ¢ W)l 9nRCY from N = (X(l,l) X oo X)L s g (madont(m))
node v to node v'. For any distinct pairs of vertices, ’
(u,u), (v,v") € V2, the message$V(“~+") and W (=" py ) I py*>@)2*2 ),
may be identical (for example in a multicast problem with ecE\{e}
v o= u and v’ # ') or independent. The vector of rates YD L PO y(m,dm(m)))
R(="") is denoted byR. A network is thus written as a triple
<H xm, H p(yVQ(e)|wV1(e))7 H y(v)) Ny = (X(Ll) X e x X x o xmedou(m)
v=1 eel v=1 6(1_(1/,75) _ g(vﬁ')) H p(yVQ(E)‘xVH(E))’
with the added constraint thatXt(“) is a function of ecE\{e}
v, 0)7 B _J/t(f%’W(u—&)’ el W(v—>m)} alone. YLD s PO Ly y(m,din('rn)))
Remark 1:Including a “no transmission” symbol in the ’

input and output alphabets of each channel allows arbitrafy,qre (X9, 53 — §v)) Y@y is a bit pipe that

sched.ul_ir-lg within this time-step model. noiselessly mapsnax,,...) I(X(u ),y (@) pits from its
Definition 1: Let a network input to its output at each time step. Then

N (ﬁ O T] p(y*s@ "), ﬁ y(v)> R(N) = Z(Nv).

v=t cel v=t Theorem 2.2 bounds the capacity of a netwdrkby the
be given corresponding to a graph= (V, E). A blocklength- capacity of a network\;; that is identical to\" except for the
n solution S(N) to this network is a set of encoding andeplacement a single broadcast channel from nodie nodes

decoding functions: v andve by a collection of noiseless, capacitated bit-pipes
) i1 . , configured as shown in Figure 1.
X QW) < I W) — x) Theorem 2.2 ([4, Theorem 4])Given a network

' —=v) . (p)” m (v—v") (v =)

W YWY XTI W —W N o= (X(“) W X)L pmdan(m)

H (v) (v) (v~>1 (v—m) (v)
mapping (Yl v Y, W W ) to Xt (v1,r1) ) (v2,72) . (u,s) Va(e)|.Vi(e)
and(Y,", ..., v\ W=D, W(Hﬂ) to W= So- py Y @ )Pelg[{P}p(y |z,

lution S(N) is called a()\772) squt|on, denoted \, R) — (1.1) (orr1) (va,r2)
S(N), if the encoding and decoding functions imply YT X YU e X PRI
Pr(W =" £ W=y < \ for all v, v'. ><y<’”’din(m>>) ,
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Ro = log |X(“1 81>| R} =log |X<“2 82)‘ Ry = I(X(“’S); Y(vhh)) — I(X u,s). y(vz r2)
R, = I(X(ul 151). U Ry = I(X(“l ,81) X(u2 62) Y(v 7)|U) Ri=1 X?u s). Y(v1 n)ly(vz r2))
Ry = 1(X (o0, X(ze2), y (o) ) Ro = I(X®252),0) Ry = [(X (0, y (2m) [y i)y
Fig. 2. Two deterministic multiple access channel models frdin [ Fig 3. Alternative deterministic broadcast channel models.

letd, = dout(u)—i—l, dy = out(U1)+1a andd; = din(U2)+1.
For each margingl = (p(z(*“*))) (.., define network\y; (p) R
Nolp) = (Xu,l) e W) oy plda)

X)E(Ul’dl) NEEE X(mvdout(m))

5(:2»(“75) — g(vhn))(s(j(u,d ) ('UQrTZ))

(0
. A(’L)l,dl) _ A(’L)Q,dz) VQ(&) Vl(e) RO = log |X(u1 51)| 10 |X(u2 32)|
6(3j Y ) H ( |x )7 R, = I(X(ul ,81). U) R/ _ I(X uy,81) X(uz 52) Y(v 'r)|U)
ecE\{e} R, = I(X(Ul 51) X(uz s2). y(v T)‘U) R _ I(x(uz ,52). U)

y(l,l) X oo X j\)(vlf’"l) X oo X 3}(1}277”2) NEEE
x)}(v%dQ) NEEED ' y(m,(im(m))) ,

where (X rd) §(30nd) _ gva.da)) gva.du))
(Xs) §(3(ws) — glonr)y ploir))

Fig. 4. Alternative deterministic multiple access channel eted

define network\y; (p)

(Rda) §(gludu) _ gloaira)) Ploaira)) No(p) = (X(l’l) X o) RS Ly plundi) o
are, respectively, noiseless bit pipes of capacities x XW2:82) 5 .y p(madout(m)
RO = [(X(u,s) Y(Ulle)) 6(:%(1“’51) - g(v’r))(g(‘%(Uhdl) - g(’ua,dz))
Ry = I(X(9);yim) B(alt) — gty T p(y™ @)@,
Ry, = I(X(“’S);Y(”z’r2)|Y(”1’”)), ecE\{e}

y(l,l) X oo X y(uQ d2) )A}

X
xj\}(yvdv) X -+ X y m, dm(m)))
where (R @rdn) | §(300d1) _ 5(v2.d2)) J(vada)y

)

Theorem 2.3 bounds the capacity of a netwdrkby the ()f(uhsl)’é(x(uwl) N y(vyr))’y?ﬂ))
capacity of a network\;; that is identical to\ except that a (Aluzdo) g(3luadz) — g(nde)) Yledo)y
single multiple access channel from nodgsandus to node
v is replaced by a collection of noiseless, capacitated bigi

for distribution p(x(%*))p(y(v1:71) | y(V2:r2)|p(w:5)) Then
N) < J2Wo(p)).
p

are, respectively noiseless bit pipes of capacities

as shown in Figure 2. Ry = log|x(us)]
Theorem 2.3 ([4, Theorem 3])Given a network R, = I(X(ul,sn; U)
N = (X(l,l) e Xnst) s s p(uzise) Ry = I(X(UI,SI)’X(UQ,SZ);Y(’U,T)‘U)7
- x A (madout(m)) for distribution
p<y(”77“) |x(“1751)7 x(u2752)) H p(yv’z(e) |33V1(€))7 p(x(u1,s1)’ x(uz,sz))p(u|w(u1,s1))p(y(v,r) |x(u1,s1)’ ‘,E(uQ,SQ)).
c€E\{e}

Herelog | X (“151)| = oo if X(¥151) is continuous. Then

y(l,l) NI, y('u,'r') N y(m,d;n(m))) , N U N
AN) S JZNu(p)).
p

letd, = dout(ul) +1,dy = din(UQ) +1, andd, = din(v) + 1.

For each distribution . .
The multiple access and broadcast models are asymmetrical

p = (p(asV) g(®252))) (e, in their broadcast receivers or multiple access transrsitte
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= — = ! =
gl _ ?1(1_ af(fl(p_))H( ) %’ — {%O_ Hl(p) Ro=1—H(pi*p1*p2xp2) Ry =1—H(p*p2)

2= p 1 Ry = H(py*p1*p2) — H(p1) Ry = H(p1*p1*p2) — H(p1)

Fig. 5. Example upper and lower bounding models for the noisgtyiadder @)
multiple access cha_nnel with error probability The given m_oc_:iels are Ipwer Ro =1— H(p1 *p2 % p2) Ré =1— H(p1 *p2)
and upper bounds in the sense that for any netwidricontaining the given R, — H(p1 *p2) — H(p1) R = H(p1 *p2) — H(p1)

multiple access channeg| replacinge by the model shown on its left yields a

new network\7, ., whose capacity region is a subset of the capacity region

of the original network Z(N7, o) C Z(N). Likewise, replacinge by the Fig. 6. Example upper and lower bounding models for the bingmyrsetric

model shown on its right yields a new netwokk, whose capacity region is broadcast channel with error probabilitips andp; * p2 at its two receivers.

a superset of the capacity region of the original netwe &) C Z(Ny)). The link capacities given in (a) and (b) correspond to theepahdent noise
and physically degraded cases, respectively.

Since the labeling is arbitrary, these results effectiveffer

two models for each broadcast channel and two models ffunding model comes from a point on the capacity region.

each multiple access channel. Both models for each comgdl€ UPper bound evaluates the model in Figure 4 Witk c.

nent guarantee outer bounds on the capacity region of theThe models for this example are quite intuitive. For any net-

original network, and therefore choosing the model yiejdinworkN containing the binary adder multiple access chaanel
and Ay designate the networks that result when the

the smallest capacity gives the tightest bound. The besemolft NL@_ X X ;
choice may vary with the demand type. channele is replaced by the lower bounding model with pa-

In order to avoid creating artificial paths between thiametera € [0, 1] and the upper bounding model, respectively.

receivers of broadcast channels and the transmitters ai-muf*PPIYing a channel code across the multiple access channel
ple access channels, the discussion that follows replaees 'f! N allows us to transmifa(1 — H(p)), (1-a)(1-H(p)))
models in Figures 1 and 2 by those in Figures 3 and 4. SingiS Per channel use across chanmelith an error probability

the alternative models can deliver precisely the same rate f (Nt can be made arbitrarily small. Thus any code designed
each transmitter to each receiver, the same proofs apply. [Of Network Nz, can be operated acrosé with an asymp-
totically small difference in error probability. As a resul

I1l. NETWORK MODELS AN1.o) € Z(N) for all a, giving UnZ(N.o) € Z(N).
This section describes inner and outer bounding models fimilarly, any code designed for netwos can be operated
a simple collection of memoryless additive noise chanrfes. on network Ny by implementing a memoryless binary adder
the first three channel types, the input and output alphabetsthe central node. Thu#(N) C Z(Ny).

are binary. For the remaining channel types, the input apd Binary Symmetric Broadcast Channel
output alphabets are continuous. The inner bounds comespo

b . .
to points on the channel capacity regions. The derived outerlf‘et & bﬁ the CI(?S_S of tzlr:jary s_)k/)mmetnﬁ broaldcast channels
bounds follow from the results in Section II. Then any hyperedge € £; describes a channe

(v1,r1) o (v2,r2) | . (u,s) 2
A. Binary Symmetric Channel ({0, 1} ply Y 7). {0,117

Let £ be the class of binary symmetric point-toWith Y1) = X (%) g 7, andy (v»72) = X9 & 7, as
point channels. Then any < & describes a channelshown in Figure 6. Lep; = EZ; andp; xp2 = p1(1 —p2) +
(0,1}, p(y ™) [ul=) {0,1}) with Y 1) = X(w9) g 7 and  p2(1 — p1) = EZ,. Figure 6 shows some example bounding
EZ = p. As is the case for all point-to-point channels [3]networks whenZ; and Z, are independent (a) and when the
the inner and outer bounding models for this channel matéhannel is physically degraded (b).
precisely. In this case, each is a capacitated noiseleggpgit ~ The two lower bounding networks come from the broadcast

of capacityR = 1 — H(p). capacity, which delivers common raf, = I(U; Y (*272)) =
) ) 1 — H(a % p1 * p2) to both receivers and individual rate

B. Binary Adder Multiple Access Channel Ry = I(X@®),Y@um)|U) = H(a*p;) — H(py) to receiver
Let £1" be the class of binary adder multiple access chaf: This provides a whole family of possible lower bounds.

nels. Then any hyperedgec £* describes a channel If V.. designates the lower bound using parametethen

2 () [ (u1,51) . (uz,52) UaZ(NL.o) C Z(N). For simplicity, (a) and (b) show the
({0, 135, ply™ " - ),{0.1}) models corresponding @ = p; xp, anda = ps, respectively.
with Y1) = X (w:81) gy X (v2052) @ 7. Let EZ = p. Figure 5 Each upper bounding network is obtained by evaluating the
shows lower and upper bounding models torEach lower model shown in Figure 3 under the given assumptionsZzpn
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A
Ry Ry M
Ro al
p  C . C e C
Ry as
R, $\s
'“21 P u , u P v2 Zz v2
Ry = 5log(1+ &) R = 1 (1+ 1) R :llog( (P4Na/a?)2(1—p%) )
Ro = Hog(1 + p22y) Ry = Llog(1+ JPEtr) 70T 2SNV aa=pV R P (=) (P Nafaf) Na /a3
1 1 2 2
- ] R, = llog(l + P (\/Niz/affp\/Nil/azl) )
g. 7. Example models for the Gaussian multiple access chantiepower 2 Nl/a (1—p)2(P+N2/a3)
constraintsP; > P, at transmitters 1 and 2 and variande-Gaussian noise. , 1
RO = ilog(l—i— Nz/a )
R/1 _ %log(l + P (M/af—PM/zl)z)
and Z,. The upper bounding model in (a) is larger than that Ni/ai (1=p)*(P+N2/a3)
in (b) because whe#; andZ, are independent; (™) and Fig. 8. Example models for the Gaussian broadcast channel.

Y (v272) together provide more information abolt(*-*) than

Yy (v1.71) alone; this is not true when the channel is physically

degraded. Since the network in which the channel is emp'Oyﬁﬁﬂossy source Coding_ Precise|y7
may later take advantage of this additional informatiory an

generic outer bound for the broadcast channel with indepens, (,, o,y _ y (12,52) Py
dent noise must capture the potential for this channel toycar N Py
more than the maximal sum-rate of its capacity region. U = xW2s2) 4 gz
D D
_ Zy = —XWes) 4z W

D. Gaussian Channel Py N (1 4 /%)

Let £ be the class of Gaussian noise channels. Then edge
e € £ is a channelIR, p(y*")|u(**)), R) WhereY(“*_T) = w o~ Nlop|1- D _ D .
Xws) 1 7, LetZ ~ N(N) and B[(X(»)?] < P. The inner Py (1 + /&)
and outer bounding models are capacitated noiselessgatpi P
of capacityi log(1 + P/N). D — PN

P,+ N’

E. Gaussian Multiple Access Channel F. Gaussian Broadcast Channel

Let £ be the class of Gaussian multiple access channelsFinally, let &S be the class of Gaussian broadcast channels.
Then each hyperedgec £ is a channel Then each hyperedgec &% describes a Gaussian broadcast

channel
(R?, p(y" 7z or), pl2o2)) R) (R, p(y"7, 272 [ l)), IR?)

with Y(vr) = x(wi.s1) 4 x(u2.82) L 7 et E[(X(u1,s1))2] < with yur) = g, Xws) 4+ 7, and Y(v2r2) = g, X (w8 4

P, E[(X<“2 92)) ] < P, P > Py, andZ ~ N(O,N). Z, for some jointly Gaussian random variablgs and Z,
Figure 7 shows upper and lower bounding models for the givéfith E[X?] < P, E[Z}] = N1, E[Z3] = Na, E[Z1Z,] =
multiple access channel. For any point in the capacity regi@v/N1 Nz, and Ny /ai < Ny/a3. Figure 8 shows an example
of the multiple access channel, there exists a correspgndkper and lower bounding models. The lower bounding model
lower bounding network. The model chosen corresponds ifofound by evaluating the broadcast capacity bounds

the corner point

1 P, 2 Ny/aj
R2 = flog <1+) 1 aP
2 N Ry = <log (1—|— 2>
R 11 1+P1—|—P2 11 1+P2 2 (1_a)P+N2/a’2
1 0g N 2 og N at

. . . . __ (VN3/az = py/Ni/ar)?
The upper bounding network is obtained by evaluating the l-a= 1—p)2(a2P + N;)

model shown in Figure 4 under the maximizing joint distri-
bution on (X (v1:51) X (u2.52)) and a statistically dependentThe upper bounding network is obtained by evaluating the
distortion-D reproductionU of X (#2-52) similar to those used model shown in Figure 3.
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IV. NETWORK CAPACITY BOUNDS Ry

The remaining task is to investigate the capacity implica- Z Ry ,
tions of the proposed models. For simplicity, the discussio Rse C $_,. C le
that follows treats networks of all binary or all Gaussiameo B B R
ponents. Bounding mixed networks is also straight forward. Ry

For any network\', Z(N') again denotes the full capacity
region for network\” — that is the set of rate vectors describing > up up
all collections of demands that can be simultaneously mBt =Rz = 5(1— H(p)) Ry =Ry =1
by the given network. Since so little of the capacity regioﬁ"3 =1-H(p) Ry =1-H(p)

is known, the focus is not on calculating network capacities
but on bounding how well the capacity region for the upper
bounding network approximates the capacity region of the

desired network. The given results bound the accuracy of glfferent, analyzing the capacity implications of theséed
capacity bounds that can be obtained on the upper boundigittes for all possible demands becomes more difficult. Since
network through analytical or computational means. bounding cut sets is simpler, we bound the differences bstwe

The capacity upper bound for a netwoX equals the Z.(N') and Z.(Ny) in these cases.
capacity of the networl\; in which each channet € E

is replaced by its upper bounding model from Section IIA- Networks of Binary Channels

Bounds on the accuracy o#(ANy) as an estimate fo#Z(\) Consider a networkV" of binary channels withE C £ U
are obtained by comparing?(Ny) and Z(Ny), where N, & U €. For each channel € E, define

is the network employing the lower bounding models. Results

Fig. 9. A variation on the lower bounding model from Figure 5.

are given in two forms. For any € [0, 1], the notation 117H(p ) ?f €&
A0 el if e &
Qe = 1—H(pPe,1%Pe,2%Pe,1%Pe,2) m ;
€ [a,1] o) ifec&" & Z. 1,22 ind.
ZANy) L Hpessbenehin

. ' o T H (o 1ipes) if e c & & e stoch. degr.
is used to specify thak € Z(Ny) implies aR € Z(N), , - ) ,
giving a multiplicative bound. For any > 0, the notation ~ Wherep. is the error probability forZ whene is a multiple
access channel ang ; andp. » are the error probabilities at
ZNv)—2ZN) <b the two receivers when is a broadcast channel.
meansR € Z(Ny) implies [R — b(1,.... 1)]* € 2. Theorem 4.1:Given a network\" with £ C X UET UEY,

.
Where possible, we make statements about complete lga{-a = mincep . Then

pacity regions. This is sometimes possible even though the ZN)
complete capacity regions are unknown for most networks. Z(Nv)

For example, [3] proves tha# (\) = #(Ny) for all networks  proof The topologies of our upper and lower bounding
N with E C £ U £y 2 This statement implies, for example,yodels match (or can be recast to match — see Figure 9).
that any collection of unicast demands can be met on netwagl, e, describes the minimal link-by-link ratio of capacities
N if and only if it can be met on network/. The result j, jower hounding models to upper bounding models, the
is proved by showing that the upper and lower boundln,%”()wing bound applies

networks are identical. While this result does not calculate

the network capacity, it translates a network capacity |amb R(NLL) CAZNL) CRN) C Z(Ny).

over noisy channels into a network coding capacity problemereNLL is identical toAy; except that the capacity of each
over noiseless channels, removing the stochastics andngpen

the problem to a richer collection of available tools. edge has been decreased by factarScaling all edges in a

In some cases, general statements about bound accurac nceéwork scales the capacity of the network by the same factor
be made onl for' ? es of demands where cut-set boundsng&(NL)/%(NU) — a, which gives the desired resul
y yp Theorem 4.1 is tightest when the channel error probalslitie

:Ir?:tmzlr::ssgﬁlg r%fuﬂ)t:ggimrsog}glr%d?r?;r;?nrngzisrigjm for the broadcast and multiple access channels are small. Th
b ’ 9 strength of the given bound is that it doesn't increase with

with non-overlapping demands, and the two-resolutionlsing network size. The weakness is that it is limited by its worst-

source multicast pr oblem (see, for example, [6]). @KN) ctase channel. While additive bounds on cut-sets can also be
be the set of achievable rate vectors corresponding only iQ_. . . . .
easily derived using the given results, they seem to be quite

demand—types_ for Wh'Ch. cut—set; WO.UId. be tighi\if were a loose. Tighter bounds on cut sets can be found by optimizing
network of noiseless point-to-point bit-pipes. When theamp he choi i hi boundi del for th
and lower bounding models of a component are sufficient?ver.t e choice ok in each lower bounding model for the
r%ultlple access channel. For the broadcast chadtiek Ry =
2The result in [3] is actually proved for all networks of memays, point- 0 and}% — Ry equalSH(pl *P1* P2 *p2) — H(p1 * p2) when
to-point channels. the noise random variables are independent Hiig; * po *

€ la*,1].



p2) — H(p1 * p2) when the channel is stochastically degradeaussian channels, additive bounds on the cut-set casaciti
Both values are bounded from above @g15. are derived. Since cut-set bounds are not tight in general,
a variety of more general approaches to capacity bound
calculation have been derived in the literature. These gocu
Let V' be a network of Gaussian channels wihc £ U primarily on the multiple unicast problem, which is general
£y U &L, For simplicity, assume thaPy = P, = P for all by [10]. While some of these more careful cut-set approaches
multiple access channels ang = a> = 1 for all broadcast apply to noisy point-to-point networks (e.g., [11]), resulor
channels. These choices maximize the gap between the uggeadcast and other channels are not available. Usinglassse
and lower bounds derived in Section lll. For each channpit-pipe upper bounding models allows direct applicatidn o

B. Gaussian Channels

e € F, define all existing techniques to networks comprised of compasent
0 if e ccw for which outer bounding network models are available. An
. 2 example in [12] shows that there exist networks for which the
1o (7N6+4P€) if ec &M : . . .
be={ 298U N+P 2 multiple unicast capacity alNVy; equals that ofA” while the
1] 1 Pe(y/Ne,2=per/Nep)® if gb cut-set bounds oV are loose by a multiplicative factor that
2 08 L AN ) heee i i i i
e ’ grows linearly with the network size. The example geneesaliz

can example of [2] from noiseless point-to-point links tosyoi
broadcast channels. For more general networks, boundseon th
accuracy of the upper bounding network can be achieved by
direct (likely computational) analysis of the upper and déow
bounding networks.

where (P., N.) are the power constraint and noise varian
whene is a multiple access channel aq#., N 1, Ne 2, pe)
are the power constraint, noise variances, and noise atioel
whene is a broadcast channel.

For any network\” of point-to-point noiseless bit-pipes,
and any setS c V, let val A7, S) be the value of cutS ACKNOWLEDGMENT
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