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Abstract— We establisit an information theoretic in- Bound 2: [6] The union of rate pairs
equality concerning the binary skew-symmetric broadcast
channel that was conjectured by one of the authors. This Ry < I(U; 1)
inequality helps to quantify the gap between the sum Ry < I(V;Y2)
e obtaned by Mertons nner bound and e N Ryt o < I(USY:) + 1V YD)
broadcast channel. We also establisk? that it iuﬁices to By + Ry < I(V3Y2) + I(Us 1|V)

consider |IW| < |X| for evaluating the maximum sum rate over pairs of random variableg(u,v) such that
in Marton’s inner bound for arbitrary broadcast channels. ’ .

The main technique used is an extension and modification (U’ V) = X — (V1,Y2) form a Ma_rkov C_ha'n con-
of the ideas present in a recent paper by Gohari and Stitutes an outer bound to the capacity region.
Anantharam.

. INTRODUCTION Yi
The broadcast channel is a fundamental network in- —01
formation theory setting modeling the communication of
messages (private and common) from a single sender to ~C0
multiple receivers. For formal definitions and early prior 01Y2

work the reader is referred to [1], [2]. There has been
some recent progress for the discrete memoryless setting, ~ Fig. 1. binary skew-symmetric broadcast channel
and this work establishes a conjecture proposed in one

of the recent papers [7]. In [6] the authors studied Bound 2 for the binary skew
‘We consider the broadcast channel where sedder sy nmetric channel and showed that the line segfneit
wishes to communicate independent messagesMa 1 R, — 0.3725.. lies on the boundary of the outer
to two receiversYy, Y. The capacity region for the hoyng. In [7] the authors studied Marton’s inner bound
broadcast channel is an open problem and the best knoyp the binary skew-symmetric broadcast channel and
Eclhlevable region is due to Marton[S] and is presentefhqed that provided an information theoretic inequality
elow. . o . Conjecture 1) holds, a line segment & + Ry =
Bound 1: [5] The following region is achievable 8.36116... lies zm the boundary gf the Marton’s2 inner

Ry < I(U,W;Y7) bound.

Ry < I(V,W;Ya3) Conjecture 1: [7] For the binary skew-symmetric
Ry + Ro < I(U,W: Y1) + I(V; Ya|W) — I(U; V|W) channel shown in Figure 1,
Ri+ Ra < I(V,W;Y2) + I(U; YA W) = I(U; VW) I(U; Y1) + 1(V3Y2) = 1(U; V) < max((X, Y1), I(X, Yz2))

for any triple of random variables(u, v, w) such that for all (U, V, X) such thatU, V) — X — (Y3, Y5) forms
(U, V,W) - X — (Y1,Ys) form a Markov chain. a Markov chain.

Capacity regions have been established for a numheshould be noted that this inequality was established
of special cases and iavery case where capacity is in [4] when U,V were independent; and in [7] for
known, the following outer bound and Marton's innedependent/, VV and P(X = 0) € [0, 2] U [2,1].

5
bound yields the same region.
2There is a typo in the evaluation of this bound in the origipaper
1This work was done when Varun Jog was a summer intern #tough the main results are right. In the Appendix we will \ghbe
CUHK. corrected derivation of this bound.



The outline of the proof is as follows: (Parts 1 and 2 Fact 1: M = My
were established in [3] and is presented for complete- Proof: Using standard arguments, for e.g. [4], there
ness) exists a random variabl@/ independent of/, V' such

1) We show that to obtain the maximum sum-rate ifhat X = f(U,V,W). Now setV' = (V,W) and
Marton’s region it is sufficient to considex as a observe thal (U;Y1)+1(V;Yz)—I(U; V) < I(U; Y1)+
function of the auxiliary random variabldg and 1(V';Y2) = I(U; V). u
V. Remark 2: One way to construct suchl is the fol-

2) We further show that the cardinality 6f and v lowing® For everyu, v consider the sequencg(u, v) =
can be restricted tY|, which in this case is 2. P(X <i|lU =u,V =w),1 <i < [X|. Mark the points

3) As U and V are binary, we conclude that thel1(u,v),... . tjx|(u,v)(= 1) for all choices of(u,v)
conjecture is true iff it holds true for each of the2long the unit interval0, 1]. The points define intervals
16 cases wher& = f(U,V). We further prove (at mostlf|[V[|X]) and generaté)” as an independent
that it is sufficient to consider only the two casegandom variable with probabilities defined by the length
X =UAV andX = UV by showing that either of the intervals. As th&® (X =i|U = u,V = v) can be
the other cases are immediate or it reduces to tHeought of asiW falling in a certain consecutive set of
above two cases. appropriately chosen intervals, there is a natural mapping

4) We prove the conjecture iX = U AV case using (U, V. W) — X.

a multiplicative perturbation to derive properties Claim 1: My =M™V
about the distribution o/, V which achieves the Proof:  This is a simplified version of the ar-
maxima in LHS of 1. guments of Gohari and Anantharam [3], adapted to

5) Similarly, we prove the conjecture i = U @ V  this setting. For a givem(u,v,z) consider the multi-
case using an additive perturbation to derive proflicative Lyapunov perturbation defined lyu, v, z) =
erties about the distribution d#, V which achieves p(u,v,z)(1 + eL(u)). For g(u,v,z) to be a valid

the maxima in LHS of 1. probability distribution we require the following two
conditions:1 + eL(u) > 0,Yu and )", p(u)L(u) = 0.
Il. MAIN Note: If p(u,v,z) = 0 theng(u,v,z) = 0 and hence

Gohari and Anantharam [3] established bounds on tHe continues to be a function ¢/, V') under any such

cardinalities of the auxiliary random variables needed R)erturl)_atign. ) o
evaluate the Marton’s achievable region. In this section 'f_ d|str|but|(?n p(u,v,x) maximizes I(U;Y1) +
we present a modified version of their arguments td{V; Y2) — I(U; V) then we must have that for any valid
completeness. perturbation
Define the following three quantities: 1) %I(U; Y1)+ 1(ViYz) = I(U; V) =0,
« M =max(I(U; Y1)+ I(V; Ya) — I(U; V) overall ~ 2) a2l (Ui Y1) +1(V3Y2) = I(U; V) < 0.
(U,V, X) such that(U, V) — X — (Y1, Y,) forms a Consider a class of perturbatioigu) such that
Markov chain.
. E(LIX =2) = vlr)L(u) =0,Ye e X. (1
Remark 1: We assume that/,V have arbitrary (Z] @) ;p(u vz)L(w) * @
large but bounded cardinalities. Once we show that ) o
the same sum rate can be achieved Wn< |, Observe that these perturbations keep the distributions

V| < |X|, we can take let the cardinalities go td®f £ (henceYi, ¥2) unchanged.

infinity. By the closure of the sumrate obtained by OPServation 1 There exists such a non-zero perturba-
U] < | x|, [V| < | x|, any limit point of a sequence tion if || > |X]| since the null-space of the constraints
of increasing cardinalities will also be attained b)ha(v)% rank atthmtoqt)d.

[U| < |Xx|, |V] < |X]|. This is a standard argument sefve tha

and the reader can refer to [3] for a treatment. 1o(U; Y1) 4+ 1o(V;Y2) — 1,(U; V)

o My = max(I(U;Y1) + I(V:Ys) — I(U;V)) over = Hy(Y1) + Hy(Ya) + Hy(U, V) — Hy(U, Y1) — Hy(V, Yz)
all (U, V, X) such thatU, V) — X — (Y1, Ys) forms = H,(Y1) + Hp(Y2) + Hy(U, V) — Hy(U, Y1) — Hy(V, Ya)
a M)e;r)kov chain and¥ = f(U, V). = H,(Y1) 4+ H,(Ya) + H,(U, V) —|—6HPL(U7 V)

o MUV = max(I(U; Y1) +1(V; Y2)—1(U; V) over H(ULYA) — eHE(U VL) — Ho(V, Ya).
all (U, V, X) such thatU, V) — X — (Y1, Ys) forms
a Markov chainji{| < |X|, |V| < |X|, andX = Here H (U, V) = =3, p(u,v)L(u)logp(u,v),
fF(U,V). HEU, Y1) ==, p(u, 1) L(u) log p(u, y1).

i _ _ (1)
_We will show that M = My = M, for any 3This construction was mentioned to one of the authors by d&ruc
discrete-memoryless broadcast channel. Hajek.



Therefore, 2 I(U;Yh) + I(V;Y,) — I(U; V) < 0 data processing inequality d§V;Y;) < I(V;X) and

1D
implies 2 H,(V,Yz) > 0 and this implies hencel(X;Y1) + I(V;Y2) — I(V; X) < I(X;Y1). The
) fourth case follows in a similar manner as the thirs.
E(E(L|V,Y2)") <0 Claim 3: The conjecture is valid for all distributions
or in particular E(L|V, Y2) = 0 whenevermp(v, y2) # 0. p(u, v_) when X =UAV, if and only if the conjecture
This, in turn, implies is valid for all distributionsg(u,v) whenX = U VvV V.
’ ’ Proof: This follows from the skew-symmetry of the
H,(V,Ys) = Hy(V, ). channel and thak = UVV is equivalenttaX = UAV.
) . i Let P(U = i,V = j) = p;; for everyi,j € {0,1}.
Using this we obtain For concreteness, wheli = U A V the conjecture is
LU V) + 1,(V3 Ya) = I,(U; V) equivalent to
= Hy (i) + Hy(¥2) + Hy(U,V) + e (U V) p(BRERUEPIO) 0, 4 gy in3)
— Hy(U, Y1) — eHE(U, Y1) — Hy(V, Y
»(U, Y1) — e, (U, Y1) al 7L2) — (p10 + p11)A( b1o ) h(pj)
= Hpy(Y1) + Hp(Y2) + Hp(U, V) + el (U, V) 2(p1o + p11) 2
b11
— Hy(U,Y1) — eHE (U, Y1) — Hy(V, Ya). — (po1 + p“)h(m) — h(poo + po1)
Poo po1

—) + + h(————
Poo -|-p10) (Pos + p1) (pm + pn

poo + po1 + pio
—s )

=+ (poo + p1o)h(
The first derivative being zero implie& (U, V) —
HE(U,Y1) = 0 and this finally implies that ip(u, v, x) < max {h(

1
— (poo + po1 —6—11710)}1(5)7
attains the maximum of (U; Y1) + I[(V;Ys) — I(U; V)

then I,(U: i) + 1,(V: Ya) — [,(U:V) = L(U:Y1) + nh) - iy} @

I,(V:Ys) — L,(U; V) for any valid perturbation that

satisfies (1). where h(z) = —zlogy(x) — (1 — z)logy(1 — x)
Now we choose such thatmin, 1 +¢L(u) = 0, and represents the binary entropy function.

let w = u* achieve this minimum. Observe thgt*) = For the X = UV V case, letP(U =i,V = j) = q;;

0 and hence there exists &hwith cardinality equal to for everyi,j € 0, 1.
[U/|—1 (at most) such thak(U;Y,)+1(V;Y2)—I(U;V) The conjecture is now equivalent to

is constant. We can proceed by induction urtil] = 00 L oo
|X|. Observe that wheri/| = |X|, we are no longer () = (@01 +qo0) (2(q01 + qo0)

uaranteed the existence of a non-trividhk) satisfyin 1
?1) il ) fying +h(qﬂ+q;1+Q10)_(q11+q01)h(§)

The argument can then be repeated ¥6rto make —(q10 + qoo)h(L) — h(q11 + qo1)
V| < |x] as well 2lato + qu) o

i EE(E)) h h
This completes the proof thaif, = M ". u +(a + qo)h( == ) + (o + qoo) (==

Remark 3: Use Fact 1 and Claim 1, to prove the
conjecture 1 it suffices to consider binafy, V' and
X = f(U,V). There arel6 possible boolean functions 400 1
on binary(U, V) and we establish the conjecture for each h(5) = qooh(g)} ) ®)
such function.

We use the following notationt/ A V' (and),U v V The bijection poo

q11 + qo1 + qio
(———) —(

1
2 q11 + qo1 + quo)h(=),

gmax{h
2

< {i1,pPo1 < dqoi,Pio

(on), U & 14 (xor), U (not). . q10,P11 < qoo completes the proof of the equivalence
Observation 2: Each of the following groups of func- ot the conjectures under the constraitts= U/ A V and
tions are equivalent upto re-labeling (of eithéror V.. x _ 17\, /. -
or both) B Corollary 1: From Remark 3, Observation 2, Claims
« X=UX=U, 2, and 3 it follows that the conjecture is true provided it
 X=V.X=V, - ~ holdswhenX =UAV andX =U @ V.
e X =UANV, X=UANV, X=UANV,X=UAV,
e X=UVV,X=0UVV,X=UVV,X=0vV, A CaselX=UAV
e X=UaV,X=UV We prove the conjecture in this case by studying the
Claim 2: The conjecture is valid wheiX = 0, X = local maxima. Clearly the conjecture is true when two of
1,X=UX=V. the three termggg, po1, p1o are identicallyd. When this

Proof: In the first two cases, the conjecture reducdsappens, then the condition reducesXo= U,V = 1,
to —I(U;V) < 0 (true by non-negativity of mutual X = VU = 1, or U = V = X, each of which is
information). In the third case conjecture follows fronsolved by Claim 2. Clearly ifp;; = 0 then X = 0; in



which case the conjecture is valid. So we assume thdtis is equivalent to showing (far <t < 1)

pu > 0. Therefore, we c_>n.Iy establish the validity of the 0 < HO|U) — HOYG|X) — H(V|U) + H(V|Y2)
conjecture for the remaining cases.

1 4t 1
Consider a perturbation(u,v,z) = p(u,v,z)(1 + ={1-t)+ th(l_) -(1- E) -(1- t)h(g)
eL(u,v)) that maintainsP(X = 0). This implies that 1 2 1
the perturbation satisfies - th(g) +(1- E)h(g)
4 1 1 1, 2 .1
L11 =0, pooLoo + po1Lo1 + pioLio =0. (4) =t <g —1+h(g5) +h(z) —h(z) - gh(§)>
For any local maxima of[(U;Y1) + I(V;Ys) — _3t (3,
I(U; V), the derivative with respect te must be zero 5 (5) ) (9)

for all perturbations satisfying (4), i.e.
and this is clearly true agh(s) < h(3). This proves
HL(U,V) = Hpwuy)(U:Y1) + Hewvy,) (V. Y2). (B)  the validity of the conjecture whepyg, po1, p1o > 0.
The entropy-like termsi (U, V), Hg vy, (U, Y1), 2) Case 1.2 po1 = 0;poo,p1o,p11 > 0. In this
and Hg(r|v,y,)(V, Y2) correspond to case the conditions (4) and (5) imply that the following

equality holds:
Hp(U,V) = —pooLoo log poo — p1oLio log pio q y

— po1Lo1 log po1, Poo _ ( Poo )
+ P10 p1o(p1o + 2p11
Hgwu,y,) (U, Y1) = —(pooLoo +P01L01)10g(w) ) .
I However this cannot hold ifgg, p1o, p11 > 0.
- ploTlolog% 3) Case 1.3 p1p = 0;poo, po1,p11 > 0: In this case
~ poLo o g(pw o), the conditions (4) and (5) implies that
2 2 Poo Poo
Hpg(r)v,vy) (V,Y2) = —(pooLoo + p1oLio) log(poo + p1o) Por Poi + i

P11
— porLo log(por + =57). Again this cannot hold ibgg, p1o, p11 > 0.

4) Case 1.4 poo = 0;p10,po1,p11 > 0: In this case
1) Case 1.1 poo, po1, pio.p11 > 0: In this case the the conditions (4) and (5) implies

conditions (4) and (5) imply that the following equalities p11

hold: Vpio(pro + 2p11) = po1 + 5~ (6)
Poo _ Poo T Pio o eliminate this possibility, we show that any poin
DPoo _ P +p To el te thi ibilit h that t
po1 por+ B that satisfies (6) cannot be a local maxima. Observe that
Poo Poo + Pot for a local maxima one also require&; 1(U;Y;) +

I(V;Y2) —I(U; V) <0, i.e.
E[E[Luv|UYA)*|+E[E[Luv|VY2]*| - E[E[Luv|UV]’] <0

P10 /pro(pio + 2p11)
These conditions are obtained by settihgy = 0 and

Lo1 = 0 respectively. Equivalently for all perturbations satisfyinig;; = 0 and
The above two conditions imply that po1Lo1 + p1oL1o = 0, any local maxima must satisfy
Po1 P11 2
— =2,— =4 L2 + proL > pon L2y + SpioL2y + 1 — 20 p2
P00 P10 Ppo1Lo1 T proliao = Po1tiol p1o 10 2 p1o + 2p11 10
These two equalities along willyo +po1+p1o+p11 = 1 +prol? + P31p 2
implies that any non-trivial local maxima is of the fotm por + 5t
1—¢ 2(1—t) t At which is clearly not possible whep, po1,p11 > 0.
Poo = =5, P01 =~ P10 = Pl = o This completes the proof of Case 1.

We need to verify the conjecture at this point. IB. Case2: X =U @V

suffices to show that . . s .
We again prove the conjecture in this case by studying

IU; Y1) + 1(V;Y2) = I(U; V) the local maxima. As before, the conjecture is true when
< I(X; Y1) (S max{I(X;Y1),[(X;Y2)}). two of the four termgg, po1, P10, P11 are identicallyo.
When this happens, then the condition reduceX(te-
4This local maxima exists only wheR(X = 1) = p11 < i U,V =1, X = V,U =1, X=0X=1,X =

and hence there is no local maxima whegXx = 1) > 4 When .V =00r X =V,U =0, each of which is solved by
P(X=1)> ‘é there was a simple argument in [7] that establishe

the conjecture. It is curious that both the approaches leadgimple lalm 2. Therefore, we Only establish the Va“dlw of the
proof in this regime. conjecture for the remaining cases.



Consider a perturbatiéng(u,v,z) = p(u,v,z) + a,b,c,d>0
eX(u,v,z) for somee > 0. For this to be a valid _ d—b
erturbation we require o< 9 log —P22— L) "
P q 2 Poo + 2po1 2 P11 + 2p10
(b—a) P10 (c—d) Po1
Ao01; Ao10; Atoo; Arnn 2 0 (7) T P10 + 2poo 2 po1 + 2p11 (10)

as the corresponding(u, v, x) are zero. Further let us
require that the perturbation maintaiR$X = 0). This
implies that the perturbation satisfies

(a): Settinga = c=k, b =d = [ we require
(L= k) 1 Pro(Po1 +2p11)
2 po1(p1o + 2poo) —
for all I, £ > 0 which is true if and only if

A000 + Ao1o + A1oo + A110 =0
Aoo1 + Aot + Ator +A111 =0 (8)

. - = . 11
For any perturbation that satisfies (7) and (8) at any propit = Poiboo (11)
local maximum it must be true that the first denvaqub) Settinga = b =1, ¢ = d = k we require
cannot be positive. This implies
(l=k), poo(p11 +2p10)
HA\(U,V)=Hgxu,y) (U, Y1) =He( vy, (V, Y2) <0, (9) 2 p11(Poo + 2po1) —
for all [, £ > 0 which is true if and only if

where the entropy-like terms are

PoiP11 = PioPoo- (12)
=1, b=c =k we require

H\(U,V) = —(Xoo1 + Aooo) log poo
— (Moo + Aoi1) log por — (A100 + Ao1) log p1o
— (A110 + A111) log pa1,

(c): Settinga = d

(—k) log P00 D11 P10 + 2poo po1 + 2p11
2 Poo + 2po1 p11 + 2p1o P10 Po1

>0

(13)

Hpuoy) (U, Y1) = Ml g(poo)

imply that poo = p11 andpo1 = p1o. L€t p = poo =

for all [,k > 0. Observe that equations (11) and (12)

- <M + oot +/\011) log(=2 poo po1) P11,¢ = po1 = pio. Substituting this choice into (13)
implies that
B (A110 + A100) log(pu) ) )
2 (I—k) P q—+2p
(A110 + A100) 5 log 5 >0
— <f + A1o1 + )\111) log — +p10)7 P+2q q
for all [, £ > 0 which is true if and only ifp = ¢.
Therefore the only choice @, po1, p1o, P10 > 0 that
— (Aoo1 + o) D10 L . -
Hp vy, (V. Yz2) = ——a 10g(7) satisfies the constraint (10) for all choiceswb, c, d >
; - = - T .
(Aoo1 + Aio1) P10 0 is whenpgy = po1 = p1o = p1o =1 In this case
-\ A100 + Aooo 10g(7 + Poo) observe that/, VV and X are mutually independent, and
the conjecture is trivially true ag(U;Yy) + I(V;Y3) —
)\ )\ ) )
_ <W +)\010+)\110> log(p% +p11) I(U,V) =
ot + A1) oy P2 2) Case 2.2 One among poo, Po1, P10; P11 IS ZEX0: All
T og(T)- these cases are similar to each other and reduces to a

particularX = U AV case, and hence the validity of the

conjecture follows.. For example, wheg, = 0, observe
that X = 0 if and only if U = V' = 1. Therefore this can
also be viewed as a special caseXf= U A V. (Note

1) Case 2.1 Poo, Pot, P1o, P11 > 0: Leta,b,c,d >0
and let us choose\om = a = —Xooos Moo = b =
—A101, doto = ¢ = —Aoi1, and A = d = =y

Observe that this choice satisfies (7) and (8). Therefdifeat we have already shown the equivalence between the

from the constraint (9), we must have for all choices ok = U AV and X = U Vv V cases.)

Condition
Poo = 0

EquivalentX = U AV case
X=UAV

5Note that this perturbation is a more general perturbatioat t
the one we have used so far, the multiplicative perturbatbrihe

form q(u,v,z) = p(u,v,z)(1 + eL(u,v,z)). The multiplication po1 =0 X=UAV
perturbation ensures that #(u,v,z) = 0 then g(u,v,z) = 0; po=0 X=UANV
however an additive one need not preserve this. Sefting v, ) = p1=0 X—UANV

p(u,v,z)L(u,v,z) shows that the multiplicative perturbation is a
special case of the additive perturbation. It turns out thahe case
X = U @V, the analysis of the local maxima is greatly simplified
if we consider an additive perturbation; as we are finding ldwal
maxima over a possibly larger space.

Since the conjecture was established whénr= U A
V', this equivalence completes the proof whEn= U @
V. Thus Conjecture 1 is established.



IIl. SUM-RATE EVALUATIONS OF INNER AND OUTER where

BOUNDS FORBSSC HEW,Y) = =3 plw, y)L(w) log p(w, ),
We shall evaluate the inner and outer bounds for the Wy
BSSC from [6] and [7]. Apart from completeness, this  Hy (W, Z) = — > p(w, z)L(w)log p(w, 2),
section serves three purposes: w,%
« We present a proof that to compute the maximum s (U V,W) = = 3~ p(u,v,w) L(w) log p(u, v, w),
sum-rate of the Marton’s achievable region it suf- i

fices to restrict ourselves 67| < | X| Hy (U,W,Y) == > p(u,w,y)L(w)log p(u,w, y),
o We correct a minor typo in the evaluation of the Y

maximum sum-rate of the outer bound presented in H, (V,W,2) = — > p(v,w, z)L(w) log p(v, w, ).

[6] v, W,z

« We also compute the maximum sum-rate obtainedhe first derivative with respect tobeing zero implies
via the Korner-Marton outer bound for the BSSC. . L
ANHE(W, Z) + (1 = NHE(W,Y)

. . L L L _
A. On sum-rate evaluation of Marton’s inner bound - H,(UW)Y)—-H,(V,W,Z)+ H, (U V,W)=0

Though this evaluation was done in [7], assuming the o o )
conjectured inequality; we present a slightly different, Substituting this into (16) we obtain
albeit more general, argument that produces the same X\1,(W;Y) + (1 — \)I,(W;Z) + I,(U;Y|W)
result. We first prove that for any broadcast channel it | 1 (v, zjw) — 1,(U; VW)
suffices to restrict ourselves /| < | X| to compute the — M (W;Y) + (1 = NI, (W3 Z) + L(U; Y|W)
maximum sum-rate of the Marton’s achievable region. 4 L, (Vi Z|W) — L(U: VW)
In [7] we proved this fact using some properties of the e P
BSSC channel and here we present a general argument.
Claim 4: For a discrete memoryless broadcast chanfor any valid perturbation that satisfies (14).
nel, to compute the maximum of Now we chooses such thatmin,, 1 + eL(w) = 0,
A(W3 Y1) + (1= NI(W;Ya) and letw = w* achieve this_minimum. Obse_rve_that
IUYAW) + IV Ya|W) — I(U VW) q(w*) = 0 and hence there exists &/ with cardinality
whered < A < 1 equal to)W|—1 such that\I(W;Y)+(1-N)I(W; Z)+
-0 IU;YIW) + I(V; Z|W) — I(U; VW) is preserved.
over all choices of(U,V, W) — X — (Yi,Ys) it We can proceed by indqction_ untiw| = |X|. This
suffices to restrict toW| = | X|. completes the proof of this claim. m
Proof: Let p(u, v, w, z) achieve a maximum of the Remark 4: A careful reader may observe that while

above expression. As before, we consider multiplic&/2im 4 only shows that we can assue| < || for
tive Lyapunov perturbation defined by(u,v,w,z) = cOmputing
p(u,v,w,z)(1 +eL(w)). Forq(u,v,w,r) tobe avalid 7, — min max A(W;Y7) + (1 — NI(W;Ya)

probability distribution we require the conditioris+ 0<A<L p(u,v,w,2)
eL(w) >0, Vw and ) p(w)L(w) = 0. Further let us +I(U; W) + I(V; Yo (W) — I(U; VIW).
require that the perturbation maintaif§X = x), that

is However one can show thdy = 75, where

B(LIX =2) = p(wl)Lw)=0. (14 To= max min{I(Wi¥1)+(1-NI(W;Y2)
p(u,v,w,xr
i o ) +I(U; A |W) + I(V; Y| W) — I(U; VIIV).
Remark: There exists nontrivial.(w) if [W]| > |X].
Observe that This max-min theorem may perhaps be known in

literature; however a simple argument is as follows. Let

ML(W3Y) + (1= NI, (W: Z) + I, (U; Y W) (15)
+ 1,(V; Z|W) — I,(U; V|W) Ti(A) = p(ﬂafx) MW Y1) 4+ (1= A)I(W;Y2)
= MHp(Y) + (1 = N Hy(Z) + MN(Hp(W, Z) + I(U; A W)+ I(V; Yo[W) — I[(U; VIV).

+eHY(W,2)) + (1 = \) (Hp(W,Y) + eHY (W, Y)) tis clear thatTy(h) > Tor € [0.1], and h

B L B is clear thatTy > Ty, A € [0,1], and hence
HP(LU’ W,Y) = eH, (U, W, Y) H’J(LV’ W, 2) Ty > T». To show the reverse direction, let(u, v, w, z)

—eHy(V,\W, 2) + Hy(U,V,W) + eH, (U, V, W) denote a continuous path in the probability simplex that

(16)  achieves the maximum &f; () (again finite cardinality



assumptions like in Remark 1) for any. From the  The maximum off (X; Y1)+ I(X;Y3) = 0.6225562..

continuity of the mutual information terms we know thabccurs wherP(X = 0) = 1 and hence substituting we

the functionsay = I,, (W;Y1) andby = I,, (W;Y;) obtain thatSR < 0.36164288...

are continuous. Hence one of the three cases holdsTo show that it is indeed on the boundary of the

(1) ax > by, A € [0,1], (i2) an < bx,A € [0,1], or achievable region consider the joint distribution &n

(7i1) ax, = by, for at least one\, € [0,1]. In case(iii) andW as follows:

we see thafl, > T1()\,) and hencel> > Ti. In case p(W =0)=p(W =1) = %

(i) observe that p(X = 0|IW = 0) = 0.15843497.. andp(X = 0|V =
1) = 0.84156502..

T1(0) = Ipo (W5 Ya) + Lo (U; Y1 W) For this distribution, all inequalities reduce to equakti

+ L, (V; Yo W) — I, (U; VIIV) and SR of 0.3616.. is achieved.
= min{Z, (W; Y1), Iy (W; Ya)} + L, (U; Y1 |W)

B. Sum-rate evaluations of the outer bounds for BSSC
+ Ipo (Vv }/é'W) - I;Do (Uv V|W)

<. 1) Case 1. Bound 2: To evaluate maximum of the
- sum-rate of the outer bound (Bound 2) it was shown
HenceT, > T;. Similarly for case(ii). [6] that it suffices to consideP(X = 0) = % (It is

1) Evaluation of the maximum sum-rate of Marton’s  immediate using the skew-symmetry of the channel and

region for BSSC: Clearly from the above claim We the inherent symmetry of the outer bound expressions.
can assume tha?V| = 2. Observe that for the BSSC, The sum-ra%/e maxirynum is hence given byp )

I(X;Y1) > I(X;Y?) if and only if P(X = 0) < 1. If

0<PX =0W=0),PX=0W=1)<Litis max  I(U;Y1) + 1(X; Y2|U)
easy to see, using the established inequality that p(u,2),P(z=0)=3
SR = min(I(W; Y1), [(W;Y2)) + I(X; V1| W) or in other words maximize
<I(X;)) max I(X;Y3) + I(X; Ya|U) — I(X; Y4|U)
<C p(u,z),P(x=0)=1

Let P(z = 0) = z. In [7] it was shown that the curve
whereC is the single channel capacity givenb§0.2)—  f(z) = I(X;Y1) — I(X;Y2) = h(%) — 552 +1 - 22

0.4 ~ 0.321928.. Similarly if £ < P(X = 0|[W = is concave when: € [0,3] and convex when: e
0),P(X = 0[W = 1) < 1 again the sum-rate will be [0, 3]. Further it was also shown that the lower convex
bounded by C. Hence we can assume that P(X = envelopé was given by
W =0)<i<PX=0W=1)<1. o ,

Let d = max,(,) [(X;Y1) — I(X;Ys). Then we can gy =4 /(B 0sz<3
solve ford = 0.10072952.. and the optimizing choice f(z) s<z<1

for P(X = 0) = 0.15843497... Now observe that

SR < I(W:Y1) + P(W = O)[(X; Vi|W = 0) knlc:)\rlertrrl]g;e definition of the lower convex envelope, we
+P(W = DI(X;Ys|W =1)
— [(X; Y1) + P(W = 1)(I(X; Yal W = 1) I(XYa|U) = TG YalU) 2 ()
—I(X; Y1 |[W =1))
< I(X:Y1) + P(W = 1)d. and it_easy to see that the equality is indeed achieved
for a binaryU.
Similarly Therefore
SR < I(W;Ya) + P(W = 0)I(X;Y1|W = 0) max  I(X;Y1) 4+ I[(X;Ya|U) — [(X; VA |U)
FP(W = DI(X; YW = 1) p(u,2).P(2=0)=3
— [(X;Ya) + P(W = 0)(I(X; Yi|W = 0) _ h(i) — 0.5+ g(0.5) ~ 0.3725562...

—I(X;Y2|[W = 0))
<I(X;Y2) +P(W =0)d. - . . - .
S I(X;Y2) ( ) This is a correction to the implicit error I made in
[6] while calculating the lower convex envelope and
From these two (by adding them) we can deduce thabtained a bound of.37111....

2SR < I(X;Y1) + I(X;Y2) +d. Smore precisely, in [7] the upper concave envelope was cterac

ized, and the characterization of the lower convex envefofp@vs by
symmetry.



2) Case 2: Korner-Marton Bound: To show that this ~ Observe that for this choice
sum-rate is still strictly inside the Korner-Marton[5] o
outer bound observe that we need to evaluate the union I(U;Yh) = h(7) — ah(0.4) ~ 0.2206837...

over p(u, z) I(X;Ya|U) ~ 0.1537118..
Ry < I(U; Y1) I(X;Y3) ~ 0.3006499
Ry < I(X;Y2)

< . . . .
Bu+ Re < I(U V1) + 1(X5 ¥2|U) Therefore the symmetric rate-paitR;,R;) =

_ _ ~(0.1871978..,0.1871978..) lies on the boundary of the
Further if a point(R, R2) = (a,a) belongs to this Korner-Marton outer bound. In summary, the maximum

Lee%l(i)%n' tt(;ythtgeurﬁlc()iw(;\?ymmetry of BSSC, it will alsogym rate given by Korner-Marton outer bound for the
9 (v, ) BSSC is0.3743955....

Ry < I(X51) c
Re < I(V;Y2) . (?NCLUS.ION |
Ri+ Ry < I(V; Y1) + I(X; Ya|V) We establish an inequality for the binary skew-

symmeteric broadcast channel that was conjectured in
and hence to the intersection of the two regions. The key]. Thus we have quantified the gap between the outer
difference between the bounds is that while the form@bunds and the inner bounds for this channel. It would
takes the intersection before the union, the latter takps great to determine which of the bounds are weak,

the union prior to the intersection. and if possible improve them at least for this interesting
Suppose we wish to compute

channel.
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Thus the maximum sum rate given by

max I(X; Y1) + I(X; Ya|U) — I(X; Y1|U) = 0.3743955.

p(u,x)

+

The pair (U, X) that achieves the maximum can be

characterized by
PU=0)=1-a,P(X=0/U=0)=0,

P(U=1)=a,P(X=0U=0) =

o

where0.8 x a = z* or a ~ 0.5714286.



