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Abstract—In this paper we prove that, for a certain class of
protograph-based LDPC codes with degree-two variable nodes,
a typical minimum distance exists. We obtain a tight bound on
the sum of weight enumerators, up to some weight d*, for the
ensemble of finite-length protograph LDPC codes. Then we prove
that this sum goes to zero as the block length goes to infinity.
Finally, we prove that Pr(d < d*) goes to zero as the block length
goes to infinity. This typical minimum distance exists if degree-
two nodes have certain connections to the check nodes. This is
also important in practice since it identifies a certain class of
protograph LDPC codes that have typical minimum distances.

I. INTRODUCTION

Low-density  parity-check  (LDPC)
proposed by  Gallager [1] in
weight enumerators for unstructured irregular LDPC
codes and turbo-like codes have been reported in
(101, [111, [12], [13], [14], [15], [16], [17], (18], [2], [3].
Recently, researchers became interested in the design of
LDPC codes with imposed sub-structures, starting with
the introduction of multi-edge type codes in [7] and [8].
Protograph-based LDPC codes are a subclass of multi-edge
LDPC codes. In [9] a method for the computation of
asymptotic (infinite block size) weight enumerators for LDPC
codes with protograph structure has been proposed. In [4]
ensemble weight enumerators for finite block size LDPC
codes with a protograph structure was obtained. The results
then were extended to the asymptotic case as the block
size goes to infinity. Weight enumerators for specific codes
are useful for bounding or estimating the decoding error
probability of channel codes. As noted by Gallager [1], it is
generally impractical to calculate the weight enumerator for
a given code. Given this, Gallager and others have calculated
the average performance for ensembles of codes. Gallager
derived asymptotic weight enumerators for the ensembles of
regular LDPC codes. This result was extended to the irregular
LDPC ensembles (see the above references). In this present
paper, we upper bound the ensemble weight enumerators of
protograph-based LDPC codes to prove the existence of a
typical minimum distance for a class of protograph LDPC
codes with degree-2 variable nodes. The existence of a typical
minimum distance implies linear growth of the minimum
distance with the code block length [1]. For any protograph
LDPC code, we use a random permutation per each edge.
Then we obtain the weight enumerators by averaging over all

codes were
1963. Ensemble

possible permutations. This is equivalent to using a uniform
interleaver [6] per each edge of the protograph. There was few
research work on bounding the minimum distance, and linear
minimum distance property for example see [22], [23], [24],
[25] and references there. Recently in [20] and later in [21],
the minimum distance was upper bounded using circulant
permutations. The results show that if circulant permutations
are used, the minimum distance will not grow linearly with
the code block length.

This paper proceeds as follows: In Section II, we define a
protograph LDPC code. In Section III, we define our notation
and provide the ensemble weight enumerators for protograph-
based LDPC codes as background. In Section IV, we define
a class of protograph LDPC codes with typical minimum
distance. Finally, in Section V, we prove the existence of
typical minimum distance for this class of protograph LDPC
codes.

II. PROTOGRAPH-BASED LDPC CODES

A protograph is a Tanner graph with a relatively
small number of variable nodes (VNs) and check nodes
(CNs) [5], [19], [26]. A protograph G = (V,C, E) consists
of a set of variable nodes V' = {v1,v9,...,v,,} , a set of
check nodes C' = {c1,¢2,...,¢n.}, and a set of edges E.
Each edge e € E connects a variable node v, € V' to a check
node ¢, € C. Parallel edges are permitted, so the mapping
e — (ve,c.) € V x C is not necessarily 1:1. Each edge in the
base protograph represents an edge type. For multi-edge LDPC
codes, a group of edges (number of edges in each group can be
different) represents an edge type. For unstructured irregular
LDPC codes, there is only one edge type. Having the base
protograph, we can obtain a larger graph by a “copy-and-
permute” operation. This operation consists of first making
N copies of the protograph, and then permuting the endpoints
of each edge type among the N variable and N check nodes
connected to the set of N edges copied from the same edge
type in the protograph. The derived or lifted graph is the graph
of a code N times as large as the code corresponding to the
protograph, with the same rate and the same distribution of
variable and check node degrees. Denote by g,, the degree of
variable node v;. Denote by q., the degree of check node c;.
The code rate for the protograph is R, = ™=« provided that
the parity check matrix of the derived or lifted graph is full




Fig. 1.

Vectorized protograph.

rank; n; is the number of transmitted variable nodes, n; < n,.
Here for simplicity we assume n; = n,. The copy-and-
permute process can be simply represented by replacing each
node with a vector of nodes of the same type and replacing
each edge with a bundle of (permuted) edges of the same type.
This “vectorized” protograph is depicted in Fig. 1.

III. ENSEMBLE WEIGHT ENUMERATORS FOR
FINITE-LENGTH PROTOGRAPH-BASED LDPC CODES

Now consider the LDPC code constructed from a protograph
G by making N replicas of G and using uniform interleavers,
each of size N, to permute the edges among the replicas
of the protograph. We treat the VNs and CNs as constituent
codes in a concatenated coding scheme. More specifically, the
group of NV VNs of type v; is considered to be a constituent
(repetition) code with a weight-d; input of length NV and g,
length-N outputs. Also, the group of N CNs of type c; is
considered to be a constituent code with g, inputs, each of
length N, and a fictitious output of weight zero. Let A(d) be
the average (over the ensemble) number of codewords having
weight vector d = [dy, ds, ... ,d,,] corresponding to the n,
VN N-groups and satisfying the protograph constraints. A(d)
is the weight vector enumerator for the ensemble of codes
of length N - n, described by the protograph. Let us further
define

Avi(w;) = (g)ddi,wi,l ++0d;w;,,, = the weight vector
enumerator for the type-v; (VN) constituent code for a weight-
d; input, where w; = [w; 1, Wi 2, .., Wi, | is a weight vector
describing the constituent code’s output, and

A% (z;) = the weight vector enumerator for the type-c;

(CN) constituent code and z; = |:Zj71,Zj727 -+ Zj.qe, |» Where

zj1 = w; , if the ['" edge of CN ¢; is the k'™ edge of VN v;.
As shown in [4, Eq. 2], by exploiting the uniform interleaver
[6] property, we may write

Z [z, A (wi) H;L;1 A (z;5)
Ea R | VSR | N G
IT}2, A% (d))
= =7 (1)
T ()

where the summation in the first line is over all weights
m = 1,.,n, and u = 1,...,q,,, and d; =

A(d)

Wi, u,
dj17dj27"'7djch,\/;| is a weight vector which describes the
weights of the N-bit words on the edges connected to CN
c;, produced by the VNs neighboring c;. The elements of d;
comprise a subset of the elements of d.
Then the average number of codewords of weight d in the
ensemble, denoted by Ag, equals the sum of A(d) over all d

for which > (divieV) d; = d. Notationally,
Y. A@) )

{d;:v; €V}

Ay =

under the constraint »_ {divieV) d; = d. To evaluate Ay in
(2), one first needs to compute the weight vector enumerators,
A% (d;), for the check nodes c;, as seen in (1).

Consider a check node ¢ with degree 3. We need to find its
weight vector enumerator A°(w), where w = [wy, wa, w3] is
the weight vector at the input to a degree-3 check node. Fol-
lowing [4], the A°(w) may be easily found as the coefficients
of the multi-dimensional z-transform of {A°(w)} as

N !
Ac(w17w27w3) — < > (S — wl)' S (3)

s (s — wa)!(s — ws)!

where s = % This is true if wy +ws+ws3 is even and
max{wy,wz, w3} < s < N, otherwise A°(wy,wq, ws) = 0.
The partial weight enumerators for checks with degree higher
than 3 can be obtained from the result for a check with degree
3 by concatenation. For example A¢(w1, w2, ws,wy) can be
obtained as

A(wy, wa, 1) A(ws, wy, 1)
N
(v)
The weight enumerators for higher degree checks can be
obtained in a similar way.

Ac(wlv w2, W3, w4) = Z
=1

“4)

IV. A CLASS OF PROTOGRAPH LDPC CODES WITH
TYPICAL MINIMUM DISTANCE

Consider a class of protograph-based LDPC codes where the
connections between degree-2 VNs and CNs in the protograph
have certain restrictions to be defined.

Any protograph with degree-2 nodes that satisfies the follow-
ing criterion belongs to this class. First consider the set of
degree-2 VN nodes for which each node in this set is only
connected to a CN node through a single edge connection.
Remove from the set each degree-2 node and the two edges
connected to this degree-2 node. Repeat this process for the



Fig. 2. A member of the class in which no degree-2 loops exist (Only
degree-2 VNs and check nodes connected to them are shown)

remaining degree-2 VN nodes. If at the end of this process
no degree-2 node is left, then the protograph-based LDPC
code belongs to the class of protograph-based LDPC code
ensembles with typical minimum distance. In this class, no
degree-2 node is allowed to be connected to a CN node
through double edges. This constraint also implies that no
loop should exist in the graph between degree-2 nodes and
the checks connected to these nodes. A member of this class
is shown in Fig. 2

This class of protograph LDPC codes with degree-2 variable
nodes is also similar to the class of protograph-based LDPC
codes that are derived from a protograph with variable node
degrees at least 3 using the check split operation as described
in [4] and [19].

V. EXISTENCE OF TYPICAL MINIMUM DISTANCE

Now we will prove that class of protograph-based LDPC
code ensemble with degree-2 nodes that was described in the
previous section has a typical minimum distance. We first
prove that there exists a 4* > 0 such that Z}gf” Ag — 0
as N — oo, where the block size n = n,N. Then, using
Markov’s inequality we can show Pr{d;, < [N S*J} — 0
as N — oo.

Proof: We have already computed A°(w) for a check
¢ (SPC) with degree 3. If w; + wy + ws is even and

max{wy, we, w3} < u < N, then

N!
(N = $)l(s —wy)!(s —wa)!(s — wg)!(s)
otherwise A°(wy,wz, w3) = 0, where s = “1H42EWs Firgt
we obtain an upper bound to A°(w;,wsy,ws). Note that

N!

Ac(w17w2) w3) =

i < N*® (6)
1
(s —w)!(s — w2)!(s — w3)!
T (s S!wl)! (s S!tvz)! (s S!w?))! <;>3 v
(S_S!wi)!gswi pi=1,2,3. (®)
sl > g*tzes ©)

Further, s > w;, ¢ =1,2,3, implies —Ins < —lnw;.
3 .
Ac(w17w27w3) < HN% 3w —2w; In(w;)— LU (w;) In(w;)

i=1

(10)
where U (w;) is a unit step function, i.e., for w; # 0, U(w;)=1,
otherwise it is zero. The unit step function was introduced to
cover the cases when w;=0. An upper bound on A°(w) for a
check ¢ with degree 4 can be obtained using the check split
method discussed in [4] and [19]. If we split the check node
into two checks and connect them with a degree-2 variable
node, we get

A(wla w2, l)A(’U)?,, Wy, l)
()

Using the upper bound (10) for a degree-3 check node, we get

Ac(wlaw27w37w4al) =

(1)

A¢(wy, we, w3, wy, 1) <

H4 N%egwi—%wi In(w;)— U (w;) In(w;)

i=1
XeSlfU(l)ln(l) (12)

We can obtain A°(wy, wa, w3, ws) by summing over [ as

N
Ac(wl,wg,wg,w4) = ZAC(wl,wg,wg,w4,l) (13)
=0
Note that

w1+w2+w3+w4 Al
2 — max

I < min{(wi+ws), (ws+ws)} <
Then

Ac(w17w27w37 w4) S

H4 . NTlegwi_%wi In(w;)— 32U (w;) In(w;)
1=

31-U() In(l
X Zl< wl+w2-gu;3+w4 (& (O In()

(14)



But the summation can be upper bounded as

D

1< w1+w212»w3+w4

UMW) < Blmaz—Wn(lmaz) — (Blmas

5)
The upper bound can be written as

N%Q%Qwiféwi In(w;)— 3 U (w;) In(w;)

4
g Iy
~~

° ~
. ch'4
wqc-z \

W ®-
g1 —— @/
w _—

A

Ac(wl,wg,wg,w4) S

—.

=1

(16)

Wy

1oLy

Fig. 3. Check split method to compute enumerators for a check node with
degree qc

An upper bound on A¢(w) for a check ¢ with degree ¢. can
be obtained either by using mathematical induction or directly
applying the check split method to a check with degree q..
Here we use the latter . Now suppose we use the check split
method for a check node of degree g. and we generate q. — 3
degree-2 nodes. Then we have

Ac(wlaw27w37 ce 7wqcvl17127 . 'alqcf3) =

A(wi,wa, 1) A(l,ws,l2).. Al —3,Wq, —1,Wq,.)

() ()G, )

a7

Using the upper bound for a degree-3 check, we have

Ac(wlanaw37~- -alqc—3) <
w; 3

9e L NTeEwi_%w’i ln(wi)—%u(wi) ln(wi)—%U(wi) In(w;)
1=

.,’wqc,ll,lg,. .

qe—3 _31;—U(l;) In(l;
XHj:l e°li (13) In(l;)

(18)

Summing over [;,j =1,...,(gc — 3), we get

Ac(wl,wg,wg, . .,wqc) =

ZZ Z Ac(wl,wg,wg,...7wqc,l1,l2,...,lqu,g)

i 12 lge—3

19)

For each check in the Figure 3 we have [; < w; + wa,
lj < ljo1 +wipaforj = 2,...,q. =3, [; < L1 +
wiyaforj =1,...,q. —4, and Iy, 3 < wy,—1 + wg,. These
inequalities imply I; < 777wy, and I; < >4 ;o Wi Thus,

. +1 c c

;< min{3377) wy, YWk} < 3 ket Wk = Iz
From these inequalities we can also conclude that for any
check of degree g. we should have w; < Z?C:l,j 4 Wj or
max{wi, ws,...wg, } < % 4, w;. This bounding tech-
niques for the weight of degree-2 nodes can be used to prove
that the total weight L of degree-2 nodes in the class of
protograph codes with typical minimum distance can be upper
bounded as

L < yu, (20)

where u is the total weight of the other variable nodes with
degree at least 3.
Now using the above results

E eSlj—u(lj)ln(lj) < Zmaa;e?)lmam—ln(lmagc) — 63lmam (21)
ljglm,am

The upper bound can be written as

qc
A (wy,wa, . . ., wqc) < H N%e%(qc*mwi*%wi In(w;)— g u(w;) In(w;)
i=1
(22)
Using the above results, the weight vector enumerator
e A% (d,;
A(d) _ H]_l ( J)

I ()™
23)

can be upper bounded. The numerator H;‘;l A% (d;), which
is a product over the check nodes, with some manipulation
can be upper bounded using the above result for check nodes
as

v qv;

ln—[qu s %(ijl(qc(i)*2))di7%Qvidi In(d;)— % v, u(d:) In(d;)
29vi%t o J

i=1



In the above result the product now is over the variable
nodes and the checks cgl) (j = 1,...qy,) are adjacent to
variable node v; (neighbors of v;). Now we lower bound the

s —1
L™
Ny

H N (@ =Ddi o= (qu;
i=1

Using — 3¢y, u(d;) In(d;) < 0 the weight vector enumerator
now can be upper bounded as

denominator [ ]}~ in the weight vector equation by

—1)d; In(d;) )

T 30 —2)di In(F)+3 (7Y (a_) —2)ds
J

d) < He2
i=1

Let ¢/*** be the maximum check degree in the protograph.
Let to be the number of degree-2 variable nodes. We separate
the degree-2 nodes. The upper bound can be written as

(24)

—2)d; In(F)+ 8 qu, (¢°~2))d;

(25)

In the above bound g,,, > 3. Consider the following function
of g,
2))d;

3 max
)+ 5w (g —

2)d; ln(d 5

1

5 (v,
This function is decreasing in g, if % < 73" =2) ig trye.
We can prove that this inequality is true for a distance region
of interest, namely, d < d, (d, will be defined shortly). Thus,
the above function is maximum when ¢,, = 3. Define the
sum of weights of all variable nodes with at least degree 3
as u = ) *2 d;, and the sum of weights of all degree-2
variable nodes as L = 222:1 dy.. The total weight of all nodes
isd =u+ L. In (21) we had L < ~u where v depends
on the particular connections of degree-2 nodes to checks in
our class of protograph codes. However, we can obtain the
Worst—case upper bound per weight of a degree-2 node as [ <
5 Z"“_t2 qv; d;. With further upper bounding we get a worst-
case value for ~ as 7q;“”t2, where ¢'** is the maximum
variable node degree. Then L < yu = y(d — L). This implies
that L < ﬁd. With the above results, we have

Ny —t2
A(d) S 63( mar_2))L H eéd ln(N)J’_ (qVYLH,.L 2))d;
=1
(26)
Using Ind; <Inu, we get
A(d) = 63((]"“” 2))L€2uln(1\1)+ (g " =2))u
(27)

or
A(d) < B0 (28)
where
! d—L. 9, e 1
B(d, L) £ 5(d—L) (=) + 5 (a7 ~2)(d~ 3 L) (29)

We further upper bound the above as

A(d) < eE’(d,L) < eMaxL E(d,L) (30)

The slope of the function F(d,L) with respect to L is

ln T — qu'“” + % This slope is positive for d < d, (d,

to be defined shortly) and 0 < L < ﬁd. The weight vector
enumerator can thus be upper bounded as

A(d) < ePéTED 31)
The weight enumerator now can be computed as
Ag = A(d) < [{d}]e"( b (32)
{d}

We can show that |{d}| =
o= e(d+n,— o
() < (= =

(d-‘rnv—l) — (d+"v—1) We have

Ny —1

ny—1
ed+d1n(1+ o )S edJr’ﬂu 1' We

used the fundamental inequality In(z) < 2 —1. Now the upper
bound on A, can be written as

Ad < 6”"_1 d+E(d, d) (33)
The exponent in the upper bound d + E(d, = v d) =
a(dIn & + Bd), where o = (1+v) and 0 = 3(¢"** —2)(3+

2v) + 2(1 +~) — In(1 4 ~). For the protograph LDPC codes
with degree-3 variable nodes and higher, we should set v = 0.
Define 0 = d/N, and F(§) = d1n Si where 6, = e7”. Also
define d, = | N, ). Then

Ad < env—leaNF(S) (34)

We note that for 0 < § < §, the function F' (5) is convex, it
is negative, and has a minimum at 5 = 50 /e. The minimum
value at this point is F(&l/e) = —b,/e. For d = 2, 6 =2/N
with F(2/N) = —=21In(Nd,/2)/N. We assume NJ, >> 1.

For 5 <4,, or equivalently d < d,, we have d; <u < d <
N6, = Ne~”. However, 3 > 3(¢™ —2). Thus the condition
d; < Ne=3(4"""=2) s satisfied as it was required to show. It
is also easy to show that when d < d, the slope of E(d, L)
with respect to L is positive.

Now we upper bound F(8) with two lines, namely, one
that connects the point (%, F(%)) to the point (%,F(%"))
Denote this line by

Li(0) = a1d + B

where

27 N&, | & Nb,
al:ﬁln 2~+(5O/e:_1 In 52

. .
~n —0o/e fer 1




Né,le N&' N§, N§,

d
Upper bound & F'(—
pper boun (N)

\ oLy

Corresponding to

InA,

Fig. 4. upper bounding by lines
and B
2« 2 N¢
[ A LD
N N 2

Then F(3) < L;(d) for 2/N < § < 4,/e. The other line
connects the point (%, F (%")) to the point (d,, F'(d,)). Denote
this line by

L2(5) = 0425 —+ ﬁg

where
1
o =
2T o1
and ~
do
B2 = b
Thus , F(3) < Ly(3) for 6,/e < § < b,. Then
gzlgo/ejq Ay < emo—l ea<2a1+ml>1:e;<:11Nso/e+Nm>
< ny—1 e a1 +NB1) ny—1__ N2«
SenT eI STl g s 69)
Now for any go/e < 6% < &,, we have
|N&* | [N&* | eno—1 ad=Nio
Zd:LNSO/eJ Aa <)y N3, /e] e ot
gl *OLN(iol 5* ) —aNgo
— pmv—lecTle :ﬁ_;e ° (36)
Choose 6* = 4, — (e — )2 ln(%‘go). Then
ZI.NS*J A < env—lec 16%
d=|N3,/e] eemT 1
< ool ef 1 N 37)
ee=T—1 ()2
Therefore the total sum
N&* -1 1 T _
SN A, < (50)2’1(1_6(1(,1 + 6531,1)]\[ 20

This upper bound goes to zero as N — oo. Using Markov’s
inequality we can show Pr{di, < |[N6*]} — 0as N — co.
Here we have shown existence of a typical minimum distance.
However, due to the upper bounding technique, §, might be
smaller than the typical minimum distance Smm that can be
obtained through numerical calculation. Note that Smm >0
is the zero crossing of lim suph‘Ad as N becomes very
large. If lnAd is in fact a negative and convex function for

0 <d< Némm, then by upper bounding h‘]?d by the
line L3 as shown in Fig. 4, we can show Zggj’j”‘keiﬁl

also goes to zero as N — oo, where & < b, corresponds
to the tangent point. This says that not only a typical mini-
mum distance exists, but also Smm is the accurate value for
such typical minimum distance. Note that the non-normalized
5mzn - 5mzn/nv

Sometimes we take the liberty of saying that if In Ad as
N — oo is negative for 0 < 8 < bmin, then Omin is a typlcal

minimum distance. Havmg a negative function, say G (0 ), there

is no guaranty that EN‘;* G goes to zero as N — oo. For

example, take the function G(8) = (6 — 6*). It is negative
between 0 < § < 0*. It is convex and has a minimum at
6 = 6*/2, but the sum will not go to zero as N — oo.

VI. CONCLUSION

In this paper we proved that, for a certain class of
protograph-based LDPC codes with degree-2 variable nodes,
a typical minimum distance exists.
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