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Abstract—For an acyclic directed graph with multiple sources
and multiple sinks, we prove that one can choose the Menger’s
paths between the sources and the sinks such that the number
of mergings between these paths is upper bounded by a constant
depending only on the min-cuts between the sources and the
sinks, regardless of the size and topology of the graph. We also
give bounds on the minimum number of mergings between these
paths, and discuss how it depends on the min-cuts.

I. I NTRODUCTION AND NOTATION

Let G(V,E) denote an acyclic directed graph, whereV
denotes the set of all the vertices (points) inG andE denotes
the set of all the edges inG. Using these notations, the edge-
connectivity version of Menger’s theorem [7] states:

Theorem I.1 (Menger, 1927). For anyu, v ∈ V , the maximum
number of pairwise edge-disjoint directed paths fromu to v in
G equals the min-cut betweenu and v, namely the minimum
number of edges inE whose deletion destroys all directed
paths fromu to v.

We call any set consisting of the maximum number of pairwise
edge-disjoint directed paths fromu to v a set ofMenger’s
pathsfrom u andv. Apparently, for fixedu, v ∈ V , there may
exist multiple sets of Menger’s paths.

Form pathsβ1, β2, · · · , βm in G(V,E), we say these paths
mergeat e ∈ E if

1) e ∈ ∩m
i=1βi,

2) there are at least two distinctf, g ∈ E such thatf, g
are immediately ahead ofe on someβi, βj , j 6= i,
respectively.

Roughly speaking, condition1 says thatβ1, β2, · · · , βm inter-
nally intersectat e (namely, allβi’s share a common edgee),
condition2 says immediately before allβi’s internally intersect
at e, at least two of them are different. We calle together with
the subsequent shared edges (by allβi’s) merged subpathby
βi (i = 1, 2, · · · ,m) at e; and we often say allβi’s merge
at the above-mentioned merged subpath.In this paper we
will count number of mergings without multiplicities: all
the mergings at the same edgee will be counted as one
merging at e.

Example I.2. In Figure 1(a), pathsβ1 and β2 share some
vertex, however not edges/subpaths, soβ1 and β2 do not
merge. In Figure 1(b), pathsβ1 andβ2 do share edgeS → T ,
where S is a source, however condition2 is not satisfied,
thereforeβ1 and β2 do not merge, although they internally
intersect atS → T . In Figure 1(c),β1 andβ2 merge at edge
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Fig. 1. examples of mergings and non-mergings

A → B, at subpathA → B → C; β2 andβ3 merge at edge
A→ B, at subpathA→ B → C → D; β1, β2 andβ3 merge
at edgeA → B, at subpathA → B → C; β4 merges with
β3 at edgeB → C, at subpathB → C → D; there are two
mergings in Figure 1(c), at edgeA→ B, and at edgeB → C,
respectively.

In this paper, we will consider an acyclic directed graph
G(E, V ) with n sources andn sinks. Unless specified oth-
erwise, we will useS1, S2, · · · , Sn to denote the sources
and R1, R2, · · · , Rn to denote the sinks;ci will be used
to denote the min-cut betweenSi and Ri, and αi =
{αi,1, αi,2, · · · , αi,ci

} will be used to denote a set of Menger’s
paths fromSi andRi. We will study howαi’s merge with each
other; more specifically, we show that appropriately chosen
Menger’s paths will only merge with each other finitely many
times. In particular, we deal with the case when all sources
and sinks are distinct in Section II, and the case when the
sources are identical and the sinks are distinct in Section III.
For both of cases, we will study how the minimum merging
number depends on the min-cuts.

We remark that whenn = 1, Ford-Fulkerson algorithm [2]
can find the min-cut and a set of Menger’s path betweenS1

andR1 in polynomial time. The LDP (Link Disjoint Problem)
asks if there are two edge-disjoint paths fromS1, S2 toR1,R2,
respectively. The fact that the LDP problem is NP-complete [3]
suggests the intricacy of the problem whenn ≥ 2.

Notation and Convention:
For a pathγ in an acyclic direct graphG, let a(γ), b(γ) de-



note the starting point and the ending point ofγ, respectively;
let γ[s, t] denote the subpath ofγ with the starting points and
the ending pointt. For two distinct pathsγ, π in G, we say
γ is smaller than π if there is a directed path fromb(γ) to
a(π); if γ, π and the connecting path fromb(γ) to a(π) are
subpaths of pathβ, we sayγ is smallerthanπ onβ. Note that
this definition also applies to the case when paths degenerate
to vertices/edges; in other words, in the definition,γ, π or the
connecting path fromb(γ) to a(π) can be vertices/edges inG,
which can be viewed as degenerated paths. Ifb(γ) = a(π),
we useγ ◦ π to denote the path obtained by concatenatingγ
andπ subsequently. For a set of verticesv1, v2, · · · , vj in G,
defineG|v1, · · · , vj) to be subgraph ofG consisting of the
set of vertices, each of which is smaller than somebj, and
the set of all the edges, each of which is incident with some
above-mentioned vertex.

II. M INIMUM MERGINGSM

In this section, we consider any acyclic directed graphG
with n distinct sources andn distinct sinks. LetM(G) denote
the minimum number of mergings over all possible Menger’s
path setsαi’s, i = 1, 2, · · · , n, and let M(c1, c2, · · · , cn)
denote the supremum ofM(G) over all possible choices of
suchG.

In the following, we shall prove that

Theorem II.1. For any c1, c2, · · · , cn,

M(c1, c2, · · · , cn) <∞,

and furthermore, we have

M(c1, c2, · · · , cn) ≤
∑

i<j

M(ci, cj).

Now consider

αi = {αi,1, αi,2, · · · , αi,ci
},

a set of Menger’s paths fromSi to Ri, and

αj = {αi,1, αi,2, · · · , αi,cj
},

a set of Menger’s paths fromSj to Rj . For two merged
subpathsu, v by αi andαj (more rigorously, by some paths
from αi andαj ), we sayv is semi-reachable throughαi by
u if there is a sequence of merged subpathsγ0, γ1, · · · , γn by
αi andαj such that

1) γ0 = u, γn = v;
2) For each feasiblek, γ2k+1 is smaller thanγ2k on some

αj,tk
, and αj,tk

[b(γ2k+1), a(γ2k)] doesn’t merge with
any paths fromαi;

3) For each feasiblek, γ2k+1 is smaller thanγ2k+2 on some
αi,hk

.

We say v is regularly-semi-reachable throughαi by u if
besides the three conditions above, we further require that
all hk’s in condition 3 are distinct from each other. Ifn is
an even number, we sayv is semi-reachable throughαi by
u from above; if n is an odd number, we sayv is semi-
reachable throughαi by u from below(“above” and “below”

naturally come up whenG is drawn in a geometric space
such that smaller paths are always higher than larger paths,
as exemplified in Figure 2). It immediately follows that for
three merged subpathsu, v, w by αi, αj , if v is semi-reachable
throughαi from above byu, w is semi-reachable throughαi

from above byv, thenw is also semi-reachable throughαi

from above byu.

Proposition II.2. Consider Menger’s path setsαi, αj and
merged subpaths byαi, αj . For a merged subpathv semi-
reachable throughαi by a merged subpathu via a sequence
of merged subpathsγ0, γ1, · · · , γn, if none ofγi’s is semi-
reachable throughαi by itself from above, thenv is regularly-
semi-reachable throughαi by u.

Sketch of the proof:For anyk < l such thathk = hl

andhk, hk+1, hk+2, · · · , hl−1 are all distinct from each other,
since none ofγi’s is semi-reachable throughαi by itself from
above, one checks thatv is semi-reachable throughα via a
shorter sequence

γ0, · · · , γ2k+1, γ2l+2, · · · , γn.

Continue to find such shorter immediate sequences iteratively
in the similar fashion until allhk ’s (corresponding to the new
immediate sequence) are all distinct from each other.

Proposition II.3. Consider Menger’s path setsαi, αj and
merged subpaths byαi, αj . If a merged subpathu is semi-
reachable throughαi by itself from above via a sequence of
merged subpathsγ0, γ1, · · · , γ2m = γ0, then one can find a
new set, still denoted byαi, ofm pairwise edge-disjoint paths
from Si to Ri such that the number of mergings betweenαj

and the newαi strictly decreases.

To see this, suppose we start with someαi-path. When
this αi-path reachesb(γ2k+1), instead of continuing on its
original “trajectory”, it continues onαj,tk

[b(γ2k+1), b(γ2k)],
and then fromb(γ2k) it continues on theαi-path (typically
different from the originalαi-path we start with) incident
with b(γ2k). For instance, we can apply the above operations
to the case whenu is regularly-semi-reachable throughαi

by itself from above; then one can rerouteαi to obtain
a set of m pairwise edge-disjoint paths fromSi to Ri,
by replacingαi,hk

[b(γ2k+1), Ri] by αj,tk
[b(γ2k+1), a(γ2k)] ◦

αi,hk−1
[a(γ2k), Ri] for all feasiblek (hereh0

△
= hm). Note

that the above replacement “deserts” certain subpaths in the
original αi and “borrows” other subpaths fromαj to obtain
a new Menger’s path setαi from Si to Ri. We call such
replacement arerouting of αi (in this case, using subpaths of
αj). After such reroutings, the number of mergings between
αi andαj strictly decreases (however the number of mergings
by all αi’s, i = 1, 2, · · · , n, will probably remain the same).

The following proposition deals with the opposite direction
of Proposition II.3 for the case whenG has2 distinct sources
and2 distinct sinks.

Proposition II.4. Consider the case when there are2 distinct
sources and2 distinct sinks inG. For any rerouting ofα1
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usingα2-subpaths, there is a merged subpath semi-reachable
throughα1 by itself from above.

Proof:
Assume that subpathsγ1, γ2, · · · , γl are the “deserted” sub-

paths for a given rerouting ofα1, and these subpaths “spread”
out to α1,1, α1,2, · · · , α1,k, k ≤ l. Without loss of generality,
further assume that{γ1, γ2, · · · , γk} are the smallest such
deserted subpaths onα1,1, α1,2, · · · , α1,k, respectively. Then
there areα2-subpathsε1, ε2, · · · , εk such that allεi’s do not
merge with anyα1-paths, and for eachi with 1 ≤ i ≤ k and
correspondingly certainki with 1 ≤ ki ≤ l, a(εi) = a(γi),
b(εi) = b(γki

). Surely one can find a subset{k̂1, k̂2, · · · , k̂s}
of {1, 2, · · · , k} such thatb(ε1) ∈ α1,k̂1

, b(ε
k̂1

) ∈ α1,k̂2
, · · · ,

b(ε
k̂s

) ∈ α1,1, which implies that there is a merged subpath
(for instance, the one merged byγ1 and ε

k̂s
) semi-reachable

throughα1 by itself from above.

Remark II.5. Consider any set of edge-disjoint pathsβ =
{β1, β2, · · · , βm} in G. If we add “imaginary” sourceS
together withm disjoint edges fromS to all a(βi)’s, and add
“imaginary” sink R together withm disjoint edges from all
b(βi)’s to R, we obtain a set of Menger’s paths fromS to
R in the graph extended fromG. In this section, we don’t
differentiate between a set of Menger’s paths and a set of edge-
disjoint paths for simplicity, since we can always assume the
existence of such imaginary sources and sinks when they are
needed.

Example II.6. In Figure 2(a),γ and γi (i = 0, 1, · · · , 5)
are merged subpaths fromαi = {αi,1, αi,2, αi,3} andαj =
{αj,1, αj,2, αj,3, αj,4}. By definitions, we have

1) γ1, γ3, γ5 are semi-reachable throughαi from below by
γ0,

2) γ3, γ5 are semi-reachable throughαi from below byγ2,
3) γ2, γ4 are semi-reachable throughαi from above byγ0,
4) γ is semi-reachable throughαi from above byγ0, γ2, γ4.
5) γ0 is semi-reachable throughαi from above

by itself (via the sequence of merged subpaths
γ0, γ1, γ2, γ3, γ4, γ5, γ6, γ0) , so are γ2, γ4, thus a
rerouting ofαj usingαj is possible by Proposition II.3
(as shown in Figure 2(b)).

Before the proof of Theorem II.1, we shall first prove the

following lemma.

Lemma II.7. For any c1, c2,

M(c1, c2) ≤ c1c2(c1 + c2)/2.

Proof: Consider any acyclic directed graphG(E, V ) with
2 distinct sourcesS1, S2 and 2 distinct sinksR1, R2, where
the min-cut betweenSi andRi is ci for i = 1, 2. Let α1 =
{α1,1, · · · , α1,c1

} be any set of Menger’s paths fromS1 to
R1, andα2 = {α2,1, · · · , α2,c2

} be any set of Menger’s paths
from S2 to R2. Let VM be the set of the terminal vertices
(starting and ending vertices) of all the merged subpaths by
α1 andα2. It suffices to prove that for anyc1, c2, if |VM| ≥
c1c2(c1 + c2) + 1, one can always rerouteα1 using α2, or
rerouteα2 usingα1 to obtain new Menger’s path setsα1, α2

such that the number of mergings between the newα1, α2 is
strictly less than that between the originalα1, α2.

Now we perform certain operations onG to obtain another
graphĜ. First we delete all the edges which do not belong to
anyα1-path orα2-path; then whenever two pathsβ1, β2 from
α1 ∪α2 (β1, β2 could be bothα1-paths orα2-paths) intersect
on a vertexv, however do not share any edge incident with
v (for an example, see Figure 1(a)), we “detach”β1, β2 at v
(in other words, “split”v into two copiesv(1), v(2) and letβ1

passv(1) and letβ2 passv(2)); next we delete all the merged
subpaths byα1 and α2; finally we reverse the direction of
the edges which only belong to someα2-path. Note that the
above operations does not add more vertices toG; and for any
path inĜ, each edge either belongs to aα1-path or a reversed
α2-path.

Suppose that there is a cycle in̂G taking the following form:

γ1 ◦ γ2 ◦ · · · ◦ γ2n,

where b(γ2n) = a(γ1), γi is a reversedα2-subpath for any
odd i and aα1-subpath for any eveni. For any vertexw in
VM, let εw denote the merged subpath inG corresponding to
w; then one checks that inG, εa(γ1) is semi-reachable through
α1 by itself from above via the sequence

εa(γ1), εa(γ2), · · · , εa(γ2n), εb(γ2n),

which implies certain reroutings can be done to reduce the
number of mergings.

Next we assume that̂G is acyclic. Note that inĜ, S1, R2

have out-degreec1, c2, respectively,S2, R1 has in-degree
c1, c2, respectively, and any vertex inVM has in-degree1 and
out-degree1. It then immediately follows that̂G consists of
c1 + c2 pairwise vertex-disjoint paths, each of which, sayγ,
takes the followingregular form:

γ = γ1 ◦ γ2 ◦ · · · ◦ γn,

where a(γ1) = S1 or R2, b(γn) = S2 or R1, the ter-
minal points of γ2, γ3, · · · , γn−1 are in VM, and each of
γ1, γ2, · · · , γn is, alternately, either aα1-subpath or a reversed
α2-subpath. Since|VM| ≥ c1c2(c1+c2)+1, out of thec1+c2
pairwise edge-disjoint paths, there must be at least one path,
say γ, taking the regular formγ = γ1 ◦ γ2 ◦ · · · ◦ γn, such



that |VM ∩ γ| ≥ c1c2 + 1. It then follows that there are two
verticesu, v ∈ VM on γ, whereu corresponds to the merged
subpath byα1,i1 andα2,j1 , andv corresponds to the merged
subpath byα1,i2 and α2,j2 , such that(i1, j1) = (i2, j2).
Note that if u is larger (smaller) thanv on α1,i1 , then u
will be also larger (smaller) thanv on α2,j1 , otherwise we
would have a cycled pathα1,i1 [u, v] ◦ α1,j1 [v, u] in G, which
contradicts the assumption thatG is acyclic. Now assume that
γ[u, v] = γs ◦ γs+1 ◦ · · · ◦ γt. First consider the following
conditions (ignoring the parathetic words for the moment):

• u is smaller (larger) thanv on α1,i1 ,
• γi is aα1-subpath (reversedα2-subpath) fori = s+ 1,
• u is the starting (ending) vertex of the corresponding

merged subpath inG, v is the starting (ending) vertex
of the corresponding merged subpath inG.

Then one checks thatεv is semi-reachable by itself from above
through α2 via the sequenceεv, εb(γt−1), · · · , εb(γs), εu, εv,
implying a rerouting ofα2 using α1 to reduce the number
of mergings can be done. Similar arguments can be applied
to other cases when any parathetic words replace the words
before them.

So in any case, if|VM| ≥ c1c2(c1 + c2) + 1, certain
reroutings can be done to strictly reduce the number of
mergings. Together with the fact that each merged subpath
has two terminal points, we then prove thatM(c1, c2) ≤
c1c2(c1 + c2)/2, establishing the lemma.

We are now ready for the proof of Theorem II.1.
Proof:

With Lemma II.7 being established, to prove Theorem II.1,
it suffices to prove that

M(c1, c2, · · · , cn) ≤ M(c1, c2, · · · , cn−1) +
∑

i<n

M(ci, cn),

(1)
for n = 3, 4, · · · , inductively.

Now suppose that forn ≤ k, M(c1, c2, · · · , cn) is fi-
nite and satisfies (1) and consider the casen = k + 1.
For i = 1, 2, · · · , k + 1, choose a set of Menger’s paths
αi = {αi,1, αi,2, · · · , αi,ci

} betweenSi andRi, and assume
α1, α2, · · · , αk are chosen such that the number of mergings
among themselves is no more thanM(c1, c2, · · · , ck). By
a “new” merging, we mean a merging which is among
α1, α2, · · · , αk+1, however is not amongα1, α2, · · · , αk. We
shall prove that if the number of new mergings betweenαk+1

andα1, α2, · · · , αk is larger than or equal to

M(c1, ck+1) + M(c2, ck+1) + · · · + M(ck, ck+1) + 1,

certain reroutings can be done to strictly reduce the number
of mergings.

By contradiction, assume the opposite of the claim above
and label all the newly merged subpaths asγ1, γ2, · · · , γl. By
the Pigeonhole principle, there exists someαi such thatαi

and αk+1 will have more thanM(ci, ck+1) new mergings,
thus reroutings ofαi or αk+1 can be done. If such a rerouting
is in fact a rerouting ofαk+1 usingαi, then the number of

mergings betweenαk+1 and α1, α2, · · · , αk will be strictly
decreased after the rerouting. So in the following we assume
that the rerouting between everyαi andαk+1, if exists, is a
rerouting ofαi usingαk+1. Then after the rerouting ofαi, the
newαi will “miss” at least

M(c1, ck+1) + · · · + M(ci−1, ck+1)

+M(ci+1, ck+1) + · · · + M(ck, ck+1) + 1

of all the newly merged subpaths, which implies the newαj ’s,
j ≤ k, will all “miss” at least one of newly merged subpaths
(in other words, there isγl0 such that none ofαj ’s, j ≤ k,
merge withαk+1 at γl0). So the number of mergings between
α1, α2, · · · , αk andαk+1 strictly decreases after the possible
reroutings of allαi’s. With this contradiction, we establish the
theorem.

The following proposition shows thatM is symmetric on
its parameters.

Proposition II.8. For any c1, c2, · · · , cn, we have

M(c1, c2, · · · , cn) = M(cδ(1), cδ(2), · · · , cδ(n)),

whereδ is any permutation on the set of{1, 2, · · · , n}.

The following proposition shows thatM is an “increasing”
function.

Proposition II.9. For anym ≥ n, c1 ≤ c2 ≤ · · · ≤ cn and
d1 ≤ d2 · · · ≤ dm, if ci ≤ dm−n+i for i = 1, 2, · · · , n, then

M(c1, c2, · · · , cn) ≤ M(d1, d2, · · · , dm).

Together with Proposition II.8, the following proposition
shows that whenM has two parameters,M is “sup-linear”
in all its parameters.

Proposition II.10. For any c1,0, c1,1, c2, we have

M(c1,0 + c1,1, c2) ≥ M(c1,0, c2) + M(c1,1, c2).

Proof:
For any c1,0, c1,1 and c2, consider the following directed

graphG with 2 sourcesS1, S2 and2 sinksR1, R2 such that

1) there is a setα1 of c1,0 + c1,1 edge-disjoint paths from
S1 toR1, hereα1 = α

(0)
1 ∪α

(1)
1 , whereα(0)

1 andα(1)
1 are

mutually exclusive, consisting ofc1,0, c1,1 edge-disjoint
paths, respectively, and there is a setα2 of c2 edge-
disjoint paths fromS2 to R2;

2) mergings byα(0)
1 , α2 and mergings byα(1)

1 , α2 are
sequentially isolated onα2 in the sense that on each
α2-path, the smallest mergedα(1)

1 -subpath is larger than
the largest mergedα(0)

1 -subpath;
3) the minimum number of mergings in the subgraph

consisting ofα(0)
1 and α2 achievesM(c1,0, c2), and

the minimum number of mergings in the subgraph
consisting ofα(1)

1 andα2 achievesM(c1,1, c2).



One checks that for such graphG, the min-cut betweenS1

andR1 is c1,0 + c1,1, and the min-cut betweenS2 andR2 is
c2, and

M(G) = M(c1,0, c2) + M(c1,1, c2),

which implies that

M(c1,0 + c1,1, c2) ≥ M(c1,0, c2) + M(c1,1, c2).

Proposition II.11. For anyc1, c2, · · · , cn and any fixedk with
1 ≤ k ≤ n, we have

M(c1, c2, · · · , cn) ≥
∑

i≤k,j≥k+1

M(ci, cj).

Proof:
For any c1, c2, · · · , cn, consider the following directed

graph G with n sources S1, S2, · · · , Sn and n sinks
R1, R2, · · · , Rn such that for any fixedk with 1 ≤ k ≤ n,

1) there is a setαi of ci edge-disjoint paths fromSi to Ri

for eachi;
2) all αi’s, i ≤ k, do not merge with each other, and all

αj ’s, j ≥ k + 1, do not merge with each other;
3) for any i with i ≤ k, mergings byαi and all αj ’s,

j ≥ k + 1, are sequentially isolated onαi in the sense
that on eachαi-path, for anyj1 < j2 with j1, j2 ≥ k+1,
the smallest mergedαj2 -subpath is larger than the largest
mergedαj1 -subpath. Similarly for anyj with j ≥ k+1,
mergings byαj and all αi’s, i ≤ k, are sequentially
isolated onαj .

4) the minimum number of mergings in the subgraph
consisting of anyαi with i ≤ k and anyαj with
j ≥ k + 1 achievesM(ci, cj).

One checks that for such graphG, the min-cut betweenSi

andRi is ci, and

M(G) =
∑

i≤k,j≥k+1

M(ci, cj),

which implies that

M(c1, c2, · · · , cn) ≥
∑

i≤k,j≥k+1

M(ci, cj).

The following proposition gives an upper bound on
M(m,n) usingM(m1, n1)’s, wherem1 ≤ m, n1 ≤ n.

Proposition II.12. For anym ≤ n, we have

M(m,n) ≤ U(m,n) + V (m,n) +m− 2,

where

U(m,n) =

m−1∑

j=1

(M(j,m− 1) + 1 + M(m− j, n))+M(m,m−1)+1,

and

V (m,n) = M(m,n−1)+

m−1∑

j=1

(M(j, n) + 1 + M(m− j, n))−M(1, n).

Proof:
Proof of this proposition is omitted due to space limit. For

interested reader, we refer to http://arxiv.org/abs/0805.4059

Remark II.13. Definewi =
∑i

j=1(M(j,m − 1) + 1). Note
that Proposition II.12 is still true ifU(m,n) is replaced
by mwm, which produces an alternative upper bound on
M(m,n). One can obtain the proof of this by replacing
U(m,n) in the first and second paragraphs in the proof of
Proposition II.12 withmwm and replacing the third paragraph
in the proof of Proposition II.12 with the following paragraph.

Now assume that we findε1, ε2, · · · , εn such that

S
△
= G|b(ε1), · · · , b(εn))

has no less thanV (m,n) mergings andR = G\S has no
less thanmwm mergings. By the Pigeonhole principle, there
must be at least oneφj such thatφj merge with ψ for
no less thanwm times. Without loss of generality, assume
that φj1 merges withψ subsequently atη(1)

1 , η
(1)
2 , · · · , η

(1)
l1

,

here l1 ≥ wm. Now within R|b(η
(1)
w1

)), unlessφj1 merges
with no less thanm ψ-paths, there existsj2 6= j1 such
that a mergedφj2 -subpath, sayγ(1), is immediately ahead of
certain mergedφj1 -subpath, sayη(1)

l∗
1

. Soγ(1) and any merged

subpath larger thanγ(1) on φj2 is semi-reachbable through
φ by η(1)

l∗
1

. Now continue the argument inductively and sup-
pose we have already obtainedj1, j2, · · · , jk+1. Then within
R|b(η

(1)
wk+1

))\R|b(η
(1)
wk )), assume that φj1 , φj2 , · · · , φjk+1

merge withψ at η(k+1)
1 , η

(k+1)
2 , · · · , η

(k+1)
lk+1

, here obviously
lk+1 ≥ wk+1 −wk. Unlessφj1 , φj2 , · · · , φjk+1

merge with no
less thanm ψ-paths withinR|b(η

(1)
wk+1

))\R|b(η
(1)
wk

)), there ex-
istsjk+2 6= j1, j2, · · · , jk+1 such that a mergedφjk+2

-subpath,
sayγ(k+1), is immediately ahead of someη(k+1)

l∗
k+1

. Thusγ(k+1)

and any merged subpaths larger thanγ(k+1) on φjk+2
are

semi-reachable throughφ by η(k+1)
l∗
k+1

, and thus by someη(1)
i .

Eventually one can show that withinR|b(η
(1)
wm))\R|b(η

(1)
wm−1

)),
all merged non-φj1-subpaths are semi-reachable throughφ by
someη(1)

i . Since

|R|b(η(1)
wm

))\R|b(η(1)
wm−1

))|M ≥ M(m− 1,m) + 1,

all merged subpaths withinR|b(η
(1)
wm))\R|b(η

(1)
wm−1

)) spread
out to no less thanm ψ-paths, which implies that withinG all
the merged subpaths semi-reachable throughφ by η(1)

1 , η
(1)
2 ,

· · · , or η(1)
l1

will spread out to no less thanm ψ-paths.

Example II.14. It was first shown in [8] thatM(1, n) = n.
To see this, consider any acyclic directed graphG(E, V )
with 2 distinct sourcesS1, S2 and 2 distinct sinksR1, R2,
where the min-cut betweenSi and Ri is denoted byci;
here c1 = 1 and c2 = n. Pick a set of Menger’s path
αi = {αi,1, αi,2, · · · , αi,ci

} fromSi toRi. If α1,1 merges with
someα2-path, sayα2,j , at least twice, say ate andf . Then
we can replaceα1,1[a(e), a(f)], the subpath ofα1,1 starting
from a(e) to a(f), by α2,j [a(e), a(f)], the subpath ofα2,j
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Fig. 3. an example achievingM(2, 2)

starting froma(e) to a(f). After this rerouting, the newα1,1

has fewer mergings withα2. This shows that

M(1, n) ≤ n,

sinceα1,1 can be chosen to merge with eachα2-path for at
most once. For the other direction, by Proposition II.10, we
have

M(1, n) ≥

n∑

i=1

M(1, 1) = n,

the last equality follows from the simple fact thatM(1, 1) =
1.

Remark II.15. Note that Example II.14 together with the
inductive argument in the proof of Proposition II.12 gives an
alternative proof of thatM(c1, c2) is finite.

Example II.16. Consider an acyclic directed graphG with 2
sourcesS1, S2 and2 sinksR1, R2, where the min-cut between
Si to Ri is 2. Let αi = {αi,1, αi,2} be a set of Mengers’
paths fromSi to Ri. If any α2-path, sayα2,i, merges with
someα1-path, sayα1,j , twice at two merged subpathsγ1, γ2,
where γ1 is immediately ahead ofγ2 on α1,j (or α2,i), as
shown in the proof of Example II.14, one can rerouteα2,i (or
α1,j) to reduce the number of mergings. So we can assume
that pathα1,j (j = 1, 2) can be assumed to merge with paths
α2,1, α2,2 alternately, and similarly pathα2,j (j = 1, 2) can
be also assumed to merge with pathsα1,1, α1,2 alternately.
This allows us to be able to exhaustively list all the possible
patterns ofG, where there are no possible reroutings. With the
graph depicted by Figure 3, we conclude thatM(2, 2) = 5.
Applying Theorem II.1, we have

M∗(2, 2, · · · , 2
︸ ︷︷ ︸

n

) ≤
5n(n− 1)

2
.

Remark II.17. For an acyclic directed graphG(V,E), the
vertex-connectivity version of Menger’s theorem [7] states:

For anyu, v ∈ V , with no edge fromu to v, the maximum
number of pairwise vertex-disjoint directed paths fromu to v
in G equals the minimum vertex cut betweenu andv, namely
the minimum number of vertices inE\{u, v} whose deletion
destroys all directed paths fromu to v.

In this remark, we redefine Menger’s paths and merging: we
call any set consisting of the maximum number of pairwise
vertex-disjoint directed paths fromu to v a set ofMenger’s
paths from u and v; and for m paths β1, β2, · · · , βm in
G(V,E), we say these pathsmergeat e ∈ V (hereE in the
original definition is replaced byV ) if

1) e ∈ ∩m
i=1βi,

2) there are at least two distinctf, g ∈ E such thatf, g are
immediately ahead ofe on someβi, βj, respectively.

And naturally we can also redefineM with the above re-
defined Menger’s paths and merging. Then using a parallel
argument, one can show that Theorem II.1 still hold true for
redefinedM.

III. M INIMUM MERGINGSM∗

In this section, we consider any acyclic directed graphG
with one source andn distinct sinks. LetM∗(G) denote the
minimum number of mergings over all possible Menger’s path
setsαi’s, i = 1, 2, · · · , n, and letM∗(c1, c2, · · · , cn) denote
the supremum ofM∗(G) over all possible choices of suchG.

We also have the following “finiteness” theorem forM∗:

Theorem III.1. For any c1, c2, · · · , cn,

M∗(c1, c2, · · · , cn) <∞,

and furthermore, we have

M∗(c1, c2, · · · , cn) ≤
∑

i<j

M∗(ci, cj).

Proof:
As illustrated in Remark II.5, we extendG to Ĝ by first

addingn imaginary sourcesS1, S2, · · · , Sn, and then adding
ci disjoint edges fromSi to S for each feasiblei. For any such
G and Ĝ, one checks that the original Menger’s paths (from
S to eachRi for all i) merge with each other fewer times than
the extended Menger’s paths (fromSi to Ri for all i), which
implies that

M∗(c1, c2, · · · , cn) ≤ M(c1, c2, · · · , cn).

The finiteness result then immediately follows from Theo-
rem II.1. As for the inequality, exactly the same argument
of Theorem II.1 applies toM∗, thus we have for any
c1, c2, · · · , cn+1

M∗(c1, c2, · · · , cn) ≤ M∗(c1, c2, · · · , cn−1)+
∑

j<n

M∗(cj , cn),

which implies the inequality.

Remark III.2. The same techniques as in the proof above,
together with Theorem II.1, show that appropriately chosen
Menger’s paths merge with each other only finitely many
times, if only some of the sources and/or some of the sinks
are identical.

Remark III.3. Theorem II.1 and Theorem III.1 do not hold for
cyclic directed graphs. As shown in Figure 4, for an arbitrary
n, α2,1 merges withα1,2 at γ1, γ2, · · · , γn−1, γn subsequently
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Fig. 4. an counterexample

from the bottom to the top. One checks thatα1 andα2 hasn
mergings, and there is no way to rerouteα1 or α2 to decrease
the number of mergings.

Similar to M, M∗ is a symmetric and “increasing” func-
tion.

Proposition III.4. M∗ is symmetric on its parameters. More
specifically,

M∗(c1, c2, · · · , cn) = M∗(cδ(1), cδ(2), · · · , cδ(n)),

whereδ is any permuation on the set of{1, 2, · · · , n}.

Proposition III.5. For m ≥ n, c1 ≤ c2 ≤ · · · ≤ cn, and
d1 ≤ d2 · · · ≤ dm, if ci ≤ dm−n+i for i = 1, 2, · · · , n, then

M∗(c1, c2, · · · , cn) ≤ M∗(d1, d2, · · · , dm).

Proposition III.6. For c1 ≤ c2 ≤ · · · ≤ cn, if c1 + c2 + · · ·+
cn−1 ≤ cn, then

M∗(c1, c2, · · · , cn) = M∗(c1, c2, · · · , cn−1, c1+c2+· · ·+cn−1).

Proof: Given any acyclic directed graphG with one
sourceS and n sinks R1, R2, · · · , Rn, where the min-cut
betweenS and Ri is ci, pick a set of Menger’s paths
αi = {αi,1, αi,2, · · · , αi,ci

} from S to Ri for all feasiblei. If
any path fromαn, sayβ, does not share subpath starting from
S with any other paths and first merges with some pathη at
merged subpathγ, then one can reroute all suchη (merging
with β at γ) by replacingη[S, b(γ)] by β[S, b(γ)] to reduce
the merging number. Note that such possible reroutings can
be done to all the paths fromαn. As a result of such possible
reroutings, at leastcn − (c1 + c2 + · · ·+ cn−1) paths fromαn

will not merge with any paths fromα1, α2, · · · , αn−1, which
implies

M∗(c1, c2, · · · , cn) ≤ M∗(c1, c2, · · · , cn−1, c1+c2+· · ·+cn−1).

The other direction is obvious from Proposition III.5. The
proposition then immediately follows.

Proposition III.7. For c1 = 1 ≤ c2 ≤ · · · ≤ cn, we have

M∗(c1, c2, · · · , cn) = M∗(c2, · · · , cn−1, cn).

Proof: Given any acyclic directed graphG with one
sourceS and n sinks R1, R2, · · · , Rn, where the min-cut

betweenS andRi is ci, choose Menger’s pathsα2, α3, · · · , αn

such that the number of mergings among them is less than
M∗(c2, · · · , cn−1, cn). If α1,1 does not merge with any paths
from α2, α3, · · · , αn, then the number of mergings inG
among all αi’s is less thanM∗(c2, · · · , cn−1, cn); if α1,1

does merge with other paths and it last merges with, sayαi,j ,
at γ, then we can rerouteα1,1 by replacingα1,1[S, a(γ)] by
αi,j [S, a(γ)]. With reroutedα1,1, the number of mergings inG
among allαi’s is still less thanM∗(c2, · · · , cn−1, cn), which
implies

M∗(c1, c2, · · · , cn) ≤ M∗(c2, · · · , cn−1, cn).

The other direction is obvious from Proposition III.5. The
Proposition then immediately follows.

Remark III.8. Now we can see that in terms of the depen-
dence on the parameters, the behaviors ofM andM∗ can be
very different. For instance,

• from Example II.14, we haveM(1, 2) = 2 > 1 =
M(1, 1), which impliesM does not satisfy the equality
in Proposition III.6;

• through Proposition III.6, we see that

M∗(2c, c) = M∗(c, c) ≤ M∗(c, c) + M∗(c, c),

and strict inequality in the above expression holds as long
asM∗(c, c) > 0, thusM∗ does not satisfy the inequality
in Proposition II.10; namely, not likeM, M∗ is not sup-
linear in its parameters;

• Proposition III.7 implies thatM∗(1, n) = 0, while from
Example II.14, we haveM(1, n) = n, which impliesM
does not satisfy the equality in Proposition III.7.

The following proposition reveals a relationship betweenM
andM∗.

Proposition III.9. For anyn, we have

M∗(n+ 1, n+ 1) ≤ M(n, n).

Proof: Consider the case whenG has one sourceS and
two sinks R1, R2, and the min-cut between the sourceS
and every sink is equal ton + 1. For each sinkRi, pick
a set of Menger’s pathsαi = {αi,1, αi,2, · · · , αi,n+1}. By
Proposition III.5, we can assume everyα1-path merges with
certain α2-path and vice versa. As shown in the proof of
Proposition III.6, we can further assumeα1,i shares subpath
starting fromS with α2,i, i = 1, 2, · · · , n + 1, after possible
reroutings. Now, if everyα1-path merges with someα2-path,
for instance,α1,i first merges withα2,δ(i) at merged subpath
γi, hereδ denotes certain mapping from{1, 2, · · · , n+ 1} to
{1, 2, · · · , n+ 1}, then there existsm (m ≤ n+ 1) such that
δm(1) = 1. We can further choosem to be the smallest such
“period”. In this case certain reroutings ofα2 can be done by
replacingα2,δj(1)[S, b(γδj−1(1))] by α1,δj−1(1)[S, b(γδj−1(1))],

j = 1, · · · ,m (hereδ0(1)
△
= 1), to reduce the merging number.

So, without loss of generality, we can assume, after further
possible reroutings,α1,n+1 does not merge with any other
paths, andα2,1 doesn’t merge with any other paths either by



similar argument; in other words, all mergings are by paths
α1,1, α1,2, · · · , α1,n and pathsα2,2, α2,3, · · · , α2,n+1, which
establishes the theorem.

Proposition III.10. For anyn, we have

M∗(2, 2, · · · , 2
︸ ︷︷ ︸

n

) = M∗(2, · · · , 2, 2
︸ ︷︷ ︸

n−1

) + 1.

Proof: Given any acyclic directed graphG with one
sourceS and n sinks R1, R2, · · · , Rn, where the min-cut
betweenS andRi is 2, pick a set of Menger’s pathsαi =
{αi,1, αi,2} from S to Ri for all feasiblei. Again by a new
merging, we mean a merging amongα1, α2, · · · , αn, however
not amongα1, α2, · · · , αn−1. Assume thatα1, α2, · · · , αn−1

are chosen such that the mergings among themselves is no
more thanM∗(2, 2, · · · , 2

︸ ︷︷ ︸

n−1

), we shall prove that wheneverαn

newly merges withα1, α2, · · · , αn−1 more than2 times, one
can always reroute certain paths to decrease the total number
of mergings withinα1, α2, · · · , αn. Apparently this will be
sufficient to imply:

M∗(2, 2, · · · , 2
︸ ︷︷ ︸

n

) ≤ M∗(2, · · · , 2, 2
︸ ︷︷ ︸

n−1

) + 1.

In the following, for anyj, if we usep to refer to one of
the two paths inαj , we will use p̄ to refer to the other path
in αj . Consider the following two scenarios:

1) for two certain Menger’s pathsp, q, p merges withq and
p̄ merges withq̄;

2) for a Menger’s pathp ∈ αn which newly merges with
q1, q2, · · · , ql at subpathγ (here we have listed all the
paths merging withp atγ), p shares a subpath with every
qj before the new merging.

For scenario1, supposep merges withq at γ, andp̄ merges
with q̄ at ε. Then one can always reroutep[S, a(γ)] using
q[S, a(γ)], reroutep̄[S, a(ε)] using q̄[S, a(ε)]; or alternatively
reroute q[S, a(γ)] using p[S, a(γ)], reroute q̄[S, a(ε)] using
p̄[S, a(ε)]. So in the following we assume that scenario1 never
occurs.

For scenario2, suppose that beforep newly merges with
q1, q2, · · · , ql at γ, p shares a subpathεj with every qj . We
can assumēp merges with everyqj [b(εj), a(γ)], otherwise one
can reroutep[b(ψj), a(φ)] usingqj [b(ψj), a(φ)] (and thus the
new merging atγ disappear); we can also assume for some
pathi, q̄i merges withp[b(εi), a(γ)], otherwise one can reroute
every qj [b(εj), a(γ)] using p[b(εj), a(γ)] and consequently
all paths q1, q2, · · · , ql can be rerouted (and thus the new
merging atγ disappear). But if for some pathi, q̄i merges
with p[b(εi), a(γ)], scenario1 occurs:p merges withqi, and
p̄ merges withq̄i. So in the following we assume scenario2
does not occur either, i.e., there is always someqi such that
before the new merging,p does not internally intersect with
qi.

We sayp newly merges withqi essentiallyat γ if
1) before the new merging,p does not internally intersect

(again meaning share subpath) withqi,

2) p̄ internally intersects withqj [S, a(γ)],
3) q̄i internally intersects withp[S, a(γ)].

One checks that ifp newly merges with someqi non-
essentially atγ, then eitherp[S, a(γ)] or qi[S, a(γ)] can be
rerouted. Furthermore ifp newly merges withqi essentially
at γ, and p̄ last merges withqi[S, a(γ)] at ε, then one can
reroute p̄ by replacingp̄[S, a(ε)] by q̄i[S, a(ε)], so the new
p̄ shares subpath̄qi[S, b(ε)] staring fromS; in other words,
after possible reroutings, we can further assume thatp̄ shares
certain subpath withqi starting fromS.

Now supposep ∈ αn newly merges twice atγ1, γ2. For
i = 1, 2, among all the Menger’s paths merging withp atγi, let
qi denote an arbitrarily chosen path such thatp newly merges
with qi at γi essentially (note thatq1 6= q2 since both of them
merge withp essentially). Ifq̄2 merges withp[b(γ1), a(γ2)] at
subpathε1, sinceq̄2 does not merge with̄p (scenario1 does not
occur), one can reroutep[S, a(ε1)] usingq̄2[S, a(ε1)] (then the
new merging atγ1 would disappear). Consider the case when
q̄2 does not merge withp[b(γ1), a(γ2)]. If q̄2 does not merge
with q1[S, a(γ1)] either, one can rerouteq2[S, a(γ2)] using
q1[S, a(γ1)] ◦ p[a(γ1), a(γ2)]. Now consider the case when
q̄2 merges withq1[S, a(γ1)] and supposēq2 last merges with
q1[S, a(γ1)] at ε2. If p̄ does not merge withq1[b(ε2), a(γ1)],
since q̄2 won’t merge with p̄, p[S, a(γ1)] can be rerouted
using q̄2[S, b(ε2)] ◦ q1[b(ε2), a(γ1)] (then the new merging
at γ1 would disappear). Now consider the case whenp̄ does
merge withq1[b(ε2), a(γ1)] at subpathε3. But in this case, one
can rerouteq2[S, a(γ2)] using p̄[S, a(ε3)] ◦ q1[a(ε3), a(γ1)] ◦
p[a(γ1), a(γ2)]. Apply the arguments above to arbitrarily cho-
sen pairq1, q2 essentially merging withp, together with the
fact that non-essential merging will disappear after appropriate
reroutings, we conclude that ultimately certain reroutings to
reduce the number of mergings are always possible when
p ∈ αn newly merges twice.

Now supposep ∈ αn newly merges atγ1, and p̄ ∈ αn

newly merges atγ2. Let q1 denote an arbitrarily chosen
path, among all the paths merging withp at γ1, such that
p newly merges withq1 at γ1 essentially; letq2 denote an
arbitrarily chosen path, among all the paths merging with
p̄ at γ2, such that p̄ newly merges withq2 at γ2 essen-
tially (again one checks thatq1 6= q2 since they essentially
merge withp, p̄, respectively). Apparentlyq1, q2 must merge
with each other, otherwise one can reroutep[S, a(γ1)] using
q1[S, a(γ1)] and reroutep̄[S, a(γ2)] using q2[S, a(γ2)] (then
the two new mergings would disappear). Supposeq1 and
q2 last merge atε1. We claim that p̄ must merge with
q1[b(ε1), a(γ1)], otherwise one can reroutep[S, a(γ1)] using
q2[S, b(ε1)] ◦ q1[b(ε1), a(γ1)] (p shares subpath withq2 from
S and does not merge withq1 beforeγ1). Furthermorēp must
merge withq1[b(ε1), a(γ1)] at least once beforea(γ2) (in other
words, p̄[S, a(γ2)] must merge withq1[b(ε1), a(γ1)]), since
otherwise, saȳp[b(γ2), Rn] merges withq1[b(ε1), a(γ1)] at ε2,
then one can reroutēp[S, a(ε2)] with q1[S, a(ε2)] (thus the new
merging atγ2 would disappear). Similarlyp[S, a(γ1)] must
merge with q2[b(ε1), a(γ2)]. Now supposep̄[S, a(γ2)] first
merges withq1[b(ε1), a(γ1)] at subpathε2. Since scenario1



does not occur,̄q1 won’t merge withp, therefore it must share
certain subpath withp staring fromS (here we remind the
reader thatp newly merges withq1 essentially, sōq1 will either
merge with or share certain subpath withp from S). Similarly
supposep[S, a(γ1)] first merges withq2[b(ε1), a(γ2)] at ε3,
then q̄2 must share certain subpath with̄p staring fromS.
Now since scenario1 does not occur, either̄q2 won’t merge
with q1[b(ε1), a(ε2)] or q̄1 won’t merge withq2[b(ε1), a(ε3)].
If q̄2 does not merge withq1[b(ε1), a(ε2)], then one can
rerouteq2[b(ε1), a(γ2)] with q1[b(ε1), a(ε2)] ◦ p̄[a(ε2), a(γ2)];
if q̄1 does not merge withq2[b(ε1), a(ε3)], then one can
rerouteq1[b(ε1), a(γ1)] with q2[b(ε1), a(ε3)] ◦ p[a(ε3), a(γ1)].
Apply the arguments above to arbitrarily chosen pairq1, q2
essentially merging withp, together with the fact that non-
essential merging will disappear after appropriate reroutings,
we conclude that ultimately certain reroutings to reduce the
number of mergings are always possible when whenp ∈ αn

newly merges and̄p ∈ αn newly merges.
For the other direction, assume that the subgraph consisting

of α1, α2, · · · , αn−1 achievesM∗(2, 2, · · · , 2
︸ ︷︷ ︸

n−1

), we addαn

such that fori = 1, 2, αn,i share subpath withαn−1,i, αn

only merges withαn−1 once, sayαn,1 merges withαn−1,2 at
γ, whereγ is a largest merged subpath. One checks the graph
consistingα1, α2, · · · , αn hasM∗(2, · · · , 2, 2

︸ ︷︷ ︸

n−1

)+ 1 mergings,

and the number of mergings can’t be reduced, implying

M∗(2, 2, · · · , 2
︸ ︷︷ ︸

n

) ≥ M∗(2, · · · , 2, 2
︸ ︷︷ ︸

n−1

) + 1.

We thus prove the proposition.

Example III.11. It immediately follows from Proposition III.7
that

M∗(1, 1, · · · , 1) = 0.

Example III.12. It immediately follows from Proposi-
tion III.10 that

M∗(2, 2, · · · , 2
︸ ︷︷ ︸

n

) = n− 1,

which was first shown in [4]. In particular,M(2, 2) = 1.
Further together with Proposition III.6, we haveM∗(2,m) =
1 for m ≥ 2. Note that

M∗(2, 2, · · · , 2
︸ ︷︷ ︸

n

) <
∑

1≤i<j≤n

M∗(2, 2),

which implies the inequality in Theorem III.1 may not hold
for certain cases.

Example III.13. It follows from Proposition III.9 that

M∗(3, 3) ≤ M(2, 2) = 5.

One checks that the graph depicted by Figure 5 does not allow
any rerouting to reduce the number of mergings, which implies

α1,1

α1,2

α1,3

α2,1 α2,2

α2,3

S

R1
R2

Fig. 5. an example achievingM∗(3, 3)

M∗(3, 3) = 5. Applying Theorem III.1, we have

M∗(3, 3, · · · , 3
︸ ︷︷ ︸

n

) ≤
5n(n− 1)

2
.

IV. M OTIVATIONS

Mergings in directed graphs naturally relate to “conges-
tions” of traffic flows in various networks. Particularly, in
network coding theory [9], which studies digital communi-
cation networks carrying information flow [1], computations
and estimations ofM and M∗ have drawn much interest
recently. Recent related work in network coding theory listed
in this section are done in very different languages; we shall
briefly introduce network coding theory and describe these
work using the terminology and notations in this paper.

Network coding is a novel technique to improve the capabil-
ity of networks (directed graphs) to transfer digital information
between senders (sources) and receivers (sinks). Before net-
work coding, information is transferred among networks using
the traditional routing scheme, where intermediate nodes (ver-
tices) can only forward and duplicate the received information.
In contrast to the routing scheme, the idea of network coding
is to allow intermediate nodes to “combine” data received
from different incoming links (edges), eventually boosting the
transmission rate of the network.

For a very comprehensive introduction to network coding
theory, we refer to [9]. Here, we roughly illustrate the idea
of network coding using the following famous “butterfly
network” [6]. Consider the network depicted in Figure 6,
where each link has capacity1 bit per time unit and there
is no processing delay at each node. Two binary bitsa, b are
to be transmitted from the sourceS to Y andZ. If we ignore
the transmission toZ, we can use pathS → T → Y to
transmit a, and use pathS → U → W → X → Y to
transmitb simultaneously; similarly ignoring the transmission
to Y , we can use pathS → U → Z to transmit a,
and use pathS → T → W → X → Z to transmit b
simultaneously. Note that pathsS → U → W → X → Y
and S → T → W → X → Z merge atW → X . If the
traditional routing scheme is assumed,W → X will become
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Fig. 6. network coding on the Butterfly network

a “bottleneck” for simultaneous data transmission toY andZ,
since for each time unitW → X can either carrya or b, but
not both at once. Thus under the routing scheme, completion
of data transmission takes at least2 time units. Allowing
intermediate nodes to recode the data from the incoming links,
network coding scheme will provide a solution to speed up the
data transmission: the “bottleneck”W → X carry a andb at
the same time by carryinga+b, here+ denotes the exclusive-
OR on a, b. Then as shown in Figure 6(b),Y will receive a
and a + b, from which b can be decoded; at the same time
unit Z will receiveb anda+b, from whicha can be decoded.
In other words, with the encoding at nodeW , Y andZ can
receive the complete data simultaneously within1 time unit.

Now consider a general network with one senderS and
n receiversR1, R2, · · · , Rn, where each edge has capacity1
bit per time unit and there is no processing delay at each
node. Suppose that eachRi has the same min-cutc with
the senderS, and c bit information are to be transmitted
from S to all Ri’s. Ignoring the presence of other receivers,
any set of Menger’s paths fromS to a receiver is able
to carry data to the receiver at the maximum possible rate
c; however for simultaneous data transmission, any merging
among these Menger’s paths will become a bottleneck. It has
been shown [1], [6] that with appropriate network coding at the
merging nodes, all the receivers can receive the information
at the maximum possible ratec.

In a network coding scheme, we call a node an “encoding
node” if this node recodes the data from the incoming links,
rather than simply duplicating and forwarding the incoming
date. It is important to minimize, for a given network, the
number of nodes which are needed to be equipped with such
encoding capabilities, since these nodes are typically more
expensive than other forwarding nodes, and may increase the
overall complexity of the network. Since for given sets of
Menger’s paths from the source to the receivers, encoding
operations are only needed at merging nodes among these
paths,M andM∗ with appropriate parameters will naturally
give upper bounds on the number of necessary encoding nodes
for a given network. In particular, for an acyclic networkG
with one source and multiple sinks, as suggested by Lemma13
of [5], the minimum number of coding operations (required to
guarantee all receivers receive data at the maximum possible

rate) is equal toM∗(G).
It was first conjectured thatM(c1, c2, · · · , cn) is fi-

nite in [8]. More specifically the authors proved that (see
Lemma 10 of [8]) if M(c1, c2) is finite for all c1, c2, then
M(c1, c2, · · · , cn) is finite as well. To support the conjecture,
the authors showed thatM(2, c) is finite for any c, and
subsequentlyM(2, 2, · · · , 2

︸ ︷︷ ︸

n

, c) is finite for any n and c.

Lemma II.7 shows that indeedM(c1, c2) is finite for all c1, c2,
thus the conjecture is true.

As for M∗, the authors of [4] use the idea of “subtree
decomposition” to first prove that

M∗(2, 2, · · · , 2
︸ ︷︷ ︸

n

) = n− 1.

Although their idea seems to be difficult to generalize to other
parameters, it does allow us to gain deeper understanding
about the topological structure of minimum mergings achiev-
ing graph for this special case. It was first shown in [5] that
M∗(c1, c2) is finite for all c1, c2 (see Theorem22 of [5]), and
subsequentlyM∗(c1, c2, · · · , cn) is finite all c1, c2, · · · , cn.
The proof of Lemma II.7 is inspired by and follows closely
the spirit of the proof of Theorem22 of [5]. One of the
differences between the approach in [5] and ours is that we
start with arbitrarily chosen Menger’s paths, and focus on
transformations (more specifically, merging number reducing
reroutings) of these paths, which allow us to see howM,M∗

depend on the min-cuts.
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