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Abstract—For an acyclic directed graph with multiple sources
and multiple sinks, we prove that one can choose the Menger’s
paths between the sources and the sinks such that the number
of mergings between these paths is upper bounded by a constan S tsouree)
depending only on the min-cuts between the sources and the
sinks, regardless of the size and topology of the graph. We s
give bounds on the minimum number of mergings between these T
paths, and discuss how it depends on the min-cuts. 16} e 6 *xﬂz

I. INTRODUCTION AND NOTATION

\ o
. S Ba
Let G(V, E) denote an acyclic directed graph, whére A ~
denotes the set of all the vertices (pointsdrand £ denotes 62 B
the set of all the edges i@. Using these notations, the edge- ¢ !
connectivity version of Menger’s theorem [7] states: @ ® ©
Theorem I.1 (Menger, 1927) For anyu, v € V, the maximum Fig. 1. examples of mergings and non-mergings

number of pairwise edge-disjoint directed paths frono v in

G equals the min-cut betweenand v, namely the minimum

number of edges irF whose deletion destroys all directed4 — B, at subpathd — B — C; (3, and 33 merge at edge

paths fromu to v. A — B, at subpathd — B — C — D; 31, B2 and 33 merge
edged — B, at subpathd — B — C; 8, merges with

%3 at edgeB — C, at subpathB — C — D; there are two

mergings in Figur€ll(c), at edgé — B, and at edges — C,

We call any set consisting of the maximum number of pairwi
edge-disjoint directed paths froma to v a set ofMenger's
pathsfrom u andv. Apparently, for fixedu, v € V, there may

exist multiple sets of Menger’s paths. respectively.
Form pathspi, B, - - -, B In G(V, E), we say these paths  In this paper, we will consider an acyclic directed graph
mergeate € E if G(E, V) with n sources anch sinks. Unless specified oth-
1) eeN™, 5, erwise, we will useS,S5,,---,S, to denote the sources

2) there are at least two distingt g € E such thatf,g and Ri,R»,---, R, to denote the sinksg; will be used
are immediately ahead of on someg;, 3;, j # i, to denote the min-cut betweesy; and R;, and «; =
respectively. {ai1, 2, , a4+ Will be used to denote a set of Menger’s

Roughly speaking, conditioh says that;, fs, - - - , B inter- paths fromsS; and}_zi_. We will study howe;'s merge_with each
nally intersectat ¢ (namely, all3;’s share a common edgg, other; more spec!flcally, we shovy that approprlgt_ely chosen
condition2 says immediately before alf’s internally intersect Menger's paths will only merge with each other finitely many
ate, at least two of them are different. We caltogether with times. In particular, we deal with the case when all sources
the subsequent shared edges (bysal) merged subpathy and sinks are dls_tlnct in Sectn_ﬁﬂ Il, and_th_e case when the
Bi (i = 1,2,---,m) ate; and we often say alB;’s merge SOUrces are identical and the sinks are distinct in SeE{[d)r_l [
at the above-mentioned merged subpaththis paper we FO both of cases, we will study how the minimum merging

will count number of mergings without multiplicities: all number depends on the min-cuts.

merging at e. can find the min-cut and a set of Menger’s path betwsen

) andR; in polynomial time. The LDP (Link Disjoint Problem)
Example 1.2. In Figure[1(a), paths? and 3, share some gzsks if there are two edge-disjoint paths frém S, to Ry, Ro,
vertex, however not edges/subpaths, Boand §, do not respectively. The fact that the LDP problem is NP-comp(@fe [

merge. In Figuré]1(b), path® andg, do share edgé — T', syggests the intricacy of the problem when> 2.
where S is a source, however conditio? is not satisfied,

therefore3; and 5, do not merge, although they internally Notation and Convention:
intersect atS — T'. In Figure[1(c),3; and 3, merge at edge For a pathy in an acyclic direct graplt, let a(v), b(v) de-



note the starting point and the ending pointyofrespectively;
let v[s, t] denote the subpath afwith the starting point and
the ending point. For two distinct pathsy, 7 in G, we say
~ is smallerthan = if there is a directed path from(v) to
a(m); if v, 7 and the connecting path froi(y) to a(n) are
subpaths of patl¥, we sayy is smallerthanm on 3. Note that

naturally come up wherz is drawn in a geometric space
such that smaller paths are always higher than larger paths,
as exemplified in Figur&l2). It immediately follows that for
three merged subpathsv, w by «;, o5, if v is semi-reachable
througha; from above byu, w is semi-reachable through;

from above byv, thenw is also semi-reachable through

this definition also applies to the case when paths degeneifabm above byu.

to vertices/edges; in other words, in the definitigng or the
connecting path from(y) to a(w) can be vertices/edges @,
which can be viewed as degenerated path$(4) = a(n),
we usey o 7 to denote the path obtained by concatenating
and 7 subsequently. For a set of vertices vo, - - - ,v; in G,
define Glvy,- -+ ,v;) to be subgraph ofy consisting of the
set of vertices, each of which is smaller than sotneand

Proposition 11.2. Consider Menger’s path sets;,a; and

merged subpaths by;, «;. For a merged subpath semi-

reachable throughy; by a merged subpath via a sequence
of merged subpathsg,v1,--- ,vn, if none of~;’s is semi-

reachable throughy; by itself from above, thenis regularly-

semi-reachable through; by u.

the set of all the edges, each of which is incident with some Sketch of the proof:For anyk < [ such thath, = Iy

above-mentioned vertex.

Il. MINIMUM MERGINGSM

In this section, we consider any acyclic directed graph
with n distinct sources and distinct sinks. LetM (G) denote

the minimum number of mergings over all possible Menger’s

path setsa;'s, i = 1,2,---,n, and let M(c1,ca,--+ ,¢p)
denote the supremum a¥/(G) over all possible choices of
suchG.

In the following, we shall prove that

Theorem Il.1. For anycy,ca, -, ¢y,
M(Cl, Coy
and furthermore, we have

M(Cl,CQ,' oo ,Cn) < ZM(Ci’cj)'

i<j

7071) < 007

Now consider

= {ai,laai,Qa e aai,ci}a

a set of Menger’s paths frorfi; to R;, and

ay; = {ai,laai,Qa e aai,Cj}a

a set of Menger’s paths fron$; to R;. For two merged
subpathsu, v by «; and o; (more rigorously, by some paths
from «; and«;), we sayv is semi-reachable through; by
u if there is a sequence of merged subpaihsy,, - - - , v, by
a; anda; such that

1) vo=1u, Yo = ;

2) For each feasiblé, o1 is smaller thany,;, on some
a1, and o, [b(v2k+1), a(yer)] doesn’'t merge with
any paths fromy;;

3) For each feasiblg, v2x+1 is smaller thany,. o on some
Q5 hy, -

We say v is regularly-semi-reachable througky; by w if

besides the three conditions above, we further require th

all h's in condition 3 are distinct from each other. I is
an even number, we say is semi-reachable through; by
u from above if n is an odd number, we say is semi-
reachable through; by « from below(“above” and “below”

andhy, hgy1,hiao, -+, hy—1 are all distinct from each other,
since none ofy;’s is semi-reachable through by itself from
above, one checks thatis semi-reachable through via a
shorter sequence

Y05ty V2415 V20425 5 Yn-

Continue to find such shorter immediate sequences itelative
in the similar fashion until alhs’s (corresponding to the new
immediate sequence) are all distinct from each other. m

Proposition 11.3. Consider Menger’s path sets;,a; and
merged subpaths by;, ;. If a merged subpath is semi-
reachable throughy; by itself from above via a sequence of
merged subpathsg,v1,--- ,v2m = Y0, then one can find a
new set, still denoted hy;, of m pairwise edge-disjoint paths
from S; to R; such that the number of mergings betwegn
and the newy; strictly decreases.

To see this, suppose we start with somgpath. When
this «;-path reache®$(y2x+1), instead of continuing on its
original “trajectory”, it continues onw; ¢, [b(v2k+1), b(y2k)],
and then fromb(vy2) it continues on they;-path (typically
different from the originalo;-path we start with) incident
with b(~91). For instance, we can apply the above operations
to the case when: is regularly-semi-reachable through
by itself from above; then one can reroute to obtain
a set of m pairwise edge-disjoint paths fron$; to R;,
by replacinga; i, [b(v2r+1), Ri] bY ;¢ [b(vor+1), a(yar)] ©
Qi by [a(y2r), Ri] for all feasiblek (here kg 2 hm). Note
that the above replacement “deserts” certain subpathsein th
original a; and “borrows” other subpaths from; to obtain
a new Menger's path set; from S; to R;. We call such
replacement aerouting of «; (in this case, using subpaths of
a;). After such reroutings, the number of mergings between
a; ande; strictly decreases (however the number of mergings
by all o;'s, i =1,2,--- ,n, will probably remain the same).
t'I'he following proposition deals with the opposite direntio
i Propositior 1I.B for the case whe®# has2 distinct sources
and?2 distinct sinks.

Proposition 11.4. Consider the case when there aralistinct
sources and? distinct sinks inG. For any rerouting ofa;



G G2 | 3 | QG AL A2 53 QG4 following lemma.
73 Lemma IL.7. For anycy, ¢,
47 M(er, c2) < crea(er + c2) /2.

: Proof: Consider any acyclic directed grapi{ E, V') with
o o Nn : \ 2 distinct sourcesS;, S» and 2 distinct sinksR;, R2, where
R AN the min-cut betweer; and R; is ¢; for i = 1,2. Let aq =
iy dé‘;q Qo aiy aie g {11, ,a1,,} be any set of Menger’s paths frosy to
' Ry, andag = {az1, -+ , a2, } be any set of Menger’s paths
from S5 to Rs. Let Vi be the set of the terminal vertices
(starting and ending vertices) of all the merged subpaths by
ay andas. It suffices to prove that for anyy, cao, if Vo] >

using as-subpaths, there is a merged subpath semi-reachalsig’2(c1 + c2) + 1, one can always rerouie, using az, or

Fig. 2. an example

througha, by itself from above. rerouteas usinga; to obtain new Menger's path sets, as
such that the number of mergings between the ngws is
Proof: strictly less than that between the origiral, ovs.

Assume that subpaths, y2, - -, are the “deserted” sub-  Now we perform certain operations @#to obtain another
paths for a given rerouting of;, and these subpaths “spreadyraph(. First we delete all the edges which do not belong to
outto a1, a2, -+, aik, k < 1. Without loss of generality, any ,-path ora,-path; then whenever two pati¥s, 3> from
further assume thafy1,72,--- v} are the smallest such, q, (3,, 3, could be bothy;-paths ora.-paths) intersect
deserted subpaths am 1,12, , o1k, respectively. Then on 3 vertexv, however do not share any edge incident with
there arens-subpaths, ez, - - , ¢ such that alle;’s do not (for an example, see Figulé 1(a)), we “detach’ 3. atv

merge with anya;-paths, and for eachwith 1 <i <k and (in other words, “split’ into two copiess”), v and lets;
correspondingly certai; with 1 < k; <, a(e;) = a(yi), passv® and letg, passv(?); next we delete all the merged
b(ei) = b(yx,). Surely one can find a subsfty, ko, -, ks}  subpaths by, and a»; finally we reverse the direction of
of {1,2,---,k} such thatb(e1) € o, ; . b(e; ) €y 7, -**»  the edges which only belong to some-path. Note that the
b(e;_) € a1,1, which implies that there is a merged subpatfpove operations does not add more verticeS;tand for any
(for instance, the one merged by ande;, ) semi-reachable path in@, each edge either belongs tava-path or a reversed
througha; by itself from above. as-path.

u Suppose that there is a cycleGhtaking the following form:

Remark 11.5. Consider any set of edge-disjoint paths=
{B1,B2,---,Bm} in G. If we add “imaginary” sourceS
together withim disjoint edges frons to all a(5;)’s, and add Whereb(v2,) = a(y1), v; is a reversedv,-subpath for any
“imaginary” sink R together withm disjoint edges from all oddi and aa;-subpath for any even For any vertexw in
b(3;)’s to R, we obtain a set of Menger’'s paths frofhto Vi, lete, denote the merged subpathéhcorresponding to

R in the graph extended fror&. In this section, we don't w; then one checks that ii, ¢,(,,) is semi-reachable through
differentiate between a set of Menger’s paths and a set af-edg: by itself from above via the sequence

disjoint paths for simplicity, since we can always assune th - . e .

existence of such imaginary sources and sinks when they are a(n) Zaly2)) """ Zalyzn)) =b(rzn)s

needed. which implies certain reroutings can be done to reduce the
number of mergings.

Next we assume that is acyclic. Note that inG, S1, R
have out-degree;,cs, respectively, S, Ry has in-degree
c1, co, respectively, and any vertex i, has in-degreé and
out-degreel. It then immediately follows tha€’ consists of

7o. , c1 + co pairwise vertex-disjoint paths, each of which, sgy
2) v3,7s are sem!—reachable through from below byys, o1 es the followingregular form:
3) v2,v4 are semi-reachable through from above byyy,
4) ~ is semi-reachable through from above byyg, v2, V4. Y=710720" "0,

5) 19 is semi-reachable througha; from above where a(1) = Si or Rs, b(y.) — Ssor R, the ter-

by itself (via the sequence of merged subpathns]inal points of are in Vo and each of
Y0, 71,72, V3> V4, V5, V6, Y0) » SO are vya,vs4, thus a 1203, Tl M

. o o ; " 1,72, ,Yn IS, alternately, either a;-subpath or a reversed
Eg;ogﬁg\?v:fiﬁjlz?S::%O;(ks)pOSSIbIe by Propositidn I3 ag-subpath. SincgV| > cica(e1+ce2)+1, out of theey +co
9 ' pairwise edge-disjoint paths, there must be at least ortg pat

Before the proof of Theorem T.1, we shall first prove theay v, taking the regular formy = +; oy 0 --- 0 7, such

V10720 0o,

Example 11.6. In Figure[2(a),y and~; (: = 0,1,---,5)
are merged subpaths from = {a;1,0;2,0;3} anda; =
{aj1,0aj9,0;3,;4}. By definitions, we have

1) 71,73, 75 are semi-reachable through from below by



that [Va Ny > ci1co + 1. It then follows that there are two mergings betweemv;1 and a;, aq, -, ax will be strictly
verticesu, v € V4 on v, whereu corresponds to the mergeddecreased after the rerouting. So in the following we assume
subpath by ;, andas j,, andv corresponds to the mergedthat the rerouting between evesy and a1, if exists, is a
subpath byas;, and as,,, such that(i1,j1) = (i2,j2). rerouting ofa; usingay41. Then after the rerouting af;, the
Note that if » is larger (smaller) thany on «;,,, thenu newq; will “miss” at least

will be also larger (smaller) tham on as j, otherwise we

would have a cycled path; ;, [u, v] o s j, [v, 1] in G, which M(er, erpa) + -+ Mlcioa, Crpa)
contradicts the assumption th@tis acyclic. Now assume that
Y[u,v] = 75 04541 © --- 0 . First consider the following FM(cit1, ) + -0+ Mck, cryr) +1

conditions (ignoring the parathetic words for the moment): of all the newly merged subpaths, which implies the neys,

« u is smaller (larger) tham on a ;,, ' j < k, will all “miss” at least one of newly merged subpaths
* 7i is aai-subpath (reversed,-subpath) fori = s + 1, (in other words, there is;, such that none ofy,’s, j < k,
o u is the starting (ending) vertex of the correspondmg1erge Withay,1 atvy,). So the number of mergings between

merged subpath i_rG, v is the starting (ending) vertex a1, as, -+, o and gy strictly decreases after the possible
of the corresponding merged subpathtin reroutings of ally;’s. With this contradiction, we establish the
Then one checks that, is semi-reachable by itself from abovetheorem.
through o via the sequence,,cy(y,_,), ", Ep(v.) Eus Eus m

implying a rerouting ofay using a; to reduce the number The following proposition shows thatt is symmetric on
of mergings can be done. Similar arguments can be appligsiparameters.

to other cases when any parathetic words replace the words
before them. Proposition I1.8. For anycy, ¢, - ,c¢,, We have
So in any case, ifilVap] > cica(c1 + ¢2) + 1, certain

reroutings can be done to strictly reduce the number of Mler ez, en) = Mlesys o)+ s Com)s

mergings. Together with the fact that each merged subp&jReres is any permutation on the set ¢,2,--- ,n}.
has two terminal points, we then prove th&f(c;,co) < ) N ) ..
ciea(cr + c2)/2, establishing the lemma. Th_e following proposition shows that1 is an “increasing
m function.
We are now ready for the proof of Theorém]I.1. Proposition 11.9. For anym > n, ¢; < ¢ < --- < ¢, and
.PI'OOfI ) . di <ds---<dy, if ¢ < dm—n+i for i = 1,2,---  n, then
With Lemma[Il.7 being established, to prove Theoten 1.1,
it suffices to prove that M(er, ez, yen) S M(dy,da, -+ d).

Mler, ez, yen) < M(er,c2, 00y Cn—1) +ZM(CiaCn)a Together with Proposition 1118, the following proposition
i<n shows that whemM has two parametersyt is “sup-linear”

@ i all
. . in all its parameters.
for n =3,4,---, inductively. P

Now suppose that fom < k, M(cy,co, - ,c,) is fi-  Proposition 11.10. For anyc; o, c1,1, c2, we have
nite and satisfies[]1) and consider the case= k + 1.
Fori = 1,2,---,k + 1, choose a set of Menger's paths M(ero + c1,1,62) = Mero,c2) + M(er, e2).

a; = {1,052, , a4, } betweenS; and R;, and assume !

a1, 9, -+, are chosen such that the number of mergings Proof. . . .

among themselves is no more thavi(ci,co,--- ,cx). By For anyc; 0,11 and ca, con3|der_the following directed

a “new’ merging, we mean a merging which is amongrath with 2 sourcesSy, S; and?2 sinks Ry, Ry such that

1, Qo Qi 1, however is not among, as, - - - , a. We 1) there is a sety; of 1,0+ C11 edge-diSjOint paths from

shall prove that if the number of new mergings betwegn; Si to Ry, herea; = ol ual”, wherea!” anda{" are

andas, as, - -+, a4 is larger than or equal to mutually exclusive, consisting @f o, ¢;,1 edge-disjoint

paths, respectively, and there is a set of ¢; edge-

Mer, cr1) + Mz, erin) + -+ Mlew, erga) +1, disjoint paths fromSs to Ry;

certain reroutings can be done to strictly reduce the number) Mergings bya{”, a> and mergings byai",a; are

of mergings. sequentially isolated omys in 1the sense that on each
By contradiction, assume the opposite of the claim above  @2-path, the smallest merged'’-subpath is larger than

and label all the newly merged subpathsyasys, - - - ,v;. By the largest merged!”-subpath;

the Pigeonhole principle, there exists somgsuch thato; 3) the minimum number of mergings in the subgraph

and ai4+1 will have more thanM(¢;, cx+1) new mergings, consisting ofago) and ay achievesM(cq g, c2), and

thus reroutings ofy; or a1 can be done. If such a rerouting the minimum number of mergings in the subgraph

is in fact a rerouting ofv;1 using «;, then the number of consisting ofagl) andas achievesM(cq 1, c2).



One checks that for such gragh the min-cut betweers,;
and Ry is ¢1 0 + ¢1,1, and the min-cut betweef; and R, is
¢z, and

M(G) = M(c1,0,¢2) + M(c1,1,c2),

which implies that
M(cr0 + 1,1, ¢2) > M0, c2) + M(ca1, c2).
| ]

Proposition I1.11. For anyey, co, - - - , ¢, @and any fixed: with

1 <k <n, we have
M(ClaCQW" ,Cn) > Z M(ci’cj)'
i<k,j>k+1

Proof:

For any ci,co,-- -,
graph G with n sources S1,S55,---,S, and n sinks
Ry, Rs, -+, R, such that for any fixed with 1 < k < n,

1) there is a sety; of ¢; edge-disjoint paths frony; to R;

for eachi;

Proof:
Proof of this proposition is omitted due to space limit. For
interested reader, we refer to http://arxiv.org/abs/08059
]

Remark 11.13. Definew; = >%_, (M(j,m — 1) +1). Note
that Propositior ILIR is still true ifU(m,n) is replaced
by mw,,, which produces an alternative upper bound on
M(m,n). One can obtain the proof of this by replacing
U(m,n) in the first and second paragraphs in the proof of
Propositiod IL IR withmw,,, and replacing the third paragraph
in the proof of Proposition I1.12 with the following paragta
Now assume that we fing;, es,- - , &, such that

SEGlb(er), -+ ,blen))

¢n, consider the following directed has no less thaw (m,n) mergings andR = G\S has no

less thanmw,, mergings. By the Pigeonhole principle, there
must be at least one; such that¢; merge with for
no less thamw,, times. Without loss of generality, assume

that ¢;, merges withy) subsequently até”,né”, T l(ll)

2) all a;’s, i < k, do not merge with each other, and alherel; > w,,. Now within Rlb(n&))), unless¢;, merges

a;'s, j > k + 1, do not merge with each other;

3) for anyi with ¢ < k, mergings bya; and all o;’s,

with no less thanm v-paths, there existgo # j; such
that a merged;,-subpath, sayy (M), is immediately ahead of

j >k + 1, are sequentially isolated am; in the sense certain merged;, -subpath, say): (1) . Sov(® and any merged

that on eaclw;-path, for anyj; < ja with j1, jo > k41,

the smallest merged;,-subpath is larger than the Iarges'gb

mergedao;, -subpath. Similarly for any with j > k41,

mergings bya; and all o;’s, ¢ < k, are sequentially R[b

isolated onc;.
4)
consisting of anyw; with ¢ < &k and anya; with
j >k + 1 achievesM(¢;, ¢;).
One checks that for such gragh the min-cut betweery;
and R; is ¢;, and

M@G) = Y M),
i<k,j>k+1
which implies that
Mleryea-ven) > Y Mleisey).

i<k,j>k+1
| |

The following proposition gives an upper bound on

M(m,n) using M(mq,n1)'s, wherem; < m, ny <n.

Proposition 11.12. For anym < n, we have

M(m TL) S U(mvn) + V(mvn) +m — 2a
where
m—1
j=1
and
m—1
m,n) = M(m,n—1)+Y  (M(j,n) + 1+ M(m — j,n))—M(1,n).
j=1

the minimum number of mergings in the subgrap

subpath larger than® on ¢;, |s semi-reachbable through
by 7, (M. Now continue the argument inductively and sup-
ose we have already obtaingd jo, - - - , jk+1. Then within

b(nui 2 )\RIb(niu))), assume  that ey, di,, - . b,
merge withy at plFHD (et l(ffll), here obviously
lk+1 > Wry1 — Wk UnIessale,(bm, o+, ®j.,., merge with no
less thanm v-paths W|th|nIR<|b(nwk+1 \R|b(nw,3 there ex-
istSjk+2 # j1,J2, + ,jk+1 Such thata mergexﬁyk+2 -subpath,

say~y (1) is immediately ahead of sorm;ut%;l). Thusy(++1)
and any merged subpaths larger thai*) on ¢;,,, are
semi-reachable through by n(k+1) and thus by somegl)

Eventually one can show that W|th]R1|b(nwm \IR<|b(nwm s
all merged nong,, -subpaths are semi-reachable throggby

somen'". Since
RIb(nG) D\R[B(nG), )l = M(m

all merged subpaths W|th|m|b(n§}i \IR<|b(nwm .)) spread

out to no less tham v-paths, which implies that withig all
the merged subpaths semi-reachable throgidty 7', nS",

-, or 771(11) will spread out to no less tham -paths.

Example 11.14. It was first shown in[[B] thatM (1, n) = n.
To see this, consider any acyclic directed gra@hE,V)
with 2 distinct sourcesS;, S and 2 distinct sinks R, R»,
where the min-cut betwees; and R; is denoted byc;;
herec; = 1 and ¢ = n. Pick a set of Menger's path
a; = {1, 2, i, fromS;to R;. If a; 1 merges with
someas-path, sayas, ;, at least twice, say at and f. Then
we can replacey; 1[a(e), a(f)], the subpath oty ; starting
from a(e) to a(f), by as jla(e),a(f)], the subpath oy, ;

_17m)+13



S
! In this remark, we redefine Menger’s paths and merging: we

S call any set consisting of the maximum number of pairwise
vertex-disjoint directed paths from to v a set ofMenger's
paths from » and v; and for m paths 8y, 82, -+, B in
G(V,E), we say these pathwergeate € V (hereE in the
original definition is replaced by’) if

1) ec ﬂ;ilﬁi,

2) there are at least two distingtg € F such thatf, g are

immediately ahead of on someg;, 3;, respectively.

o hagp
oy Ozz,;\‘ And naturally we can also redefin® with the above re-
Ry Ry defined Menger’s paths and merging. Then using a parallel
) o argument, one can show that Theoreml I1.1 still hold true for
Fig. 3. an example achieving1(2, 2) redefinedM

. . . 1. MINIMUM MERGINGSM*
starting froma(e) to a(f). After this rerouting, the new; ;

has fewer mergings withs. This shows that _In this section, we c_on_sider_any acyclic directed graph
with one source ana distinct sinks. LetM*(G) denote the
M(1,n) <n, minimum number of mergings over all possible Menger’s path

-, ) — “ e * o ..
sincea; ;1 can be chosen to merge with each-path for at setsa;’s, i = 1,2,---,n, and letM*(c1, ¢z, -- -, ¢,) denote

most once. For the other direction, by Proposifionl.10, wd'€ Supremum ofi/*(G) over all possible choices of such
We also have the following “finiteness” theorem foi*:

have N

M(1,n) > ZM(L 1) =n, Theorem IIl.1. For anycy,ca, -+ ,cp,

=1 M*(613627"' ,Cn)<OO,

the last equality follows from the simple fact that (1,1) =
1. and furthermore, we have
Remark 11.15. Note that Examplé .14 together with the M*(e1,e2, 0 ,en) < ZM*(Ciacj)'
inductive argument in the proof of Propositibn 1112 gives a i<j
alternative proof of thatM (cq, c2) is finite. Proof:
Example 11.16. Consider an acyclic directed graghwith 2 As illustrated in Remark 115, we exten@ to G by first
sourcesS, S, and2 sinks R, , Ry, where the min-cut between2ddingn imaginary sources, Sy, - - ,.5,, and then adding

S; to R; is 2. Let a; = {ai 1,02} be a set of Mengers’ i disjoint edges frond; to S for each feasible. For any such
paths fromsS; to R,. If any &Q-paith, sayas ;, merges with G and G, one checks that the original Menger’s paths (from
somea -path, saya; j, twice at two merged subpaths, 7o S to eachR; for all i) merge with each other fewer times than
wherey; is immediately ahead ofy on oy (Or as), as _the _extended Menger’s paths (fraf) to R; for all i), which
shown in the proof of Exampl[E1-14, one can reroatg; (or IMPlies that

aq,;) to reduce the number of mergings. So we can assume M (cr,ca, -+ en) < M(en, ez, -
that patha; ; (j = 1,2) can be assumed to merge with paths

as,1, a0, alternately, and similarly path, ; (j = 1,2) can The finiteness result then immediately follows from Theo-
be also assumed to merge with pathg,a; » alternately. rem[L1. As for the inequality, exactly the same argument
This allows us to be able to exhaustively list all the possibPf Theorem[IL1 applies toM*, thus we have for any
patterns of7, where there are no possible reroutings. With the, c2, - -, Cnt1

graph depicted by Figuld 3, we conclude that(2,2) = 5. . . “
Applying TheoreniIL1, we have Mi(er e, en) < M(en, 02, ’C”’l)+z< M (ejsen),
j<n

. 7Cn)-

MF(2,2,---,2) < M which implies the inequality. [ |
——

- 2
n Remark Ill.2. The same techniques as in the proof above,
together with Theorerd 111, show that appropriately chosen
Menger's paths merge with each other only finitely many
times, if only some of the sources and/or some of the sinks
are identical.

Remark I1.17. For an acyclic directed grapté(V, E), the
vertex-connectivity version of Menger’s theoreim [7] state
For any u,v € V, with no edge from: to v, the maximum
number of pairwise vertex-disjoint directed paths franto v
in G equals the minimum vertex cut betweeand v, namely Remark 111.3. TheoreniIl.1 and TheoremTll.1 do not hold for
the minimum number of vertices \{u, v} whose deletion cyclic directed graphs. As shown in Figlire 4, for an arbjtrar
destroys all directed paths from to v. n, ag 1 merges withoy o atyi, vz, -, Yn—1, 7» Subsequently



Fig. 4.

an counterexample

from the bottom to the top. One checks thatanda, hasn
mergings, and there is no way to reroutgor as to decrease
the number of mergings.

Similar to M, M* is a symmetric and “increasing” func-
tion.

Proposition 11l.4. M™* is symmetric on its parameters. More

specifically,

M*(Clv €2y 7071) = M*(C5(1)7 Cs(2)s " 70(5(71))7
whered is any permuation on the set ¢1,2,--- ,n}.
Proposition 1.5, For m > n, ¢ < ¢ < --- < ¢,, and

di <ds---<d,, if ¢ < dm—n+i for i = 1,2,--- ) n, then
M*(017627"' 7071) < M*(dldea"' 7d’m)

Proposition 111.6. Forc; <ce <---<cp, ifei+ea+---+
Cn—1 S Cn, then

M*(017027"' 7Cn) M*(017027"'

Proof: Given any acyclic directed grapty with one
source S and n sinks Ry, Rs, -+, R,, where the min-cut
between S and R; is ¢;, pick a set of Menger's paths
a; = {1, 9, it from S to R; for all feasible:. If

,Cn—1,C1H+C2++ - +Cn_1)

any path fromy,,, sayg3, does not share subpath starting frorﬂN0 sinks Ry. Ry

S with any other paths and first merges with some paét
merged subpath, then one can reroute all sugh(merging
with 8 at v) by replacingn[S, b(v)] by B[S, b(y)] to reduce
the merging number. Note that such possible reroutings
be done to all the paths from,. As a result of such possible
reroutings, at least,, — (¢1 +c¢2+ -+ ¢,—1) paths froma,,

will not merge with any paths from, as, - - - , a,—1, which
implies
M*(Clv C2, - 7071) S M*(Clv C2, " ,Cp—1, Cl+62+' . '+Cn71)-

C

betweenS andR; is ¢;, choose Menger’s paths, as, - - , ay,
such that the number of mergings among them is less than

M*(ca,- -+ ,cn—1,¢n). If @11 does not merge with any paths
from as,as, -+ ,a,, then the number of mergings it/
among all ;’s is less thanM*(ca, -+, cn_1,¢n); if a11

does merge with other paths and it last merges with,cagy
at, then we can reroute; ; by replacinga; 1S, a(v)] by
a; ;[5, a(7y)]. With reroutedy; 1, the number of mergings i@
among alle;’s is still less thanM*(ca, - -+ , ¢p—1, ¢n), Which
implies

M*(Cl,CQ," : 1077,) S M*(027" : ,Cn_l,cn).

The other direction is obvious from Propositibn 1)1.5. The
Proposition then immediately follows. ]

Remark I11.8. Now we can see that in terms of the depen-
dence on the parameters, the behaviord-6and M* can be
very different. For instance,

o from Example[ILI#, we haveM(1,2) = 2 > 1
M(1,1), which implies M does not satisfy the equality
in Propositior TIL.6;
through Propositiof II[J6, we see that

M*(2¢,¢) = M*(c,c) < M*(c,¢) + M*(c, c),

and strict inequality in the above expression holds as long
asM*(c,c) > 0, thusM* does not satisfy the inequality
in Propositior II.10; namely, not liké1, M* is not sup-
linear in its parameters;

Propositior TILT implies thatM*(1,n) = 0, while from
ExampldL.14, we haveV (1, n) = n, which impliesM
does not satisfy the equality in Proposition 111.7.

The following proposition reveals a relationship between
and M*.

Proposition I11.9. For anyn, we have
M (n+1,n+1) < M(n,n).

Proof: Consider the case whe# has one sourc& and
and the min-cut between the sourée
and every sink is equal ta + 1. For each sinkR;, pick
a set of Menger's pathe; = {a;1,i2, - ,aint1}. By
Propositior 1IL.5, we can assume evety-path merges with
tain ap-path and vice versa. As shown in the proof of
Proposition TIl.6, we can further assurag ; shares subpath
starting fromS with as;, i = 1,2,--- ,n + 1, after possible
reroutings. Now, if everyy;-path merges with some,-path,
for instance; ; first merges witho; 5;) at merged subpath
~i, hered denotes certain mapping frofi,2,--- ,n+ 1} to
{1,2,--- ,n+ 1}, then there exister (m < n + 1) such that

The other direction is obvious from Propositibn T]I.5. Th%m(l) — 1. We can further choose: to be the smallest such
]

proposition then immediately follows.
Proposition IIl.7. Forcy =1<¢ <--- < ¢,, we have
M*(Cl7027"' M*(027...

Proof: Given any acyclic directed graptd with one
source S and n sinks Ry, R, -+, R,, where the min-cut

1071) ,Cn_l,cn).

“period”. In this case certain reroutings af can be done by
replacingasy si (1) [S, b(vsi-1(1))] BY a1 5i-1(1) [, b(Vsi-1(1))],
j=1,---,m (heres®(1) 2 1), to reduce the merging number.
So, without loss of generality, we can assume, after further
possible reroutingse; ,,+1 does not merge with any other
paths, andx, ; doesn’t merge with any other paths either by



similar argument; in other words, all mergings are by paths2) p internally intersects witly; [S, a(v)].
a11,01,2, + ,01,, and pathsas o, a2 3, -+ , a2 41, Which 3) ¢ internally intersects wittp[S, a(v)].
establishes the theorem. B One checks that ifp newly merges with somey; non-
essentially aty, then eitherp[S, a(vy)] or ¢][S,a(v)] can be
rerouted. Furthermore i newly merges withy; essentially
M*(2,2,--+,2) = M*(2,---,2,2) + 1. at v, and p last merges withy;[S, a(vy)] at e, then one can
— T reroutep by replacingp[S, a(e)] by @[S, a(e)], so the new

P shares subpath;[S, b(¢)] staring fromS; in other words,
after possible reroutings, we can further assume jghetares
certain subpath witly; starting fromsS.

Now supposep € «a, newly merges twice aty,~2. For
1 = 1,2, among all the Menger’s paths merging wijtlat~;, let

Proposition 111.10. For anyn, we have

Proof: Given any acyclic directed graptd with one
source S and n sinks Ry, R, -+, R,, where the min-cut
betweenS and R; is 2, pick a set of Menger's paths; =
{a;1,;2} from S to R; for all feasible:. Again by a new

:1oetrglr?1%’nwe mean a mergm%z;norgég,%ga- > om, however ¢; denote an arbitrarily chosen path such thatewly merges
9o, @2, -, An—1. ASSU LA, 501 ity ¢ aty; essentially (note thaf; # ¢ since both of them
are chosen such that the mergings among themselves is_no . ) N .
more thanM*(2,2, - , 2), we shall prove that whenever, o 9c withp essentially). Ifg; merges withp[b(1), a(72)] at
o subpatte,, sinceg, does not merge with (scenarial does not
newly merges witﬁ)zll Qo .1 more thar2 times, one occur), one can reroujgs, a(e1)] usinggz[S, a(e1)] (then the
oo ' new merging aty; would disappear). Consider the case when
can always reroute certain paths to decrease the total mumpé ging at, : ppear) _
of mergings withinay, as, - - - , o, Apparently this will be %2 does not merge witp[b(y1), a(72)l. If g> does not merge
) ) ) n-

with ¢1[S, a(v1)] either, one can reroute[S, a(vy2)] using
q1[S, a(7)] o pla(y1),a(v2)]. Now consider the case when
M (2,2, 2) < M*(2,---,2,2) + 1. g> merges withg;[S, a(v1)] and supposé. last merges with
— — q1[S,a(y1)] ates. If p does not merge withy, [b(e2), a(y1)],
since g won't merge with p, p[S,a(v1)] can be rerouted
using g[S, b(e2)] o ¢1[b(e2),a(y1)] (then the new merging
at v; would disappear). Now consider the case wipedoes
) . merge withg; [b(e2), a(v1)] at subpatlzs. But in this case, one
1) for two certain Menger’s paths g, p merges withy and - ¢an rerouteys[S, a(v2)] Using 7S, a(es)] o q1fa(es ), a(r1)] o
p merges W'ﬂ?q; _ _ pla(mn), a(12)]. Apply the arguments above to arbitrarily cho-
2) for a Menger's pattp € a, which newly merges with gen nairg, ¢, essentially merging withy, together with the
41,42, -, q at subpathy (here we have listed all the g,ct that non-essential merging will disappear after appate
paths merging witlp at), p shares a subpath with every,erqutings, we conclude that ultimately certain rerougirg
q; before the new merging. reduce the number of mergings are always possible when
For scenarid, suppose merges withy at~, andp merges , ¢ a,, newly merges twice.
with ¢ at e. Then one can always reroufgS, a(~)] using Now supposep € «, newly merges aty;, andjp € a,
q[S, a(v)], reroutep|S, a(e)] using g[S, a(e)]; or alternatively newly merges aty,. Let ¢; denote an arbitrarily chosen
reroute q[S, a(v)] using p[S, a(v)], rerouteq[S, a(e)] using path, among all the paths merging withat ~;, such that
P[S, a(e)]. So in the following we assume that scendrioever p newly merges withg; at v; essentially; letg; denote an

sufficient to imply:

n n—1
In the following, for anyj, if we usep to refer to one of

the two paths im;, we will usep to refer to the other path
in a;. Consider the following two scenarios:

occurs. _ ~ arbitrarily chosen path, among all the paths merging with
For scenaria2, suppose that beforg neyvly merges with 5 at ~,, such thatp newly merges withg, at v, essen-
q1,q2,- -+ ,q aty, p shares a subpatty with everyg;. We tially (again one checks that, # ¢, since they essentially

can assumg merges with every; [b(e;), a(v)], otherwise one merge withp, p, respectively). Apparently;, ¢ must merge
can reroutep[b(¢;), a(¢)] usingq;[b(v;), a(#)] (and thus the with each other, otherwise one can reropté, a(7)] using
new merging aty disappear); we can also assume for SOME[S, a(v1)] and reroutep[S, a(y2)] using ¢2[S, a(v2)] (then
pathi, ¢; merges withp[b(e;), a(7)], otherwise one can reroutethe two new mergings would disappear). Suppgseand
every ¢;[b(e;),a(v)] using p[b(;),a(y)] and consequently ¢, last merge ats;. We claim thatp must merge with
all pathsqi,qe,---,q can be rerouted (and thus the new [b(e,), a(71)], otherwise one can rerouigs, a(v;)] using
merging aty disappear). But if for some path ¢; merges ¢,[S,b(s1)] o q1[b(e1), a(71)] (p shares subpath withy, from
with p[b(e;), a(7)], scenariol occurs:p merges withg;, and S and does not merge wiiy beforey;). Furthermores must
p merges withg;. So in the following we assume scenaio merge withg; [b(c1 ), a(y1)] at least once before(~2) (in other
does not occur either, i.e., there is always someuch that words, 5[S, a(vy2)] must merge withg; [b(s1), a(71)]), since
before the new merging; does not internally intersect with otherwise, say[b(v2), R,.] merges withy; [b(e1), a(y1)] ates,
qi- then one can rerouf#S, a(ez)] with ¢1[S, a(e2)] (thus the new
We sayp newly merges withy; essentiallyat -y if merging aty, would disappear). Similarly[S, a(y:)] must
1) before the new merging, does not internally intersect merge with g2[b(£1), a(v2)]. Now supposep[S, a(z)] first
(again meaning share subpath) with merges withq; [b(e1), a(v1)] at subpathes. Since scenarid



does not occurg; won't merge withp, therefore it must share
certain subpath withp staring fromS (here we remind the
reader thap newly merges withy; essentially, s@; will either
merge with or share certain subpath wjtfrom S). Similarly
supposep[S, a(vy1)] first merges withgz[b(e1), a(72)] at e3,
then g must share certain subpath withstaring from S.
Now since scenarid does not occur, eithef, won't merge
with ¢1[b(e1),a(e2)] or 1 won't merge withga[b(e1), aes)].
If g» does not merge withy;[b(e1),a(e2)], then one can
rerouteqz[b(e1), a(v2)] with q1[b(e1), a(e2)] o plalez), a(y2)];
if ¢ does not merge withyz[b(e1),a(es)], then one can
rerouteq: [b(e1), a(v1)] with g2[b(e1), a(es)] o plales), a(y1)].
Apply the arguments above to arbitrarily chosen pairgs

essentially merging withp, together with the fact that non-

essential merging will disappear after appropriate rengst

we conclude that ultimately certain reroutings to reduce t

number of mergings are always possible when when o,
newly merges ang € «,, hewly merges.

For the other direction, assume that the subgraph corgistin

of aj, a9, -+ ,a,_1 achievesM*(2,2,---,2), we adda,
n—1
such that fori = 1,2, «,; share subpath witly,,_1;, o,

only merges withn,_; once, say,, ; merges witho,,_1 o at

) W03

- a\\ld\\]\‘

Q21 | 22
Q23 O[I??ARl

Ry

Fig. 5. an example achieving1*(3, 3)

r}\/1*(3, 3) = 5. Applying Theorent1IL.1, we have
5 -1
M*(3,3,---,3) < M
——— 2

n

IV. MOTIVATIONS
Mergings in directed graphs naturally relate to “conges-

~, wherev is a largest merged subpath. One checks the grafigns” of traffic flows in various networks. Particularly, in

consistingay, as, - - - , a, hasM™*(2,---,2,2) + 1 mergings,
N——

n—1
and the number of mergings can't be reduced, implying

M*(272a 72) ZM*(21 7212)+1
S—— ——

n n—1

We thus prove the proposition.
[ |

Example lll.11. Itimmediately follows from Propositidn 1117
that

M*(1,1,---,1) = 0.

Example [11.12.
tion that

It immediately follows from Proposi-

M*(2,2, -

3 )

,2):71—1,

which was first shown in[]4]. In particulatM (2, 2)
Further together with Propositién 111.6, we hawe*(2,
1 for m > 2. Note that

MA2,2,--,2) < Y M(2,2),
N———

1<i<j<n

1.
m) =

n

network coding theory[ 9], which studies digital communi-
cation networks carrying information flow|[1], computation
and estimations ofM and M* have drawn much interest
recently. Recent related work in network coding theoryelist

in this section are done in very different languages; welshal
briefly introduce network coding theory and describe these
work using the terminology and notations in this paper.

Network coding is a novel technique to improve the capabil-
ity of networks (directed graphs) to transfer digital infation
between senders (sources) and receivers (sinks). Before ne
work coding, information is transferred among networksigsi
the traditional routing scheme, where intermediate nodess (
tices) can only forward and duplicate the received inforomat
In contrast to the routing scheme, the idea of network coding
is to allow intermediate nodes to “combine” data received
from different incoming links (edges), eventually boogtthe
transmission rate of the network.

For a very comprehensive introduction to network coding
theory, we refer to[[9]. Here, we roughly illustrate the idea
of network coding using the following famous “butterfly
network” [6]. Consider the network depicted in Figure 6,
where each link has capacity bit per time unit and there
is no processing delay at each node. Two binary bjtsare
to be transmitted from the souréeto Y and Z. If we ignore

which implies the inequality in TheoremTll.1 may not holdhe transmission taZ, we can use patlt — 7' — Y to

for certain cases.

Example 111.13. It follows from Propositior 1.9 that
M*(3,3) < M(2,2) =5.

transmita, and use pathS - U - W — X — Y to
transmitb simultaneously; similarly ignoring the transmission
to Y, we can use pathS — U — Z to transmita,
and use path - T —- W — X — Z to transmitb
simultaneously. Note that pathts - U — W — X — Y

One checks that the graph depicted by Fidure 5 does notallamd S — T' — W — X — Z merge atW — X. If the
any rerouting to reduce the number of mergings, which inspli¢raditional routing scheme is assumeétf, — X will become



rate) is equal taV/*(G).

It was first conjectured thatM(cy,ca, -+ ,¢,) is fi-
nite in [8]. More specifically the authors proved that (see
Lemma10 of [8]) if M(c1,c2) is finite for all ¢, ¢, then
M(ci1,ca,- -+, cy) is finite as well. To support the conjecture,
the authors showed that1(2,c) is finite for any ¢, and
subsequentlyM(2,2,---,2,¢) is finite for any n and c.

N———

LemmdIL.7 shows thr:t indeett (¢, ¢2) is finite for all ¢q, co,
thus the conjecture is true.

As for M*, the authors of[[4] use the idea of “subtree
decomposition” to first prove that

M*(2,2,-+-,2) =n— 1.
———

a “bottleneck” for simultaneous data transmissiorYtand Z, n
since for each time unitV’ — X can either carry: or b, but  Although their idea seems to be difficult to generalize taeoth
not both at once. Thus under the routing scheme, completiparameters, it does allow us to gain deeper understanding
of data transmission takes at leasttime units. Allowing about the topological structure of minimum mergings achiev
intermediate nodes to recode the data from the incominglinkng graph for this special case. It was first shown[ih [5] that
network coding scheme will provide a solution to speed up the(* (c;, c2) is finite for all ¢1, c2 (see Theorerd2 of [5]), and
data transmission: the “bottleneck’” — X carrya andb at subsequentlyM*(c1, ¢, -+ ,¢,) is finite all ¢1,ca, -, cp.
the same time by carrying+ b, here+ denotes the exclusive- The proof of LemmaILl7 is inspired by and follows closely
OR ona,b. Then as shown in Figufd 6(by; will receivea the spirit of the proof of Theorem2 of [5]. One of the
anda + b, from which b can be decoded; at the same timédifferences between the approach [in [5] and ours is that we
unit Z will receiveb anda + b, from whicha can be decoded. start with arbitrarily chosen Menger's paths, and focus on
In other words, with the encoding at nodfg, ¥ and Z can transformations (more specifically, merging number reggici
receive the complete data simultaneously withitime unit.  reroutings) of these paths, which allow us to see bety A *

Now consider a general network with one sendeand depend on the min-cuts.
n receiversRky, Rs, - - - , R,,, where each edge has capacity

. . . . . Acknowledgements: We are very grateful to Professor
bit per time unit and there is no processing delay at eagp dv d Prof Sidharth Jaaai. who h
node. Suppose that eadR; has the same min-cut with aymond yeung an rofessor_sidhar aggl, who have

the senderS, and ¢ bit information are to be transmittedpOinted out the related work[4]. [5].[8] in network coding

from S to all Ry’s. Ignoring the presence of other receiverstheory' We also thank Professor Wenan Zang for pointing out

any set of Menger's paths fron§ to a receiver is able a mistake in an earlier version of this manuscript.
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