On Interactive Encoding and Decoding for
Distributed Lossless Coding of Individual Sequences

En-Hui Yang and Jin Meng
Department of Electrical and
Computer Engineering
University of Waterloo
Waterloo, Ontario N2L 6P6
Email: {ehyang,j4Amenpg@uwaterloo.ca

Abstract—Distributed near lossless coding of individual se-  To overcome the above problem, in this paper, we consider
quences X and Y is considered, where X and Y are first jnteractive encoding and decoding (IED) for distributecime

encoded separately and then sent to a joint decoder. Unlike |55qj055 coding of individual sequences as shown in Figure 1
distributed near lossless coding of correlated random sowes, h two individual e¥ — 2 andY = un

the joint decoder in distributed coding of individual sequences where two Individual sequenc =7 an =y are .
does not help at all. In other words, the minimum numbers of €ncoded separately, and decoded jointly, and where the join

bits to be sent from X and Y respectively to the joint decoder decoder is allowed to interact with two separate encodérs. T
are the same as in two independent, parallel systems whe®  concept of IED was first formalized in [4], [5] with emphasis
and ¥ are encoded separately and decoded separately. In this o |ED for near lossless source coding with decoder side
paper, however, we show that by using interactive encodingral . . . .
decoding where the joint decoder is allowed to interact with information, where one source is trans.rmtted.from the eacod
both separate encoders, the minimum number of total bits to b t0 the decoder, and another source is available only to the
exchanged between the joint decoder and two separate encede decoder as side information. By measuring the performance
for each and every pair of individual sequencesX and Y is the  of an IED scheme in terms of the average number of bits per
same as in the system wheréX’ and Y" are jointly encoded and - gy 0| exchanged between the encoder and the decoder, the
Fhfen jointly depoded, while X and Y can be recovered by the d di babilit d th b fint idh
joint decoder in a near lossless manner. ecoding error probabiiity, anad the number ot in ergctjo S
was shown in [4], [5] that IED is superior to Slepian-Wolf
|. INTRODUCTION coding in several aspects for near lossless source codihg wi
Consider distributed near lossless coding of two souf¢esdecoder side information. In particular, universal IED esties
andY, whereX andY are first encoded separately and thefor near lossless source coding with decoder side infoonati
sent to a joint decoder. WheXi andY are random, correlated, can be constructed which can achieve the conditional eptrop
and memoryless sources, Slepian and Wolf showed in theite for any stationary source pair without knowing theistat
seminar work [1] that the minimum number of total bits petics of the sources. On the other hand, no such SWC schemes
symbol pair needed to be unidirectionally transmitted ftam  exist.
separated encoders to the joint decoder in ordefXarY’) to In this paper, we extend the advantage of IED over SWC to
be recovered with high probability by the joint decoder iff st the source coding network shown in Figure 1 and show that by
equal to the joint entropy, the minimum number of transrditteusing IED, the minimum number of total bits to be exchanged
bits in the system wher& andY are jointly encoded and thenbetween the joint decoder and two separate encoders for each
jointly decoded. The same result was later shown in [2], §3] and every pair of individual sequenc&sandY is the same
be valid as well for stationary ergodic sourde$, Y). In this as in the system wher& and Y are jointly encoded and
paper, we shall refer to these results collectively as tepigh- then jointly decoded, whil&X andY can be recovered by the
Wolf result and to the corresponding type of distributedingd joint decoder in a near lossless manner. Specifically, givsn
paradigm as Slepian-Wolf coding (SWC). four classical source coding schemes—one scheme encoding
The Slepian-Wolf result, however, does not hold any mor&® alone, one scheme encoding conditionally givenz™,
when X andY are individual sequences. In other words, ilone scheme encoding™ alone, and one scheme encoding
Slepian-Wolf coding of individual sequences, the jointalder 2™ conditionally giveny™—we demonstrate how to construct
does not help at all, and the minimum numbers of bits ® universal random IED scheme for Figure 1 such that for
be sent unidirectionally fromX and Y respectively to the each and every pair of individual sequeneésand 4", the
joint decoder are the same as in two independent, parateimber of total bits to be exchanged between the joint decode
systems wher&X andY are encoded separately and decodexthd two separate encoders of the IED scheme is roughly
separately. the same as in the joint encoding and decodingr®fand

) : ) ~__y™ (via the encoding ofz™ plus the conditional encoding
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can be recovered by the joint decoder of the IED scheraed ), respectively, andc<1Y) (C,(IYIX), respectively) is

with high probability. This is in sharp contrast to the caselassical conditional lossless coding scheme with its cour
of SWC where for individual sequences, there is no bettever alphabett’ (), respectively) and side information over
SWC scheme than two independent parallel systems, whatghabefy (X, respectively) available to both the encoder and
2™ and y™ are separately encoded and decoded. Therefodecoder. Note that given eagh, ¢ is a lossless code of
our result implies that allowing interactions strictly ingpes ordern over alphabett with y" serving as side information
the coding performance for distributed lossless coding afailable to both its encoder and decoder. Likewise, given
individual sequences. In addition, it is shown that by clis@g eachz™, ¢{¥'™) is a lossless code of order over alphabet
the parameters of the universal random IED scheme, we ganwith »™ serving as side information available to both its
adjust the number of bits of each link while keeping thencoder and decoder. Accordingly, with respectd’, ¢,
number of total bits exchanged between the joint decoder g 1Y) andc(¥™) | the respective normalized (unconditional
two encoders intact. and conditional) codeword length functions™(-), 15 (-),

XY n Y|X) n l/n l/n
1 )(~|y ) and 1Y (-]z™), as well as setAy", A; ,

input
o p_) Ené:oder A%Ty(y”) andAl;'”X(x"), are well defined. It is easy to check
X f\) sutput that Lemma 1 applies to any 04%", AQ", A%Ty(y"), and
Decoder f—> ", " AZ&(SE”). Further define
Y ﬁ) Encoder L/ Al/n A n o, n .Z(X) n Z(Y\X) npn) < ]
Ey xy = @™y L")+ L (Y ) < 1/n}

1>

l/n n n n ni,n
AV {(@"y™) 1 ™) + 1) @ y™) < 1/n}
Fig. 1. Interactive encoding and decoding for distributesisless coding
SincelSLX)(x") + lﬁlylx)(yﬂx”) is the normalized codeword
The rest of the paper is organized as follows. Sectidength function of the joint encoding of” and y” via the
Il introduces definitions and convention to be used later #nhcoding ofz™ by c,(f” plus the conditional encoding af*

our discussion. Section Il presents the universal randagven z» by C\¥'*, Lemma 1 applies tml;{/. Similarly,
IED scheme along with its performance analysis. Finallyemma 1 applies tm%’; as well. For convenience, we also

conclusions will be drawn in Section IV. define
II. DEFINITIONS AND CONVENTION x) V1)
To facilitate our subse i ion, in thi i (M)(pn gy A b (@) + o = (y"|2")
quent discussion, in this sectiom, WL,/ (z",y") = maxq 3" XYY omtom
introduce several definitions and convention. b " (y") +ln (z"|y"™)
For any sequence™ over alphabetY, z7 is the binary (m) A . lng)(In) +Z;Y‘X)(yn|xn)
sequence of length [log |X|] generated by converting each L’ (z",y") = min l(Y)(y”) LM (" y™)

symbol ofz™ into its binary representation of lengftog | X|].
The notation S| stands for the length of if S is a sequence,
and the cardinality of5 if S is a finite set.

LetC, = {fn,gn} be a classical lossless coding scheme
ordern over alphabetZ, where f,, is an encoder encodingb
sequences of length over alphabef into binary sequences
from a binary prefix set, ang, is its corresponding decoder.
Then the normalized codeword length functign of C,, is
defined as

With reference to Figure 1, lef,, be a deterministic
IED scheme of ordem. Given anyz™ and y™, we use
S,X)(x",y"ﬂn) and R;Y) (2™, y™|Z,) to represent the num-
er of bits per symbol in the forward direction of each link
(from the encoder&’xy and Ey to the decoder, respectively),
and Rgx)(x",y"ﬂn) and ng)(x",y"ﬂn) to represent the
number of bits per symbol in the backward direction of

oy fa(Z™)] each link (from the decoder to the encoddrs and Ey,
In(2") = T n respectively). The total number of bits per symbol pair sent
Let AY/™ be the set of sequences, defined as the forward direction is then given by
AUm B 1 (M) < Und Ry(z",y"|T,) = RS (@, y"|T,) + RS (2", 4" |T,)

The following lemma is proved in [5].
Lemma 1: For any lossless coding scher@g of ordern,
and anyl € (0,n [log|Z]]),

|Al/m | <2t oy &L 0 e =" gt =y
Pe(Z,|z", y™) 1 otherwise

Moreover, givenz™ and y", let Pe(Z,|z™,y™) denote the
indicator variable of error event of,,, defined as

Pick any four classical lossless coding schendéﬁf),
C,(LY), C,SX‘Y), and C,SY‘X), where C,(IX) and C,(LY) are clas- wherei™ andy™ are the outputs of the decoder. For random
sical lossless coding schemes of ordeiover alphabets¥ IED, whereZ,, is chosen randomly from an IED ensemblg



we further define

R“‘( L) = E[RY @,y
M,y (L) = E[R““(”,y"u )
Ry(z",y"I,) = E[Rp(z",y"|T,)]

R“‘(”,y L) = E[RS) (" y"|L.)]
R (@, y" L, > = E[R (" y"[Z,)]

Pe(]I |z, y") = E[Pe(Z,|z",y")]

Ji

wherez™ andy™ are given, an®[] is the standard expectation
operator, taken ovdr,, .

IIl. UNIVERSAL IED: ALGORITHMS AND PERFORMANCE

Fix four classical lossless coding schentég(), ,(LY),
CfLX'Y), andC,(IY‘X) with their respective normalized codeword
length functionsfﬁlx)(-), zg”(.), lle‘Y)( |-), andl YIX)( [). In
this section, we first show how to convert these four classica
lossless coding schemes into a universal random IED scheme
for Figure 1, and then analyze the performance of the resulti
IED scheme.

A. Universal Random IED Schemes

Let Ax andAy be two integer factors of [log |X|] and
n [log |YV|], respectively. Randomly generate two sequences of

n[log | X n[log
binary matrices{Hi(X)}i:roA?‘( - and {Hi(y)}i:roAY‘yH , where
eachHi(X) is of size Ax x n[log|X|], eachHi(Y) is of
size Ay x n(log|Y|], and elements oin(X) and HZ.(Y)
are generated independently and uniformly over the binary

alphabet{0, 1}. With reference to Figure 1, the sequence

nllog | X1
{H(X)}Z 0% is revealed to the encoddfx and joint
"Uog\yﬂ
decoder; likewise, the sequen«@é{( )} is revealed
to the encodelry and joint decoder.
n[log | X|] nllog [VI1
Based ol H™)} 2% and{H}_>Y , we convert

the four given cIaSS|caI lossless coding schemfe’%), ey,
Cle'Y), andCSLY‘X) into a universal random IED schendg
of ordern, which encodes each pair of individual sequences
™ andy” as follows:
° Setj == 0
o The decoder sends Hitto both Ex and E'y to initialize
the transmission.
« Stage | [ Transmission of Source Parity Check Bits from
Ex and Ey]:

— Upon receiving bit, Ex transmitsSJ(.X) = H;X)xg
to the decoder.
— Upon receiving bi0, Ey transmitsSJ(Y) = H}Y)yg

to the decoder.

— After receiving Sj(.X) and SJ(.Y), the decoder com-

putes
" = argmin l,(f”(v") (1)
on:H ) pn =89 0<i<
gyt o= argmin l&y)(w”) (2)

Y) oY .
wr:H M wr =5 0<i<;j

and check the following two conditions:

C1: l(X)( ) < U=DAx 1)AX orj > n[log\Xﬂ
Cc2: lSLY)(y ) < G=DAy 1)AY orj> 71“0%|yH

If both C1 and C2 are true, the decoder outputs
(z™,9™) as (&",¢"™) and sends hitd0 to Fx and
Ey; this IED scheme then terminates.

If only C1 is true, then the decoder output8 as
2", sends bitsl0 to F'x to terminateEx, and then
updates)™ into

gt = argmin 1Y (wm|z7) . (3)
wr:HY  wn =5 0<i<j

If Z(Y‘X)( | ™) < W, then the decoder out-
putsy™ asy™ and sends bitd0 to Ey to terminate
Ey, and hence the whole IED process; otherwise,
the decoder leaveg™ undecided and sends Hitto
Ey, and after increasing by 1, the IED process
moves to Stage Ill.

If only C2 is true, then the decoder outpuj’ as
7™, sends bitsl0 to Ey to terminateEy, and then
updatest™ into

" = argmin IXY) @ g™y . (4)
o H o =59 0<i<

If 15X (3m|gm) < U=LUAx  then the decoder out-
putsz™ asz™ and sends bit$0 to Ex to terminates
Ex and hence the whole IED process; otherwise, the
decoder leaves™ undecided and sends Witto E'x,

and after increasing by 1, the IED process moves
to Stage IV.

If neither C1 nor C2 is true, the decoder updates
(z™,y™) into

(#",9") = argmin L{™ (0", w"™)  (5)
(v, wn)EN;

whereA; is a set of(v"™, w™) satisfying

HOun — 00 g0y

S(Y) for0<:<j
and check the following condition

C3: L%m)(a: ") < (7'—1)(Anx+AY)

If C3 is true, then the decoder recorﬁiﬁl,y") as a
tentative estimatior{z”, y") of (z",y") and sends
bits 11 followed by S(X) = H(X)3% to Ex, and
bits 11 followed by S) = HM)gn to Ey, where
HX = Hj(f) HY) = Hﬁl, and hereafter the
IED process moves to Stage Il.
If C3 is not true, the decoder sends bito E'x and
Ey; increasej by 1, and the IED process remains

at Stage |.

« Stage Il [Transmission of Parity Comparison Bit from
Ex and Ey]:



Ey

Upon receiving bits11 and S), Ex computes further outputsz™ as " and sends bitd0 to Ex

ﬁ(x)xg; the encoderEx transmits bitl to the to terminateEx and hence the whole IED process;
decoder ifS™X) = A(X) 2% and bit0 otherwise. otherwise, the decoder leave undecided and
Upon receiving bits11 and S*), Ey computes sends bit) to Ex, and after increasing by 1, the
fl(y)yg; the encoderEy transmits bit1 to the IED process remains at Stage V.

decoder ifS®) = Ay~ and bit0 otherwise. Remark 1: Note that the universal random IED schefhe

If the decoder receives bit from Ex and bit0 of ordern constructed above depends on the four classical
from Ey, it outputsi™ asz", sends bitsl0 to Ex lossless coding scheme&™’, ¢{”, ¢X™), and ¢Y'1®0

to terminateFx, and then updateg" according to only through their respective normalized codeword length
@3). If 157 (gm(am) < U=LAY then the decoder functions.

further outputsy™ as ", and sends bitd0 to Fy B. Performance

to terminateEy and hence the whole IED process; ) )
otherwise, the decoder leave® undecided and 'I_'he_ f_oIIowmg theorem shows that for each and every pair
sends bit0 to Ey, and after increasing by 1, the of |nd|y|dual sequences:_" and y™, the average number (_)f_
IED process moves to Stage I, total bits per symbol pair to be exchanged betv_veen the joint
If the decoder receives bit from Ex and bit 1 decoder and t\{vo separate encoders of the universal random
from Ey, it outputsg” as ", sends bitsl0 to Ey IED ;chemeZn is roughly.upper _bqunded by the total numper
to terminateFy, and then updates” according to of bits per symbol pair in th_e joint encoding and q§cod|ng
). if l,(IX|Y)(;b”|Q”) < (j—ln)AX, then the decoder of 2z and y™ (via the encoding of:™ plus the conditional

further outputsi™ as ™ and sends bitd0 to Fx enco_d_mg ofy™ given " or the encoding ofy™ plus the
conditional encoding ok™ giveny™).

to terminateE'x and hence the whole IED process, T 1 F A
otherwise, the decoder leaves® undecided and eorem 1: For any sequencer™, y"),

: A o 3A 1
sends bit) to Ex, and after increasing by 1, the R;X)(In’ynmn) < lng)(In) 4 28X + (6)
IED process moves to Stage IV. : A n )
If the decoder receives bitor bit 1 from bothEx — p0)(gn ynip )y < 1) (yn) 4 22¥ * (7)
and Ey, it outputs (2™, ") as (2",9") and sends - n
bits 10 to Ex and Ey to terminate bothEy and no,n Myon ny, S(Ax +Ay)+2
Rp(a™,y"I,) < Ly (a",y") +
Ey, and hence the whole IED process. n
« Stage Il [Transmission of Source Parity Check Bits from +Qax.ay ([log|V[] + log|X])
Only]: (8)
Upon receiving bib), Ey transmitsS\") = 17 yz RN (@, y L) < [log | X]] " Ax +5 ©)
to the decoder. ) ) Ax A n
After receivings;"’, the decoder computes (2), and R (@ y"[L) < [log |V LAt 5 (10)
check the condition C2. Ay n
If C2 is true, then the decoder outputs as4™ and Pe(l,|z",y") < Qax,ay
sends bitsl0 to Fy to terminateEy and hence the (11)
whole IED process. here
If C2 is not true, the decoder updaggsaccording to w
@3). If 1577 (gn[am) < U=HAY then the decoder Qax.Ay
outputsy™ asg™ and sends bit$0 to £y to terminate A 27Ax+1+log("“°+)‘(xﬂ+l)
Ey and hence the whole IED process; otherwise, the A nllog |11
- . ) 9~ v+14log (el 1)
decoder leave$™ undecided and sends Hiitto Fy, +
and after increasing by 1, the IED process remains 49 Ax—Avtitlog(min{ *eg{Enltl nhognlly)

« Stage IV [Transmission of Source Parity Check Bits frorﬁ‘
Ex Only]:

t St Il
at stage A sketch of the proof of Theorem 1 is provided in Appendix

In Theorem 1, we mainly focus on the bound
Upon receiving bin, Ex transmitsS\™) = H{™ % R.(27 y"(Z,). In fact, if the ratio ofAx and Ay is given,
to the decoder; y under some mild conditions on the code length functions,
After receivingS|"”, the decoder computes (1), and is possible to derive tighter bounds fa?\*(z", y"(Z,,)

check the condition C1. (Y) . S
. ) . and R, ’(a",y"|Z,) separately while maintaining the same
n f ’
If C1 is true, then the decoder output® asz™ and bound onR; (z",y"|Z,,) as in Theorem 1.

sends bitsl0 to Fy to terminateExy and hence the In the following discussion, we assume

whole IED process. '

If C1 is not true, then decoder updatis according 1M @yt < 1596 (12)
to (4). If 1551 (i |gm) < U=LAX then the decoder 1Y) (yrjzny < 1D (ym) (13)

n



The assumptions can be interpreted as that side informat

can not make the coding performance worse.

Theorem 2: Under the assumptions of (12) and (13), eac asr
of the following hold.
i If
Ay o LY
Ax T @y
then
X)(n n oy g S8x +1
ROy T, < XMy + 2
+QAX-,AY HOg |X|]
and
R (@™, y"[L) < 10 (") + ———
@iy If
& _ Z;Y|X)(yn|xn)
Ax — ly(lX)(x”)
then
n o n nln 3Ay +1
ROy < ) + 22
+QAX-,AY HOg |y|1
and
RO @,y 1) < 10 (@) + 22511
n
(i) If
W) Ay )
Z%X)(xn) AX Z%X‘Y)(xnwn)
then
Y n n
R (2", y"T,) <
Ay (15 @) + 1 )
Ax + Ay
3Ay +1
+5 T+ Qayay [log|]]
and

Rz, y"|T,) <

Ax (157 (™) + 15 (2 y))
Ax + Ay

3Ax +1
+XT + Qax,ay [log|X][]

(X)
The proof of Theorem 2, provided in the full paper [6], is Ry
the refinement of that of Theorem 1, where the ratid\of

and Ay is taken into account.

Graphic Interpretation of Theorem 2

), (xIv)
A 1D =1

1XIY) | (Y)
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=
% 251 |
2L !
!
15f |/
1) (Y1X)
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Fig. 2. Graphic Interpretation of Theorem 2

IV. CONCLUSION

In this paper, Interactive Encoding and Decoding (IED)
for distributed lossless coding of individual sequences is
considered. Coupled with classical source codes, we peopos
IED schemes which can be applied to any individual sequence
pair. While without interactions, joint decoder for disited
lossless coding of individual sequences does not improwe th
coding performance compared to the system in which each
sequence is decoded separately, we show that our schemes
can approach the same sum rate performance as the system of
jointly encoding and decoding sequence pairs. Moreover, ou
analysis shows that we can adjust the rate of each links while
maintaining the sum rate by choosing the proper parameters
for the schemes.

APPENDIXA
SKETCH OF THEPROOF OFTHEOREM 1

Given individual sequences™ and y™, let jx (2™, y"|Z,)
and jy (z™,y"|Z,,) be the numbers of times whefix and
Ey transmit source parity check bits to the decoder respec-
tively. From the description of,,, it is not hard to see that

x (2™, y"|Z,,) is always upper-bounded W +1,and

ix (2™, y"™Zn)A 1
ROz, < PELTEIIA Ly
n n
] "ytZ,)+4 A
n n
(A.2)

Theorem 2 can be interpreted graphically, as shown fifom this, (9) follows.

Figure 2, where we assume that
170 (@) + 1y [2) = 10 (y™) + 15 (2" [y™)

for the simplification of the discussion. As can been in thl%
figure, different values of the ratltz)&X/Ay WI|| result in

Y™ Tn),

different values ofR (
while Ry (z

y"|Z,) and R{" (2"
" y™T,) remains the same.

To complete the proof of (6), observe that upon receiving

the (jx (2™, y™|Z,) — 1)th packet of source parity check bits
from Ex,
(@) > min 199 (")
Y H(X) n SEX),OSiSjX(I”,y”\In)*Q
Z,) —3)A
s Ux(@y"[Zn) - 3)Ax (A3)

n



no matter what stage the IED procesggfis on at that point. By the union bound,
Plugging (A.3) into (A.1) yields (6), while (7) and (10) car b . .
proved in the same manner. Therefore, the proof of Theorem Pe(l,|z",y") = E[Pe(Z,|z",y")]

1 is finished once (8) and (11) are proved. 9
From the description of,, again, one can show that if < ZPY{Fi}
=1
Pe{Z,|z",y"} =1 ) ) )
eATala™, "} Therefore, Pe(L,,|2™,y™) will be bounded if we give the
then at least one of the following events happens: bound on the probability of each df;.
F;: For somej, 0 < j < W For Fy, by the union bound again
- X
i n G-vax
Jz" £ a", H(X) — Hi(X) for0 <i<j, and Pr{FR} < Z|Ax D X|2 JAx
(X)(an (- 1)AX j
l’n (‘T ) S - 1 X
n < 2_AX+1og(ML)\(H)

Fy: For somej,0§j<%, . .
Y In the similar manner, we can derive the bounds Fgr F3,

3 £y H gy = HY )y foro<i<gj and Fi, F, Fs, and Fy,
n i — DAy nflog

ZSIY) (1] ) S (j TL) . PI‘{FQ} S 27Ay+10g(“TYWH)
F3: Forj — n“(’g{‘xn‘}—l PI"{Fg} S 27AX
Pr{F,} < 274

dz"™ #£ 2" H(X):UB = HZ-(X),T% for0 <i <j. Pr{Fs} < 2_AX_AY+1+10g(min{ n[log{1¥n1}] nllog|Vnl] })
Fa: Forj= M’ Pr{Fs} < 27Ax+log(nng;‘<x”)
g Ay H g = By for 0 < i < . Pr{Ry} < 2 dvHes(*hE)

F5: For somej, 0 < j < min{ "flogA{\Xn\H

nflog| Y]]y
fox 1) n ,nn n X AY '
" # 2" gt Fy",

)

Now for Fg, both j and z"* are random variables. Slnczé’

7z = HYm, (if it exists) is determined by H™)}7_, and {H")}_,,
g = HOyn is independent with ). Therefore, we have
for 0 < < j, and Pr{Fs} < Pr{H™M#" = HN2"i" # 2"}
(U —D(Ax +Ay) = 278x

LM (@, 9") <
Fo: i # o, and " and similarly
o - - Pr{F;} <274Y
H: &% = H ' {z%
JHLTE T All in all, we have
wherej is the index of the interaction immediately before

the IED scheme enters stage |I. Pe(L,|2",y™)

Froogn ", _ og(nMos X1
Tyt FyY B — O < g Bxtitlog(tEg4)
N a+f1th t J+1t B A 4o~ Ay Hitog (2L 4)
wherej is the index of the interaction immediately before —Ax—Ay+1tlog(min{ 2LeE(¥n}] nllog|Ynlly
the IED scheme enter s{t|agﬁwll. +2700 “( ox )
. . . nllog{|Xn,
Fy: Forsomej, 0 < j < =—37 and (11) has been proved.
3" 4 ", H (X) i = Hi(X) n for0 < i< j, and Towards provml? (8) |vel?:\’/l andy”, divide I, into three
XIY) (j — l)Ax sub-ensembleg’"", 1¢V) for which the whole IED
I @"y") < . process ofZ,, termlnates at Stages | or Il, Stage lll, and Stage
. IV respectively. Then
Fy: Forsomej, 0<j < %Ly”ﬂ, Ll Ll
) A o Ri(z",y"|I,) = Pr{Z, e 10"} Rs (2", y™ 1)
3" Ay HY g = HY 'y for0<i<j, and i TR
; +Pr{Z, € I;''"/ } R/ (2", y"|I,"" )
X (grigny < U ZDAY W \Y
no VY = no +Pr{Z, € IV} Ry (2", y" 1Y)



e Forz, e }1;'"”, let j(z™,y"|Z,) represent thg when « Similar for the cas€,, € H;'V),

the whole IED process dof,, terminates. Note that in this 3(A
x + Ay 2
case Ry(a",y"Z,) < 1"+ % +-
. . ) (XY -
ix (@™ y"Ta) = gy (2", 9" L) = G(=",y"|Ta) + 1 +min{I¥ (" [5"), [log | X1}
and In total, we have
(2", y"Z) + D)(Ax + A (2™, y" [
Ry gz < U+ (A + Ay) Ry(a",y"|L,) s a
n
2 < L@y + T
+Z n
n +Pr{i" # "} [log V]
On the other hand, at thg(z",y"|Z,) — 1 round of +Pr{g" # y"} [log | X|]
interaction, _ , . .
Then (8) is proved by noting th@tr{z™ # z™} andPr{j™ #
LI (2™, y™) y™} are bounded byPe(L,|z", y™).
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min 1Y (| 27)
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Uy (=", y"[Zn) — 3)Ay

n

Y

therefore,
RO (@ ynT,) < 190 (e + 2= 4

Now forR )( " y™Z,), we have

3Ax 1
R (g yn(T,) < 10 2
O,y Zn) < 19 @) + 22X

therefore,

Ry(a",y"Z,) < 1590(") + 110y |3")
3(Ax + A 2
(3Bx+Ay) | 2

n n
In the meantime, we have
. n ,n lo y
ety < PEAL
Y

which implies that
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n

" n

+min{1") (y"|2), Tlog [T}



