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Abstract—Analog to digital conversion is often a critical
component of a digital communication link. However, the figures
of merit that are used in the design of the components that
comprise this step are more appropriate for signal reconstruction
applications than for digital communication. This paper considers
the design of time-interleaved analog-to-digital converters using
the mutual information between the transmitted symbols and the
outputs of the paths of the converter as a design criteria. Specific
attention is paid to the sensitivity of the mutual information
through the converter as a function of the relative sampling
phases of the time-interleaved samplers. Mutual information is
evaluated for a variety of converter strategies, channel conditions,
and noise sources. It is shown that for oversampling converters,
the optimal sampling phases not in general equispaced, as is
conventionally assumed in converter design.

I. INTRODUCTION

A great deal of care is taken in the design of the modulation
and coding for modern digital communication links, where
the tools used for such designs often focuses on metrics of
performance that naturally align with the problem at hand,
namely the bit error rate (BER) of the link. However some of
the critical components in many such designs include circuit
and system components that are often designed targeting
other metrics of performance, such as the signal to noise
plus distortion ratio, or the total harmonic distortion[1]. For
example, as 10Gb/s transceivers for copper links and optical
fibers move rapidly into DSP-based implementations [2], [3],
a critical component in the front-end of the receive link has
become the analog-to-digital converter (ADC). Examples of
such links include optical transceivers that incorporate elec-
tronic dispersion compensation for single-mode[3] and multi-
mode [4] fiber employing ADCs with increasing resolution
followed by maximum likelihood sequence detection circuitry.
To increase resolution, digital calibration has been increasingly
employed in such high-performance ADCs [6], with an em-
phasis on minimizing nonlinearities induced by ladder offsets
in flash converter designs, and those induced by gain and
phase mismatches in time-interleaved ADCs [5]. In[1], a flash
converter structure was considered in which the sampling and
reconstruction levels for the ADC were adjusted to minimize
the link BER, rather than minimizing the harmonic distortion,
as is typically used in ADC designs. The result of this study
was an architecture that was able to dramatically improve
the link BER performance for ISI-dominated links, where

the largest gains were achieved in the low resolution regime,
as is typical for links in the 10Gb/s range. An information-
theoretic study of the closely-related problem of the AWGN-
quantized output channel is taken in[8], [9], [7] exploring
the capacity of such links, as well as strategies for reducing
converter resolution with minimal impact on communication
link performance.

One approach to simplifying the design of such high-speed
converter structures is the use of time-interleaved architectures,
where a rate 1/7" converter is constructed by using M rate
1/MT converters operating in parallel, each operating on
a different phase of an M-phase clock. While each of the
sample-and-hold circuits within the M branches in such a de-
sign must still have the instantaneous bandwidth of the overall
rate, i.e. 1/7T, the design can be relaxed by providing MT
seconds for the conversion process of the samples. One of the
key challenges in the design of such time-interleaved ADCs
is maintaining constant gain and sampling phase across the
branches, and as a result, considerable calibration and process-
ing circuitry is employed in such architectures[2]. However,
once again, the focus of such extended efforts in calibration
are not on minimizing the BER of the communication link, but
rather in maximizing the signal to noise plus distortion ratio
(SNDR) or in minimizing the total harmonic distortion induced
by such offsets, as measured by the spurious free dynamic
range, or SFDR. This amounts to assuming that the signals
of primary interest to the receiver are sinusoidal signals, and
that it is this distortion from a pure sinusoidal tone that is
to be avoided. As a result, much effort is spent in ensuring
that the relative phases of a time-interleaved ADC are equally
spaced and that these relative delays be precisely maintained at
these levels. However, for a digital communication link, rather
than spending valuable resources within the analog front-end
preserving the quality of transmitted tones, these resources
might be better spent in attempts to either minimize the overall
link bit error rate, or to maximize the information capacity of
the link. The goal of this paper, therefore is to begin to analyze
the information capacity of such ADCs, with a particular focus
on studying the mutual information between the transmitted
bits through such a link and the sampled outputs of such a
time-interleaved ADC.

The block diagram shown in figure 1 depicts a simple
digital communication link with a PAM transmitter and a time-
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Figure 1. Block Diagram of a digital communication link with a time-
interleaved analog to digital converter in the receiver. When the C/D converters
each operate at one sample every 7' seconds (as shown), the front-end is
fractionally-spaced; when the converters operate at one sample every 27
seconds, the converter is symbol spaced.

w;,(t)

interleaved ADC front-end to the receiver. The sequence of
transmitted symbols, b[n], are modulated onto the channel as
indicated through the D/C converter, such that the transmitter
modulates the transmit pulse p(t), as

z(t)= Y bnlp(t —nT),

n=—oo

at a rate of one symbol every T seconds, or 1/7T" symbols per
second. The dispersive effects of the communication channel
are modeled by the equivalent baseband impulse response
h(t), and additive channel noise is modeled by the wide sense
stationary process w,(t). At the receiver, the receive waveform
is given by

o0

s(t) = / 2Pt — P)dr + welt),
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which is then processed with the receive shaping filter with
impulse response r(¢), which also serves to bandlimit (or
attenuate the out of band components of) the additive channel
noise w.(t). For example, in the absence of a dispersive
channel response h(t), the transmit and receive shaping filters
might be selected as square-root raised cosine filters to provide
an ISI-free link. The subsequent stages shown to the right
in figure 1 depict a two-phase time-interleaved ADC. The
received signal is passed through one converter along the top
branch, which takes a single sample every T seconds at a rel-
ative delay of A;. The lower branch includes a different delay
of Asseconds prior to sampling at a rate of one sample every
T seconds. Within the branch k of the receiver, independent
additive thermal noise is modeled as additive stationary white
Gaussian noise, wy (), out to the resolution bandwidth of
the sample and hold circuitry (technically, thermal noise is
only one component out of three dominant sources of noise
that contribute to SNR degradation within the IC; these are
thermal noise, aperture jitter, and comparator ambiguity, which
we lump into a single noise term[10]). These samples are then
interleaved to produce a net of two samples every 7" seconds,
or a fractionally-spaced converter. If each of the converters
were to operate at a single sample every 27" seconds, then
the converter would be symbol-spaced, rather than fractionally
spaced. This process could be further parallelized to include
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Figure 2. An M-fold time-interleaved receiver structure, shown with symbol-
spaced sampling.

M converters, each operating at a rate of one sample every
M seconds, as shown in figure 2.

II. INPUT/OUTPUT MUTUAL INFORMATION

We note that the system shown in figure 2 has a linear input-
output relationship. More specifically, consider a finite vector
of symbols b = (b[0], ..., b|N —1])T and an observation vector
y = (y[0], ..., y[L — 1]). It is possible to relate these input and
output vectors according to the relation

y =A(D)b + wy, + Wep. (D

In (1), A(D) is a channel matrix that depends on the
relative sampling time delays of the ADC branches, D =
(Ay,...,Apn)T, wy, is a vector of stationary independent
Gaussian noise samples that arise from the bandlimited sam-
pling (due to the integration time of the sample and hold
circuitry) of wy ;(t), and wy, is a vector of noise samples that
arise from sampling the output of the receive shaping filter due
to the channel noise,w.(t). The matrix A(D) is derived from
the channel model as follows. First, we define the aggregate
pulse shape as the three-fold convolution ¢(t) = (p*h*7)(t).

Defining the vector q(D) = [¢(A1), ¢(A2), ..., q(Au)]T ,we
have that
A(D) =
q(D) q(D-T) q(D—(N-1)T)
q(S+D) q(S+D-T) q(S+D — (N-1)T)

q(254D) q(25+D-T) q(25+D—(N-1)T))

2
The quantity % in (2)corresponds with the sampling rate of a
single branch of the time-interleaved ADC. To characterize
the noise, we assume that each of the noise sources are
independent Gaussian random processes. For the thermal
noise component, we have that the noise covariance matrix
is 02, I« r. In order to derive the covariance matrix of the
channel noise, using the vector of delaysD = (A, ..., Ap)7
and the vector 1,,x,,, the n X m matrix of ones, we define the
matrix 7p of pairwise time differences as

Tp = D1y — 1y DT 3)



Let 02, R(7) be the autocorrelation function of the filtered
channel noise, normalized such that R(0) = 1. We now con-
struct a block Toeplitz matrix 7 € RE*L of time differences
as

Tp Tp—S1yxm Tp—251pxm
To+S1yrwmr Tp Tp—S1yrxm

T=| Tp+2S1ywn TotSluxm Tp

“)
Then the channel noise covariance matrix is given by
E{w.,wl} = 02 R(T), where the autocorrelation is evalu-
ated element-wise on the matrix 7. Finally, since the channel
noise and thermal noise processes are assumed independent,
we have that the composite noise covariance is given by
Y= UthLXL —|—O’2hR(T), where Y = E{(Wch +Wth)(wch +
Wth)T}.

In order to gain some insight into the potential effects of
different values of D on the effectiveness of the ADC samples
for communication, we examine the input to output mutual
information, per channel use, as a function of the delays D.
As such, we investigate the following:

1
lim —I(b"Y;y")

&)
In equation (5), it is implicit that the observation vector y*
depends on the particular choice of D, and the number of ob-
servations depends on the number of symbols. For simplicity
of analysis and computation, we assume that the distribution of
input symbols is fixed such that each symbol is an independent
Gaussian random value with mean zero and unit variance. We
then have that

C(D)

Jim ;f{;logz ((2me)Y |A(D)A(D)" + 3|)

_ %logQ ((2me)™ |z|)}

. 1
= A}gnoo N (logy |A(D)A (D) + 2| — log, [())

(6)

We note that methods for limiting forms of Toeplitz matrices
may be used to solve for this limit analytically. However, for
our purposes, it is sufficient to closely approximate C'(D) as
follows:

1
D) ~ ——— [I(b"2;y"2) — I(b™;yF1)] .
C(D) Nz_Nl[( syt = Iyt (8)
In order to produce our figures, we chose Ny = 120 and
N; = 30.

Based on our model of the time-interleaved analog-to-
digital converter, there are three natural symmetry proper-
ties that we expect to observe for C'(D). We will refer
to these as permutation symmetry, symbol phase symmetry,
and branch phase symmetry. Permutation symmetry means
that C(D) = C(P.D), where 7 is any permutation, and
P, is the corresponding permutation matrix. Symbol phase
symmetry means that C(D) = C(D + T). Finally, branch
phase symmetry means that C'(D) = C(D + Se;) for any ¢,
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Figure 3.
noise.

C(D) for symbol-rate sampling at SNR = 10 and 0% channel

where e; is an M x 1 vector with 1 in the " position and 0
in every other position.

Figure 3 shows a basic situation for a two-channel time-
interleaved ADC in which there is only circuit noise and
the signal to noise ratio is 10dB. As of 1999, the overall
circuit noise-induced SNR due to input referred-thermal noise,
aperture jitter due to uncertainty in the sampling time, and
comparator ambiguity due to regeneration time constants from
the integrated circuit fabric, was around 20dB for converters in
the 10Gs/s regime and would be around 10dB for converters
near 40Gs/s [10]. The horizontal axis of the upper subplot is
A1 and the vertical axis of the upper subplot is As. The setup
uses values of 7' = 1 and S = 2. Hence, this is a symbol-
rate sampling converter. We note that the points of maximum
mutual information (per input symbol) lie on the diagonals
where |A; — Ag| = 1, i.e., the optimal sampling scheme is
equispaced sampling, i.e. one sample every 7' = 1 second.
We can also observe the symmetries mentioned. Permutation
symmetry is evident in the reflection symmetry across the
A; = A, diagonal. Symbol phase symmetry is also evident,
ie., C(D) = C(D + 1). Branch phase symmetry is evident
in the appearance of periodic boundary conditions in the
figures. Furthermore, these symmetries, in combination, result
in reflection symmetry across the A; = As+1 diagonals. The
lower left subplot shows the function ¢(¢) for this channel, as
defined above. The lower right subplot shows the eye diagram
for the channel, as derived from ¢(¢), as well as the optimal
sampling points.

Figure 4 shows a similar situation to figure 3, where the
difference is that we now have 99% of the noise power coming
from noise sources in the channel. Again, the optimal sampling
scheme, with respect to the choice of ADC branch delays, is
equispaced sampling. The same symmetry properties observed
in figure 3 are also visible. What we note here is that while
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Figure 4. C(D) for symbol-rate sampling at SN R = 10 and 99% channel
noise.

equispaced samples seem to be the optimal choice within
our setup for symbol-rate sampling; irrespective of the choice
of channel, SNR, or how much of the noise power is due
to channel sources versus circuit noise; we lose very little
by imprecisely choosing the ADC branch delays. In fact, by
allowing the branch delays to be off by up to plus or minus
10% of a symbol period, we only decrease our achievable data
rate by approximately 2% or 3% in the worst case.

Figures 5 and 6 show a setup with oversampling by a
factor of 2. The channel is the same as that used to produce
figures 3 and 4, we set SNR = 10dB, and T = 1. However,
corresponding with the oversampling setup, we have that
S = 1. Figure 5 visualizes C'(D) where all of the noise power
comes from circuit sources. We observe the symmetries in
these figures as well. However, in this case the sample phase
symmetry is redundant, since the branch phase symmetry
accounts for it when S = T'. Of particular interest is that the
value of D that maximizes C'(D) in this case is on the diagonal
where A; = Ay, which is contrary to the conventional wisdom
that the samples should be equispaced.

Now, figure 6 illustrates a channel noise dominated case,
where 90% of the noise power comes from the channel.
Here, we see that the optimal D is neither on the equispaced
sampling diagonal nor is it on the simultaneous samples
diagonal, as in figure 5, where A; = As. Note that when
there is no circuit noise present, due to the root-raised cosine
filter, an oversampling converter that takes two samples per
symbol period contains sufficient information to completely
reconstruct the analog output of the channel (including the
channel noise). In this limit, the mutual information becomes
uniform as a function of the delays, for all pairs (A;As) such
that Aq 75 As.

SNR = 10 ; fraction channel noise = 0.00000
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Figure 5. C(D) for oversampling by a factor of 2 at SNR = 10 and 0%
channel noise.

SNR = 10 : fraction channel noise = 0.90000

Figure 6. C(D) for oversampling by a factor of 2 at SNR = 10 and 90%
channel noise.

III. CONVERTER PERFORMANCE

To support the results obtained from the mutual information
analysis, we test the bit error rate performance of a receiver
wherein turbo equalization is applied to the data sampled
by a two-way time-interleaved ADC using the noise model
under study in this paper. For data generation, source bits
are encoded by a 1/2 rate recursive systematic convolutional
(RSC) code with a generator polynomial (3,5). The encoded
bits are permuted by a random interleaver and modulated as
BPSK symbols. A root-raised cosine filter with roll-off factor
of 0.5 is used for pulse-shaping and the signal is transmitted
through the ISI channel whose impulse response is shown



N

bits per channel use
o o o ©o
2
2

o
3

o 0498 T T T T T T T T
2} | | | | | | | |
= I I I I I I I I
T ‘ ‘ \ | | | |
< 0497 ———F TG - - e e e
= I I ) | I I
g | | | | |
3 | | | | | | | ‘
e
@Q I I I 1\ I I I I
Boasl L Ll oobNUob

0 01 02 03 04 05 0.6 07 08 0.9

di

Figure 7. Performance of a turbo-equalization based receiver processing the
outputs of a fractionally-spaced, time-interleaved ADC. The average fraction
of successfully transmitted bits is shown as a function of the relative delay
between the two arms in the converter. Both the known delay case, and the
mismatched case are shown.

in Fig. 6. Stationary white Gaussian channel noise is added
to the output of the channel, which is then filtered with a
root-raised cosine receive shaping filter and then sampled
by the time-interleaved ADC. A circuit noise component,
modeled by white Gaussian noise is then added to the sampled
data. The sequence of the sampled data is processed by a
linear minimum mean square error (MMSE) soft-input/soft-
output equalizer (SISO) for use in turbo equalization[11].
A SISO max-log-MAP channel decoder is used for turbo
equalization iterations. It is assumed that the receiver has a
perfect knowledge of the system response including the ISI
channel response and the transmit and receive filters as well
as exact sampling phase timing (A, As) of both branches
of the ADC. In the simulations, a total of 50 frames are
generated, where each processing frame contains 10,000 coded
bits. The BER is measured after the fifth iteration and the
ratio of channel noise power to thermal noise power is set to
70%. Rather than BER, figure 7 depicts the average fraction
of successfully transmitted bits as a function of delay A, for
two cases: known Asand mismatched Ay — i.e., the receiver
is designed assuming Ay = 0.2, regardless of its actual value.
The value of Ajis fixed at 0 and Asis varied. As seen in
the figure, the location of the minimum BER occurs at the
same location at which the mutual information takes on its
maximum from figure 6, a slice of which is indicated in the top
subfigure, for reference. We note that performance degrades
gracefully away from the optimal sampling phases, even in the
case of mismatched design, i.e. when the receiver has wide
uncertainty in the actual value of the sampling phases.

IV. CONCLUSION

This paper considered the design of time-interleaved analog
to digital converters for use in digital communication links.

Specifically, the mutual information between the transmitted
symbols and the output of the converter at the receiver was
used as a guide to measure the optimal relative sampling
phases for symbol-spaced and fractionally-spaced receiver
structures. It was observed that for symbol-spaced receivers,
the conventional approach of equispaced samples coincides
with the locations of maximum mutual information. However
for oversampling receivers, the relative delays of the arms of
the converter were not equispaced, but rather were a function
of the relative amounts of channel noise and circuit noise
present in the converter samples. Simulations of a link using
a turbo-equalization based receiver confirmed the that the
location of the optimal sampling points observed via mutual
information coincided with the sampling phases that achieved
the minimum bit error rate.
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