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Abstract—We introduce the notions of superposition coding variable uniformly distributed on a real interval, which el
and sequential decoding in the context of rewritable channe. the uniform noise rewritable chanfel
Using theske concepts we will show that fory > o, Clk1) 2 In this article we present new results on rewritable channel
C(K0)+Iog(K—;),whereC(~) is the capacity of the rewritable channel h hat hold f h | itable ch |
for a given cost. A consequence of this result is thaC(x) > theory that hold for muc m_ore general rewritable ¢ anng S-
C(1) + log, where C(1) is the classical channel capacity with no These results are necessarily not as sharp as those awailabl
rewrite iterations. Thus this result provides a connectionbetween for more specific settings - for example the uniform noise
rewritable and classical channel theory. We also derive a geral  rewritable channel capacity with an average cost constrain
upper bound on capacity which can be written as an fiset plus  h55 peen recently characterized completely [5]. Nonessele

the logarithm of the average number of write iterations. Clesed R o .
form bounds on rewritable channel capacity will be given for the results we give in here have several satisfying progerti

Gaussian rewritable channels. For example, we have found that rewritable channel capacity
is always at least the classical channel capacity of the unedi
|. INTRODUCTION (with no rewrites) plus the logarithm of the allowed average

number of write attempts. We also present a new upper bound

The theory of rewritable channels [1][2][3][4][5] studi#® on rewritable channel capacity particularly relevant feafp
tradedf between the information storage capacity of a mediufput constrained rewritable channels. This upper boundea
and the cost for writing into it. One of the key elements o$thiyritten as an fiset plus the logarithm of the average number
theory is the concept ofrite noise in which a write attempt of jterations. Thus to a first order, the qualitative behawib
results in general in a written valuefiirent from the one the capacitycost functions of an important class of rewritable
intended. channels has now been found.

In order to cope with write noise, warite controller reads  One of the key techniques that we describe for obtaining
what has been written into the medium after a write attemplapacity lower bounds is based on the notiorsigerposition
to determine what it is that has been actually stored. If ”&%ding, in which a decoder employsequential decoding in
write controller judges a stored value to be unsuitable f@rder to fully decode the message encoded in the memory.
transmitting &ectively a message to a subsequent reader of tAghjle these techniques are well known in information theory
memory, then it can retry the write attempt, possibly adgst iy the context of multiuser communications [12], they hage n
its input to the memory so as increase the probability of geen applied, to our knowledge, to the problem of storage of
favorable outcome. Because rewriting is key to this proceduinformation. In this context, we use them to create two wittu
we call this type of medium a rewritable channel. As ongemories out of a physical memory. The first virtual memory
increases the average number of write iterations alIoweaahwhappeaIrs to a decoder as a classical memory in which a single
imprinting the memory with a message one also increasgfite (no rewrite iterations) was used to encode informmatio
the storage capacity of the medium, since loosely speakifgson decoding the message conveyed in the first virtual
the write iterations create a feedback loop that improves themory, the second virtual memory is decoded which contains
memory channel’s signal to noise ratio. additional message bits. While the amount of informatiaat th

A main motivation for introducing and studying rewritableone may store in first virtual memory by definition does not
channels is that there are important storage channels witfange with the average number of iterations, the same is not
these general characteristics, particularly in the forrRlodse- necessarily true of the second virtual memory, whose cpaci
Change-Memory [6] [7] and FLASH [8]. In the latter, multipleas we will show, grows at least as the logarithm of the average
bits/cell storage is attained in practical devices by employumber of iterations. The total rewritable channel capaisit
ing an iterative feedback algorithm that is referred to astRen the sum of these two capacities.
“write-and-verify” strategy. Also in demonstrations of fiple  \ost of the insight behind the use of superposition coding
bit/cell PCM [9][10][11], similar techniques are exploited. j, yewritable storage channels can be found in an example

A key element of a rewritable channel is a description gbr the Gaussian rewritable channel that we present at the
the statistical behavior of memory cell. Most of the progress

In re\_’vr'table channel theo_ry h_as been foc_used on the case th"‘\Ne remark that the recent submission [4] contains resulth Bar the
a write attempt outcome is given by the input plus a randoimiform noise setting as well as more general rewritablecaks



[terated rewritable channel channel has two inputs: the stimuldé and the encoding
************************ ‘ set D. For everyi > 1, let Y be the result of passing the
| random variable&X through an instance of the chanpelx; the
| statistical independence assumption then says that oometit
|
|

YEeY  onX {Y)2, isani.id. process. The role of the encodingBet
is to define a criterion for accepting or rejecting the outeom
of a write attempt; more precisely, the first instance in Whic
the memory cell’s state is inside B, we will exit the iterative
rewrite loop. Define

L T | Ms|x ¢

*********************** L=minfi>1:Y €D}

Fig. 1. Information theoretic model for the rewritable chah The basic . . .
rewritable channel characteristics are captured by thelitonal probability 1N€ random variablé. is the number of write attempts one

law psgix. incurs when the inputs to the rewritable channel are the
stimulus X and the encoding séd. The average cost for
writing is then E{L}, where E{-} denotes the mathematical

beginning of Section Ill. The proof of the main result is alsexpectation operator.

given in Section I, with an important partial result prave  The storage capacity of the rewritable channel when the

in the paper’s Appendix in order to improve the readabilit4yerage number of allowed write attempts is at mdstgiven
of the result. The upper bound on capacity is presented 4§ the formula [1]

Section IV; in Section V we illustrate the results with sfieci

examples involving the Gaussian rewritable channel. C(x) = sup (X, D; YY), Q)
XeX,DcY,E{L}<k

Il PRELIMINARIES where the maximization is interpreted to be with respect to

A memory is modeled as havimgmemory cells, which are  a|| possible marginal input distributions fox and D. In
the basic entities that are able to store information as lﬂitreSSome pr0b|ems we may be interested in further restricting
of an input stimulus, and from which information may bene class of input distributions so as to incorporatiiulus
retrieved during a read action. In order to specify a rewtéa cogt congtraint, not to be confused with the constraint on the

channel, one provides number of iterations. In particular, lgt: X — R be a stimulus
« An input alphabefX, which is the space of possible inputcost function, then the capacity of the rewritable chanrigi w
stimuli to a memory cell. an constraint ok average iterations ang' average stimulus

« An output alphabe¥ which contains the possible set ofcost is given by
values that one may read from a memory cell. L

. A conditional probability lawusx which establishes the Clx) = Sup I(X.D;Y"). )
probabilistic relation between an input stimuluse X, XX Elp001spr DY Eilj=x
and a resulting internal cell statee Y that a memory Throughout this proof, we shall make use of tools from
cell will take on during a single write attempt. conditional expectation theory; in particular we will repn the

We assume in this article that S c R and that the internal fact that for any two random variablés B, E{A} = E{E{AB}}.
state is directly observable without noise by a reader, ivtsic We shall also utilize the concept of absolutely continuous
the reason we do not need to specify &atient alphabet for Probability measure. I andy are two measures_defined over
the set of possible states. We also assume that the chagnel the same measurable spageis absolutely continuous with
is known to the encoder and decoder of the memory, and th@gpect to’ if for every measurable setthe statement(a) = 0
each memory cell obeys this same probabilistic relation. Vi&Pplies u(a) = 0. We will use the notationi(-) to denote the
also assume that when conditioned on the value of their ingegbesgue measure on the real line, which in essence measures
stimuli, the resulting states of the memory cells are stesily ~the length of a set. We emphasize that these concepts are used
independent. to add rigor to the proof but nonetheless the main ideas of the
The conditional probability law is interpreted to be d&roofs may be grasped without recourse to these tools.
function ugx assigns probabilities to events which in turn are
subsets ofY. We employ the notation [ll. L OWER BOUNDS USING SUPERPOSITION CODING

The role that superposition coding and sequential decoding
play in rewritable channels derives from a simple obseovati
to denote the probability that the memory cell state falls inased on the chain rule for mutual information. The rewtéab
the sets c Y when the input stimulus to the cell ¥ = x. channel model that we study in this article (see Figure 1) has
We refer the reader to Figure 1, which illustrates how thvo inputs: a stimulus signa that is used as a physical input
iterated rewritable channel (also termed simply théterated to the cell, as well as a s@& that determines when it is that
channel) is derived from the basic lawsx. The iterated the iterative write algorithm will finish. For a given margin

Hsix(31%)
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distribution onX, D, the corresponding storage rate is given
by

(X, D; YY) = 1(X; YY) + [(D; YH|X). o4r N 1

The rewriting of the mutual information as a sum of two mu-
tual informations emphasizes the fact tbequential decoding

can be used when interpreting the contents of a memory. |
particular, if we can build a decoder for recovering the first® ,| ]
I(X; Y') bits by, in a loose sense, retrieviXgthen in principle
we can recover an addition&a(D; Y'|X) bits by building a

03 4

eRbity

decoder for the channel whose inputds output isY", under oLr ]
the assumption that both the encoder and decoder Rfiow 1 213 4 5

One can take this analogy further and construct a mech- ‘ ‘ ‘ ‘ ‘
anism for storing information at a cost > «o by using 4 3 2 B 0 ! 2 3 4

.. . . . . offset
an eX|st|ng technlque for storlng information at cagt as

a scdfold. These observations are the basis of the followirrgg. 2. An example of a partition for the unit variance, zeream Gaussian
result: density which hasM = 5 bins, each with probability /6. These bins are

. . ... __identified with a distinct integer.
Theorem 1: Assume a rewritable channel with cond|t|0na'lden fied with & distinct Integer

probability law usx. Further assume that for evewy e X,

usix(-1X) is absolutely continuous with respect to the LebeSglﬁ%ise power and average input power constraintVe assume
measure. For any % «o < «1, the capacitjcost functionC(-) thatC, satisfies

of the rewritable channel under an average number of iterati
constraint satisfies - log|Cgl > C(1) - 3)

K1
C(1) ZC(K0)+|09(K_O)- Thus, by good we mean a capacity achieving code with
vanishing probability of decoding error. Next, l&g c

Note: This result holds for both the setting in which therdB1. - Bm}" be a code with

is no stimulus cost constraint and when there is one. The }I Cul > M — 4
associated capacity characterizations can be found innd) a n 09ICsl = € “)
(2), respectively. and additionally with the property for evetye Cs,

In order to motivate the arguments used to prove Theorem 1
we discuss informally the superposition coding concephan t M N(Bilb) 1
following subsection, using an example with Gaussian write le “h M' <€ )
noise.

whereN(8i|b) stands for the number of instances®@fwithin
A. An example using the Gaussian rewritable channel the vectorb. We assuman to be large enough so that (3), (4)
Suppose that the memory cell write noise statistigg are and (5) can be accomplished.
such that the state of the cell after a write attempt is equal t We now refer the reader to Figure 3. Split a message to
the input stimulus plus an additivéfeet that is a unit variance be written into the memory into two sections, one with rate
Gaussian random variable. We shall further assume that Wgl) — € bits/cell, and the other one with rate Idgj — €
will require an average input stimulus constraint of thenfor bits/cell. Select a codewor& € Cg according to the first
E(X?} < p*; this does not necessarily relate to any physicallpessage section, and select a codeword Cg according
meaningful constraint on any memory and only used to makethe second message section.
it easier for the reader to grasp our point. Lt > 1 an Next define
integer, and partition the Gaussian density functioMirbins ~ e
each having the same probability. For the sake of simplicity d=b+X
we will assume that these bins are open intervals, possiifiere the addition is meant to shift each setbiwith an
stretching out to-co or +oeo. Figure 2 shows a specific suchadditive dfset given by the corresponding entrysin
partition for the caséM = 5. Define these open intervals as  Next, the vectorsk andd are used to select, for each of
B By ... B the n memory cells, the corresponding input stimulus and the
1,22, » OM . . .
encoding set. Figure 3 illustrates a sample codeword formed
whereB; c R. in this manner.
Let n be the number of cells in a codeword of a code for the Because of the property (5) and due to the construction
rewritable channel. Let > 0 be a parameter, and l€; c R"  of the partition of the Gaussian witM equal area bins, it
be a good code for the classical Gaussian channel with uisitnot very dificult to see that ife is small enough, then



original

message The iterated channel for cosp will use for the encoding
,M set the input random variablBy c Y, with the associated
number of write iterations being

| [N Lo=min{i > 1:Y e Dy).
channel bin
JIT\ :mlm j”ge‘ Simila_rly, the iter_ated channel fo_r cosi will use for the
- P encoding set the input random varialble c Y, and as before,
Wimh‘ the associated number of write iterations is defined as
N channel Ly=min{i = 1:Y € D).
AN (el Because in both instances the same injuis chosen, the
-[x average stimulus cost constraint (if any) for the input and
+ variables constructed for iteration costwill be identical to
,%TI\ @B the one for iteration cosf. We are now ready to develop the
bin % aggregator proof of the result.
decoder
JWM C. Proof of Theorem 1

message
retrieved

Let € > 0, and letX, Dy be random variables such that for

Fig. 3. In the left we give an example of a codeword of a supsitipm the rewritable channel with conditional probability lgwx,

code for the Gaussian rewritble channel with: 7 andM = 5. The center of gytput processf,Yi}.“’ and random cosk, the average cost
each Gaussian is given by a vecfor- Cg, while the bin shown as a filled satisfies =1

area is selected by a vectbrc Cg; the codeword is given bk + b. In the
right we show a general diagram of the encogtlegoding procedures for a
superposition code. E{Lo} < xo (7)

and furthermore

a decoder can retrieve, with very high probabflitpe first Syl

message section using a decoderyfor?heF;igieThi:?mplies 1(X. Do; ¥) = Clio) — €

that the decoder has also leardednd thus it may subtract it We additionally assume that any existing average stimwss ¢

fNrom the codeword read from the memory in order to dedueenstraint is satisfied by, Do. If ko = 1, then we choosB, =

b, from which the second message section can be retrievegf, and we choos& so as to achieve the classical capacity of
By using the formula for the capacity of the Gaussiathe channelsyx within € bits/cell. For anyd c ¥ andx e X

channel, we have then argued that this superposition cogligh ugx(d|X) > 0, let uyiox p, (-, X, d) denote the conditional

allows us to store approximately probability law of Yto given X and Do. Using the definition
of the iterated channel, it can be easily shown thatafarV,
Liog[1+ L)+ 10gm) (6)
29 o2, g usix(@n dix)

Hytox,p, (@, d) = d 8
bitg/cell at a cost ofM average iterations (since each bin has Hsix(dX)
probability 1/M on a given write attempt). Thu$(M) is lower Let a ¢ Y be a set with Lebesgue measure zero, this is,
bounded by (6). In what follows, we prove the more genera(a) = 0. Becausgsx(-|X) is absolutely continuous, it follows
statement in Theorem 1 using a generalization of the abovehat ugix(alx) = 0 and sinceugx(@n dix) < usx(ax) = 0,
L we thus conclude that whenever it is defined, the measure
B. Proof preliminaries Lytoixp, (1%, d) is also absolutely continuous with respect to
The key structure in the proof rests on the idea thatthe Lebesgue measure.
capacity achieving input distribution for cog will be used It is a known fact from probability theory that the cu-
to construct another (non necessarily capacity achiewrmjt mulative distribution function of a random variable whose
distribution for costk;. Because of this, it will be necessaryprobability law is absolutely continuous with respect te th
to introduce two related iterated channels. Both iteratethe |ebesgue measure is a continuous function in the standard
nels will have a common stimulus input random varialile real analysis sense. Applied to the setting at hand, we see th
Following Section II, let{Y'}] be a random process that isif ugx(d|x) > 0, the cumulative distribution function
obtained by passiny through statistically independent copies
of the channelisx. It is clear that the random procegé}+ Fytopco, (€1% d) = Heix((e0.£] N dix)
will be also shared between the two iterated channels. ’0 psix(dlx)

is a continuous function of. Define thegain as

9)

2The high probability qualifier can be easily converted intamplete
certainty in this model; we do not give the details of the esponding A
construction in this article. g = k1/ko (20)



which necessarily satisfieg > 1. For any¢ € (0,1), define In the second choice, which works for al > 1, ® will
the sety(¢) c (0,1) as follows: be a random variable uniformly distributed on the interval
(0,1). In both cases, as stated previoudlyyill be statistically

,p+ 1/ ifo+1/g<1 )
v(p) = { (6. 1) quzo(fs—l+?;+ 1/q) if $+ 1/3 51 mdgpendent oX and Do. _ .
Since the second choice works for gli> 1, it sufices to
Next, for anyd c Y, xe X and¢ € (0,1), let prove the theorem. Nonetheless the first choice is assdciate
with a far simpler decoding scheme and thus we believe there
n4.(¢) = {f € d: Fyoxp,Elx d) € 7(¢)} is value in including it in this proof. Note that the exampte i
We now make use of the following basic result (see feybsection Ill-A uses a scheme based on the first choice.
example Billingsley [13], Section 14). Using the chain rule for mutual information, write

Lemma 1. Let A be a real valued random variable with (X, Do, Di; YLl)
a continuous cumulative distribution functiofFa(¢) = T

pa((=00,&]). Then
pa(fa: Fa(@ < u}) =u.

= 1(X, Do; Y1) + I(Dy; Y-|X, Do)
1(X, D1; Y™) + 1(Do; YH|X, D1)

Due to the construction of the iterated channels, it is not
difficult to see that the following Markov chain holds:

Using this lemma, we can then see that Yt o5 (X, D1) — Do (14)

X) 1
M ==, (11) Therefore we have
psix(dx) g ) ) )
Now let & be a random variable taking values on the %Dy Y™) = 10X Do;Y™*) +1(D1; YIX, Do).
alphabet [01] that additionally is statistically independentrpe following fundamental lemma characterizes the two guan
from X and Do. The encoding set for cog is now defined jties on the right. It is proof is included in the Appendix in
as order to improve the flow of this paper.
Di = mpyx(®) (12) Lemma 2: If @ is chosen as a uniform random variable on
(0,1), we have
We now considerX,D; to be the input distribution to the

vl
rewritable channelisx. The associated average cost can be [(D1; Y= X, Do) > log(g)
evaluated with (X, Do; Y1) = 1(X, Dg; YY)
E{Lq} @ E{E{L1|X D1}} The same result holds @ > 1 is an integer an@ is chosen
®) { 1 } to be uniformly distributed o0, 1/g,---, (g - 1)/g}.
% E{——
psix(D1lX) _ _ .
© 1 In light of this result, we then find that
Y E{—— -
{,Llsx(ﬂDo,x(CDNX)} (X, D1; Y1) > (X Dg; Y-) + log(g) (15)
@ E{¢} > Clko) - € +0g(g) (16)
usix(DolX) _ o .
© Using (13) and the characterization of rewritable channel
< K1 (13) capacity in (1) or (2), as appropriate, we ha@;) >

. vL H
In this development, (a) follows from the basic properties (%(X’ D1; ¥™). Finally,

conditional expectation, (b) follows from the fact that thean
of a geometric distribution with a trial success probayilit

is 1/p, (c) follows from the definition ofDy in (12), and o0 e have used the definition gfin (10). Since this
(e) follows from the assumption (7). The step (d) follow?]oIds for everye > 0, we have proved the theorem
from (11), which does not have any fundamental restriction ' '

on x,d, ¢, and hence will also hold in the case the arguments IV. A LOGARITHMIC CAPACITY UPPER BOUND
are random variables.

Clk1) > C(ko) + log (ﬂ) _e
Ko

We remark that the resuE {L,} < «; holds regardless of The Iov_v_er boun_d on capacity _tha_‘t we have derived using
superposition coding concepts indicates that for a general

our choice for the marginal distribution @b. Nonetheless, . : . .

. . . . . class of rewritable channels, improvement in capacity as on

in what follows we will consider two explicit choices for the, ; : . 2
. ) . increases the number of iterations is at least logarithisc.

random variableb. The first choice works only wheg > 1

. ; . . . ; . it turns out, a converse statement can also be made: for any
is an integer. In this choiceb is a discrete random variable . o . . L
uniformlv distributed on the set rewritable channel satisfying certain assumptions, dap&c
y upper bounded by anfiset added to a logarithm. This result
12 g-1 will be most useful in the case that the input stimulus has a
peak value constraint; we leave for a later reseafbtrtethe

)
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problem of sharpening this bound so as to take into accountd Evxp {Iog fsix (YH1X) }

a possible stimulus cost constraint. psix(DIX) fsu( Y1)
Recall that a rewritable channel, within the limited scope o (¢ r

this paper, is defined by a write noise conditional probsbili = Bxo {Iogm}

law usix. We will assume for this section that there exists a (f) 1

density fg)x such that for every, se X, < log (FEXD {ﬂ (DY) })

@
psix((=eo, s]1x) = f fsx(é1)(8) 2 log (T'x)
which is equivalent to the absolute continuity assumption Wwhere (a) follows from the definition of mutual information,
Theorem 1. Define the functiofy,p: Y — [0, ) as in (b) D(-||-) stands for the Kullback-Liebler (K-L) divergence
and (c) follows from the nonnegativity for the K-L divergenc
fsuply) = supfs‘x(y|x) (17)  The step (d) follows from the definition of the operation of

the rewritable channel and the associated random variables
This function plays a central role in our result, similar tq(L X, D from which it can be deduced that

the role of theamin(-) function in the data dependent uniform
noise rewritable channel result of [2]. The present resait ¢
be considered a generalization of the upper bound in [2].

Theorem 2: For a given rewritable channel with write noise
conditional densityfsx, assume that The inequality (e) follows from the definition of th&yy(-)
function in (17) and (f) follows from Jensen’s inequality.

f fsuply)dA(Y) < +o0 Finally, (g) follows from the theorem’s assumption in (19).
Y We have then determined that

fax(YEIX) - L
frup(YHX D) = { mexm) T Y7 €D
’ 0 otherwise

whereA(-) denotes the Lebesgue measure. Then C(e) < log (I) + €.

Cx) < |09(K f fsup(Y)d/l(Y)) The proof is finalized by observing that can be made
v arbitrarily small. ]

Proof: To simplify our development, define V. DISCUSSION

= fy fsup(y)dA(Y). A particularly useful consequence of Theorem 1 is obtained

by settingxo = 1: for all « > 1,

In this proof we will use the definitions faX, D, the random |
process{Y'} 2, and the random codt established in Section Ck) = C(1) + log(k)
I To clarify our development, we will add a subscript WQyhere C(1) is simply the classical channel capacity of the
the expectation operator that identifies the random va@®&bkhannelugy. As an example, suppose thalt = R and the
described by the probability measure that we use in th&y ;q,(|x) describes an additive Gaussian noise channel
averaging. with variancec?,. If we further assume that the inpt to

Let e > 0 and letX, D be input random variables such thaihe rewritable channel must satisfy an average stimulug cos

IXD:YY) > Ck)—e (18) constraint of the form
1 2 2
El{l}=Exp{————1t < k. 19 E{X <ok
- X,D{NSX(Dlx)} ) - then Th 1i |'{ tr}n
Then en Theorem 1 implies tha
vl 1 0'>2<
[(X,D;Y") C(x) = > log|1l+ = + log(k).
@ g o fyixp(YHX, D) w
= Brxp 09— RN fyr (YL) Let us now assume thak = [-max(X), max)] with

log

c fyo(YLIX D) fauYY) T } max(X) < +co and that we do not have any average input
- YL, X,D

{ fe (YD) T oY) stimulus constraint. As before, we assume that the medium
v su L has additive Gaussian write noise with variane§. Then
= EYL,XD{|09 frpo (YHX. D) }+ Ey {Iog fsup(Y )/F} Theorem 1 combined with the results of Raginsky [14] on

foup(YL) fy (YH) the channel capacity of Gaussian channels with small peak

fy o (YHIX, D) power constraints imply that as long as mix(< 1.050,
log ———C— foup(YD) — 1 yn L[~ D(fYLHfSUF’/F) then

fyoxp(YHIX, D)F}
fsup(YL)

= Evwxp

C(K) > #— é |Og

< EYL,XD |Og

( maxQ‘()2

W

) +log(x) (20)



wherey* is a constant satisfying® < 5/4. On the other hand, VI. CONCLUDING REMARKS
note that for this setting,

It is our hope that the application of superposition cod-
1

for y e [- max(X), max(X)] ing concepts to storage channels will motivate the research

2
exp(,(y,m:f&%z/(z(,sv)) community to investigate the problem of rewritable channel
fsuply) = oz, for y > max(X) capacity using the broader repertoire of tools availabletlrer
exp(-(y+maxex))?/(205,)) for y < — max(X) subfields of information theory. Many important problems
V2o, remain open even within the limited scope of the class of
Therefore, rewritable channels considered in this paper, includireg#sk
of finding a formula for rewritable Gaussian channel capacit
ffsup()’)d/l(y) =1+ \/?_max(x) < o0 Also of interest is whether the ideas presented in here have
R T ow relevance in the practice of memory storage. We expect to
Thus we can use Theorem 2 to obtain, for evety > 0, address these matters in subsequent resedimttse
C(x) < log [1 + \/?max()()] +log() VII. APppenpIX - PrROOF OF LEMMA 2
Toow 1) Proof of 1(Dy; Y-|X, Do) > log(g): By using the defini-
as a counterpart to (20). tion of Dq in (12), we have
More generally, the specialization of Theorem 2 to additive
channels results in the following corollary: I(Dy; YHX, Do) = 1(mp,x(®); YHX, Do) (21)

Corollary 1: For an additive rewritable channel with nois
density fy, and a peak input stimulus constrait e

[mln(X), maXQY)], we have I(”DD,X(CD); YL1|X, DO) — |((D, YL1|X, DO) (22)

%e next argue that

C(x) < log [1 + (maxX) — min(X)) SUpfw(f)) +log(x) which can be shown if we demonstrate that the functigg(-)
g is invertible for anyd, x with ugx(d|x) > 0. Suppose that there
The proof of this is omitted as it follows from the reasoningxist ¢1, ¢, € (0, 1) such thatp; # ¢, and
shown for the Gaussian example.
Because both our upper and lower bounds are of the form max($1) = max($2)

of an dfset plus the logarithm of the average number of . L
iterations, it is reasonable to ask whether it can be hop 8” be any open interval satisfyingc y(¢2) \ ¢/(¢1). Such
that further research in this area can show that capacityvi£nUSt exist sincepy # ¢2. Then the set
simply an dfset added to a logarithmic growth. It turns out = _
that this is not true, as the exact capa@itst function of {f € Priocoy(lx.d) € V} < max{d2) = max(91) @3)
the uniform noise rewritable channel has been found regenthust be empty as otherwise we arrive to a contradiction.
[5] and such function has a section that grows faster thanChoose two pointsiy, U, € v with u; < up. Since the function
logarithm. Nonetheless, in [5] it is shown that there is 3i8va Fyiox p, (-|X, d) is continuous, there exist§ < & such that
(for the specific modeled considered therein) a criticabigal
of the cost such that for all costs equal or larger than thst, co Fvtoxp,&ilxd) =u i €{1,2}

capacity is precisely anfiset added to a logarithmic growth. .
Thus we believe that the ideas present in this article ared goThe set £1,£2) Nd must be nonempty, since

step in the d|re_ct|on of finding general formulas for rewslea fyeop o, (€1, £2) N dix, d)

channel capacity. _F a) - F q
We end this discussion with a side note. Theorem 1 has been = Friopxpy(€alX. d) = Fytopp, (611% d)

presented as a lower bound mostly because of the important = U-Uu>0

link it establishes with classical channel capacity. Nbekss,
because of its structure, Theorem 1 is in reality both an up
and lower bound oI€C(x):

Corollary 2: For anyk >b> 1,

ut (&1,4) Nd is a subset of the set in the left of (23) which
In turn is empty. Since this is a contradiction, it estaldish
the invertibility of 7rq x(¢).
In summary, if we knowDg, X andrp, x(®) we can retrieve
C(x/b) + logb < C(x) < C(bx) — logb ®; clearly also if we knowDg, X and ® we can construct

This observation can be exploited to extend an upper bouﬁ@t{*xm))' This establishes (22). Combining (21) and (22), we

on capacity that holds fora to all costs« < «;. Because our 9
upper bound on capacity is already of the form of dfset 1(D1; Y-|X) = 1(®@; Y [X, Do) (24)
plus the logarithm of the cost, we cannot use this result to

further improve our bounds; future research might be able Ye now need to specialize the result according to the choice
take advantage of this technique. of @. If ® is chosen as a discrete random variable, then it is



readily seen that continuous with respect to the Lebesgue measure. Further

define
I(®; Y"|X, Do) = H(®|X, Do) — H(®IX, Do, Y)
= H(®) - H(®[X, Do, Y1) m(¢) = {a: Fa(@) € ¥(¢)}
@ H(®D) Then for anyua-measurable sef
- 10 > [ a5 0 @) = n(0)
7 n = p1a(9)/9.
where (d) follows from the fact that knowledge & Do 0 A A
reveals a partition oDg in the form of where the integral above is with respect to the Lebesgue
vy g1 measure.
{nDo,x (—)} Proof: Let Fa(6) denote the image of the sétthrough the
9/) =0 function F, this is,
An element of this partition was chosen @yas the encoding 3 ]
set for the iterated channel for cogt But further knowledge Fa(0) = {Fa(€) : £ € 6}
Y4 selects a unique element of this partition, thus revealingext write

O. 1
On the other hand, i is chosen as uniformly distributed ua(6 N 7(¢))da(g)
on [0, 1], then we employ dferential entropy instead to obtain +/0

1
f f (€ € w(#)dAE)dA®)
0 F(5)

1
[(@; YSX,Dg) = h(®|X, Do) — h(®[X, Do, Y-) = fF o j; I(€ € y(¢))dA(¢)dA(é)
©  _h(@|X, Do, Y-
@ ( 1 oY) = f }dﬂ(f)
> —Iog(—):log(g) (26) Fo) 9
9 = ua(9)/9.

where (e) follows from the assumption thatis statistically
independent fromX and Dy and from the fact that the
differential entropy of a random variable uniformly distrilaite
on an interval of unit length is zero. The step (f) can be
deduced as follows: knowledge & Dy and Y- reveals that

D e {p: Y emp,x(9)}
On the other hand,

lig : Y € mpy x(¢))] = 1/9.

Finally, recall that the dferential entropy of a random variable
with a bounded support is upper bounded by the logarithm L
the length of the support. This establishes (f) and hence
the first part of the Lemma. L
2) Proof of 1(X,Do; Y1) = 1(X,Do; Y): We claim that f

: s . > Y . . . oNm X, dg)dA
for either of the two choices fofd (the first choice being 0 o po (0 1 7o x(@)IX. Ao)dA(9)
valid only wheng is an integer), the joint distribution of = (1/9)1ytox.p, (41X, do)
(X, Do, Y) is identical to the joint distribution ofX, Do, Y1), .
hence implying the result of the lemma. An examination of th-Ezh'S proves the lemma.
probability law of Yto and Y- conditioned on specific values REFERENCES
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