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Abstract—Bent functions were first introduced by Rothaus in
1976 as an interesting combinatorial object with the important
property of having the maximum distance to all affine func-
tions. Bent functions have many applications to coding theory,
cryptography and sequence designs. For many years the focus
was on the construction of binary bent functions. There are
several known examples of binary monomial and binomial bent
functions. In 1985, Kumar, Scholtz and Welch generalized bent
functions to the case of an arbitrary finite field. In the recent
years, new results on nonbinary bent functions have appeared.
This paper gives an updated overview of some of the recent
results and open problems on generalized bent functions. This
includes some recent constructions of weakly regular monomial
and binomial bent functions and examples of non-weakly regular
bent functions.

I. INTRODUCTION

Bent functions were introduced by Rothaus [1] as Boolean
functions f(x0, x1, . . . , xn−1) that map binary n-tuples to
GF(2) = {0, 1} and whose Walsh transform has constant
magnitude. Bent functions are named this way since they have
maximum distance from all affine functions. This property is
extremely useful and important in cryptographic applications
where one frequently needs functions which can not be easily
approximated by linear functions. The construction of Bent
functions is also quite heavily related to the covering radius
of the first order Reed-Muller code.

In the next two sections, we give some background in-
formation and a brief introduction to binary bent functions.
In Section IV. we give an overview of recent results on
generalized bent functions.

II. BINARY BENT FUNCTIONS

Let f(x) : GF(2)n 7→ GF(2) be a Boolean function. Define
the Walsh transform coefficients Sf (b) for any b ∈ GF(2)n

by
Sf (b) =

∑
x∈GF(2)n

(−1)f(x)+x·b ,

where x · b =
∑n

i=1 xibi denotes the inner product be-
tween the two binary vectors b = (b1, b2, . . . , bn) and x =
(x1, x2, . . . , xn) in GF(2)n.

From the definition of the Walsh transform it follows that
the function (−1)f(x) can easily be reconstructed from the
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Walsh transform coefficients via the relation

(−1)f(x) =
1

2n

∑
b∈GF(2)n

Sf (b)(−1)x·b .

Some useful properties involving the Walsh transform co-
efficients are∑

b∈GF(2)n

(Sf (b))
2 =

∑
b

∑
x

∑
y

(−1)f(x)+f(y)+b·(x+y)

=
∑
x

∑
y

(−1)f(x)+f(y)
∑
b

(−1)b·(x+y)

= 2n
∑
x

(−1)0

= 22n ,

where the summations b, x, y run through GF(2)n. This
implies that the average value of the square of the Walsh
transform coefficients is 2n. The Boolean functions obtained
when all these squared coefficients are the same are called
bent functions.

Definition 1: The Boolean function f(x) is a bent function
if Sf (b) = ±2n/2 for all b ∈ GF(2)n.

Thus, if all magnitudes of |Sf (b)| =
√
2n are the same,

the function f is called a bent function. It follows as a
consequence that binary bent functions exist for even n only.

There are many constructions of bent functions. The best
known such constructions are the Maiorana-McFarland con-
structions. Frequently, several apparently different construc-
tions of bent functions turn out to be special cases of the
Maiorana-McFarland constructions.

Lemma 1: Take a permutation π : GF(2)n/2 7→ GF(2)n/2

and any mapping g : GF(2)n/2 7→ GF(2). Then

fg,π(x, y) = x · π(y) + g(y)

is a bent function.

There is a close connection between bent functions and the
covering radius of the first order Reed-Muller code. Let x =
(x1, x2, · · · , xn) and let vf be a vector of length 2n obtained
by evaluating f(x) for all x ∈ GF(2)n, such that

vf = (f(x))x∈GF(2)n .

The first order Reed-Muller code of length 2n, is obtained
using all binary affine polynomials f(x) =

∑n
i=1 bixi + b0,

i.e.,
RM(1, n) = {vf | deg(f) ≤ 1} .



The parameters of the RM(1, n) are [2n, n+ 1, d = 2n−1].
For example, for n = 3 the following matrix is a generator

matrix of RM(1, 3),

G =


1 1 1 1 1 1 1 1
1 1 1 1 0 0 0 0
1 1 0 0 1 1 0 0
1 0 1 0 1 0 1 0

 .

In the special case when f(x) = x1 + x3 + 1 we obtain the
codeword vf = (10100101).

Definition 2: The covering radius of a code is the smallest
integer ρ such that the spheres of radius ρ around the code-
words cover the complete space.

The distance from an arbitrary vector vf = (f(x))x∈GF(2)n

to a codeword c = b ·x+ a ∈ RM(1, n) can be found via the
Walsh transform by

(−1)aSf (b) =
∑

x∈GF(2)n

(−1)f(x)+b·x+a

= (2n − d(vf , c))− d(vf , c)

= 2n − 2d(vf , c),

where d(vf , c) denotes the Hamming distance between the
binary vectors vf and c.

Since the average value of |Sf (b)| is 2n/2, it holds for the
covering radius of RM(1, n) that

ρn ≤ 2n−1 − 2
n
2 −1 .

Thus, bent functions lead to vectors with maximum distance
from RM(1, n).

Bent functions exist for an even number of variables. For
example, the Boolean function

f(x1, x2, . . . , x2n) = x1x2 + x3x4 + · · ·+ x2n−1x2n

is a bent function in 2n variables. Therefore, the covering
radius of the first order Reed-Muller code equals

ρn = 2n−1 − 2
n
2 −1 for even n .

For odd values of n it appears to be a very difficult and
challenging problem to compute the covering radius of the
first order Reed-Muller code of period 2n. One can use the
covering radius of RM(1, n−1) and the inductive structure of
the Reed-Muller code to show a simple bound for the covering
radius (see [2])

2n−1 − 2
n−1
2 ≤ ρn ≤ 2n−1 − 2

n
2 −1 for odd n .

For the first few values of the covering radius of RM(1, n)
the following is known:

n 3 4 5 6 7 8 9 10
ρn 2 6 12 28 56 120 242− 244 496

.

Let v be a vector of distance ρn to the RM(1, n) (without
loss of generality, since the code is linear, we can assume the
distance to the all-zero codeword is ρn). Consider the code

C obtained by restricting the codewords in RM(1, n) to the
positions where v has a 1.

v 111 . . . 111 111 . . . 111 000 . . . 000 000 . . . 000
c 111 . . . 111︸ ︷︷ ︸

w

000 . . . 000︸ ︷︷ ︸
ρn−w

111 . . . 111︸ ︷︷ ︸
2n−1−w

000 . . . 000 .

Since d(v, c) = ρn−w+2n−1−w ≥ ρn we have w ≤ 2n−2,
and since the all-one vector belongs to C its parameters are

[ρn, n+ 1, ρn − 2n−2]

and with dual minimum distance d⊥ ≥ 4.
The largest odd value of n with known ρn is n = 7 where

ρ7 = 56. This was proved by Mykkeltveit [3] by showing that
a [57, 8, 25] self-complementary code with d⊥ ≥ 4 does not
exist. The next odd case of n = 9 has been open for more than
30 years. To settle this case one has to decide whether a self-
complementary code with one of the parameters [243, 10, 115]
or [244, 10, 116] and d⊥ ≥ 4 does exist. For odd values of
n ≥ 15, ρn was already shown in [4] to be strictly greater
than the lower bound.

Definition 3: A code C (possibly) nonlinear has strength
s(C) = 2 if all pairs occur equally often in each pair of
coordinates. (For a linear code d⊥ = s(C) + 1.)

Theorem 1 ([2]): Let C be a code of length n and strength
s(C) = 2. Then the covering radius obeys

ρ ≤ n−
√
n

2
.

Sketch of proof. The result follows by considering the coset
v + C where d(v, C) = ρ and using well known expressions
for the sum of the squares of the weights of all binary vectors
in the coset.

The bound above, which is called the Norse bound, can be
improved for codes of strength s > 2.

III. BENT FUNCTIONS VIA TRACE FUNCTIONS

One way to define new bent functions is to use a one-
to-one mapping between GF(2n) and GF(2)n obtained by
considering GF(2n) as an n-dimensional vector space over
GF(2). Then all binary functions can be considered to be of
the form Trn(f(x)) where f(x) is a univariate polynomial
over GF(2n).

Furthermore, all linear functions can be written as Trn(bx)
where Trn(x) is the Froebenius trace mapping. Hence, when
considering the Walsh transform we can instead study the
equivalent Walsh transform coefficients given by

Sf (b) =
∑

x∈GF(2n)

(−1)Trn(f(x))+Trn(bx) .

Therefore, it is interesting to study the trace function from
a finite field GF(pn) to a subfield GF(pk) given by Trnk :
GF(pn) 7→ GF(pk), and defined by

Trnk (x) =

n
k −1∑
i=0

xp
ki

.



For k = 1 we use the notation Trn(x) =
∑n−1

i=0 x
pi

.
Some important and useful properties of the trace mapping

are provided in the next lemma.
Lemma 2: (i) Trn(ax + by) = aTrn(x) + bTrn(y) for

any x, y ∈ GF(pn) and a, b ∈ GF(p).
(ii) Trn(x

p) = Trn(x).
(iii) Trk(Tr

n
k (x)) = Trn(x) for any x ∈ GF(pn).

(iv) Trn(ax) takes on all elements on GF(p) equally often
when a ̸= 0.

A well-known bent function which is quite simply con-
structed via the trace map is the following (this is a conse-
quence of a result by Kasami).

Theorem 2 (Kasami): Let n = 2k and a ∈ GF(2n). Then
the function

f(x) = Trn
(
ax2

k+1
)

is bent if a+ a2
k ̸= 0.

Proof: Any x ∈ GF(2n)∗ can be written uniquely as
x = αβ where α ∈ GF(2k)∗ has order 2k−1 and β has order
2k + 1. Then the Walsh transform gives

Sf (b)− 1 =
∑
x ̸=0

(−1)Trk((a+a2k )x2k+1+bx+b2
k
x2k )

=
∑
β

∑
α

(−1)Trk(α
2(a+a2k+b2β2+b2

k+1
β−2))

= (2k − 1)N(a, b)− (2k + 1−N(a, b))

= (N(a, b)− 1)2k − 1 ,

where N(a, b) is the number of solutions β of

a+ a2
k

+ b2β2 + b2
k+1

β−2 = 0 .

Since N(a, b) is 0 or 2 if a+a2
k ̸= 0, then Sf (b) = ±2k and

thus f(x) = Trn(ax
2k+1) is a bent function.

This is an example of what we call a monomial bent
function. Another class of monomial bent functions found by
Canteaut, Charpin and Kyureghyan in [5] is the following.

Theorem 3: Let n = 6r and d = 22r + 2r + 1. Then the
function f(x) = Trn(λx

d) is bent for some λ (characterized
in [5]). Moreover, if f(x) is bent then it is of the Maiorana-
McFarland type.

Other monomial bent functions of the form Trn(λx
d) of

the Maiorana-McFarland type are:
• d = t(2k − 1) with n = 2k and gcd (t, 2k + 1) = 1

(Dillon exponent, see [6], [7]).
• d = (2r + 1)2 with n = 4r (see [8], [9]).
The following monomial bent functions were constructed

by Dillon and Dobbertin [10].
Theorem 4: Let d = 22i − 2i + 1, where gcd (i, n) = 1.

Then the function f(x) = Trn(λx
d) is bent for some λ.

New bent functions can be constructed in the binomial form
f(x) = Trn(x

d1+xd2), where di = 2t (mod 2k−1) for some
t. The following bent functions are due to Dobbertin et.al. [11].

Theorem 5 ([11]): Let n = 2k and α1 +α2k

1 = 1, then the
following functions are bent

Trn(α1x
2k+1 + x3·2

k−1−1),

Trn(α1x
2k+1 + x·2

k+3),

Trn(α1x
2k+1 + x·(2

k+5)/3) .

Sketch of proof. In principle, based on the same method
as in Theorem 2 but much more tricky and complicated. Uses
ideas from properties of Dickson polynomials as well as many
other inventive tricks. In this case, d1 = x2

k+1 and d2 = 2t

(mod 2k − 1) and one reduces the problem to an equation
that, as in the Kasami case, can be shown to have either 0 or
2 roots.

IV. GENERALIZED BENT FUNCTIONS

In this section, we discuss nonbinary (or generalized) bent
functions. These were introduced in 1985 by Kumar, Scholtz
and Welch [12].

Let f(x) : GF(pn) 7→ GF(p) be a p-ary function. Then the
Walsh transform Sf (b) of f is defined by

Sf (b) =
∑

x∈GF(pn)

ωf(x)−Trn(bx)

and
ωf(x) =

1

pn

∑
b∈GF(pn)

Sf (b)ω
Trn(bx) ,

where Trn : GF(pn) 7→ GF(p) is the absolute trace function,
ω = e

2πi
p is the complex primitive pth root of unity and

elements of GF(p) are considered as integers modulo p. The
p-ary bent functions are defined as a natural generalization of
the binary case.

Definition 4: Let f(x) = Trn
(∑s

i=0 aix
di
)

be a mapping
from GF(pn) to GF(p). Then f(x) is a p-ary bent function if

|Sf (b)|2 = pn .

The bent function is said to be a regular bent function if

p−n/2Sf (b) = ωf∗(b) ,

where f∗ : GF(pn) 7→ GF(p).
The bent function is said to be a weakly regular bent

function if
up−n/2Sf (b) = ωf∗(b)

for some complex number u with |u| = 1.
Walsh transform coefficients of a p-ary bent function f with

odd p satisfy

p−n/2Sf (b) ={
±ωf∗(b), if n is even or n is odd and p ≡ 1 (mod 4)

± i ωf∗(b), if n is odd and p ≡ 3 (mod 4) ,

where i is a complex primitive 4th root of unity.
Let

Sf (b) = Nb(0) +Nb(1)ω + · · ·+Nb(p− 1)ωp−1 ,



where

Nb(j) := #{x ∈ GF(pn) | f(x)− Trn(bx) = j} .

For a bent function f(x) with even n (b fixed) holds

Nb(j) ≡ const

for j ̸= f∗(b) and Nb(f
∗(b)) differs from the rest by ±pn/2.

If n = 2k + 1 is odd (b fixed) then

Nb(j)−Nb(f
∗(b)) = pk

for half of j ̸= f∗(b) and is equal to −pk for the rest.
Let χ be a nontrivial additive character of GF(pk) and take

a, b ∈ GF(pk). The Kloosterman sum is defined by

K(χ; a, b) =
∑

c∈GF(pk)∗

χ
(
ac+ bc−1

)
.

The Gaussian sum is defined by

G(ψ, χ) =
∑

c∈GF(pn)∗

ψ(c)χ(c) ,

where χ is an additive and ψ is a multiplicative character of
GF(pn).

Theorem 6 ([13]): Let n = 2k and a ∈ GF(pn) is nonzero.
Then for any nontrivial additive character χ of GF(pk)

pk∑
j=0

χ
(
Trnk

(
aξj(p

k−1)
))

= −K
(
χ; 1, ap

k+1
)
,

where ξ is a primitive element of GF(pn).

Using this result, Helleseth and Kholosha in [13] proved the
following criterion for a new family of ternary bent functions.
This family can be seen as an extension of the Dillon class of
binary bent functions to the ternary case.

Theorem 7: Let n = 2k and t be an arbitrary positive
integer with gcd(t, pk + 1) = 1 and pk > 3 for an odd prime
p. For any nonzero a ∈ GF(pn), define the following p-ary
function mapping GF(pn) to GF(p)

f(x) = Trn
(
axt(p

k−1)
)
.

Then for any b ∈ GF(pn)∗, the corresponding Walsh coeffi-
cient of f(x) is equal to

Sa(b) = 1 +K
(
χ1; 1, a

pk+1
)
+ pkω−Trn(a

pk bt(p
k−1))

and
Sa(0) = 1− (pk − 1)K

(
χ1; 1, a

pk+1
)
,

where χ1 is the canonical additive character of GF(pk).
Consequently, f(x) is bent if and only if the following
Kloosterman sum over GF(pk) satisfies

K
(
χ1; 1, a

pk+1
)
= −1 . (1)

Moreover, if (1) holds then f(x) is a regular bent function.
Corollary 1: In the ternary case (i.e., when p = 3), there

exists at least one a ∈ GF(pn) such that function f(x) is bent.
Moreover, f(x) is bent if and only if the Hamming weight

of the codeword c(a) =
(
Trn

(
aξj(3

k−1)
)
| j = 0, . . . , 3k

)
is

equal to 2 · 3k−1, where ξ is a primitive element of GF(3n).
Although not proven, it is unlikely that condition (1) can

hold in a nonbinary and nonternary case. Here we want to
mention the following conjecture of Helleseth.

Conjecture 1 ([14]): If d ≡ 1 (mod p − 1) then the
periodic correlation of an m-sequence and its d-decimation
contains the value −1 (not true in the opposite direction in
general).

Note that Kloosterman sum values make up the periodic
correlation of an m-sequence and its reverse (so d = −1).
Only in the binary and ternary cases d = −1 ≡ 1 ( mod p−1)
and it is known that the Kloosterman sum always takes on the
value −1 for these values of p (see [7, Theorem 3.4] and [15]).
If the above conjecture was true in the opposite direction for
d = −1 then the Kloosterman sum would never be equal to
−1 in a non-binary and non-ternary case, which means that
there would be no Dillon bent functions for p > 3.

Theorem 8 ([16]): Let n = 2k with k odd. Then the ternary
function f(x) mapping GF(3n) to GF(3) and given by

f(x) = Trn

(
ax

3n−1
4 +3k+1

)
is a weakly regular bent function if a = ξ

3k+1
4 and ξ is a

primitive element of GF(3n).

The values of the Walsh coefficients have been conjectured
as follows.

Conjecture 2 ([13]): For b ∈ GF(3n) the corresponding
Walsh coefficient of f(x) is equal to

Sf (b) = −3kω
±Trk

(
b3

k+1

a(I+1)

)
,

where I is a primitive 4th root of unity over GF(3n).

Some results towards the proof of this conjecture are known.
Let p be an odd prime and ξ a primitive element of GF(pn).
Furthermore, let n = 2k and define for i = 0, 1, 2, 3

Ci :=

{
ξ4t+i | t = 0, . . . ,

pn − 1

4
− 1

}
the cyclotomic class of order 4 in GF(pn)∗.

Let
Tj :=

∑
x∈Cj

ω
Trk

(
c(x+1)p

k+1−c
)

for c ∈ GF(pk) and j = 0, 1, 2, 3.
Lemma 3 ([17]): Let p be an odd prime with p ≡ 3 (mod

8) and let n = 2k with k odd. Then for any j

−Tj = ωTrk(c)Tj+2 +
pk + 1

4

(
ωTrk(c) + 1

)
.

Let c = b3
k+1

a(I+1) ∈ GF(3k), b = a(I + 1)β3k ̸= 0 and
β−1 ∈ Cj then

Sf (b) = 1 + Tj + Tj+1 + Tj+2 + Tj+3

= (1− ωTrk(c))

(
Tj + Tj+1 +

3k + 1

2

)
− 3k .



TABLE I
KNOWN CLASSES OF NONQUADRATIC p-ARY MONOMIAL BENT FUNCTIONS

Bent Functions n d a References

Coulter-Matthews (r, wr) 3k+1
2

, gcd(k, n) = 1, k-odd a ̸= 0 [18], [16]
Dillon (r) 2k t(3k − 1), gcd(t, 3k + 1) = 1 (1) Th. 7, Cor. 1 [13]

HK (wr) 2k 3n−1
4

+ 3k + 1 ξ
3k+1

4 Th. 8 [17], [16]
Fact (not wr) 6 98 ξ7

In particular, if Trk(c) = 0 then Sa(b) = −3k.

Further, we consider monomial quadratic bent functions. Let
ξ be a primitive element of GF(pn) and for a ∈ GF(pn)∗

define ind(a) as the unique integer t with a = ξt and 0 ≤ t <
pn − 1.

Theorem 9 ([13], [19]): Let a ∈ GF(pn) be nonzero and
a prime p be odd. Then for any j ∈ {1, . . . , n}, the quadratic
p-ary function f(x) mapping GF(pn) to GF(p) and given by

f(x) = Trn
(
axp

j+1
)

is bent if and only if

p gcd(2j,n) − 1

∣∣∣∣/ pn − 1

2
− i0(p

j − 1) , (2)

where i0 = ind(a). Moreover, if (2) holds then f(x) is
a (weakly) regular bent function and for b ∈ GF(pn) the
corresponding Walsh transform coefficient of f(x) is equal
to

Sa(b) = Sa(0)ω
−Trn

(
axpj+1

0

)
,

where x0 is a unique solution of the equation ap
j

xp
2j

+ax =
−bpj

. Further, if e = n/ gcd(j, n) is odd then (2) is satisfied
by any nonzero a and

2x0 = −a−1bp
j

−
(e−1)/2∑

t=1

(−1)t
(
(−1)

e−1
2 a

− p2jt+pje

pj+1 bp
2jt

+ a
− pj(2t+1)+1

pj+1 bp
j(2t+1)

)
(for e = 1, the sum over the empty set is equal to zero). If e
is even and (2) holds then D(a) defined by

D(a) = (−1)
e
2

(
a

pje−1

pj+1 + a
− pje−1

pj+1

)
− 2 .

is nonzero and

D(a)x0 =

e/2−1∑
t=0

(−1)t
(
(−1)

e
2+1a

− pj(2t+1)+pje

pj+1

+ a
− pj(2t+1)+1

pj+1

)
bp

j(2t+1)

.

Finally, the magnitude of Sa(b) that is equal to Sa(0) can be
determined using [19, Lemma 2] given the concrete values of
j and n.

The following corollary provides the generalization of The-
orem 2 to the p-ary case.

Corollary 2 (p-ary Kasami): Let n = 2k and a ∈ GF(pn)

for an odd prime p. Then the function f(x) = Trn
(
axp

k+1
)

is a weakly regular bent function if a+ap
k ̸= 0. Moreover, for

b ∈ GF(pn), the corresponding Walsh transform coefficient of
f(x) is equal to

Sa(b) = −pkω
−Trk

(
bp

k+1

a+apk

)
.

Corollary 3 ([20]): Let n = ek for an odd integer e and
take integer r in the range 1 ≤ r ≤ e with gcd(r, e) = 1. Then
the function f(x) = Trn

(
axp

rk+1
)

is a (weakly) regular bent
function for any nonzero a ∈ GF(pn) and odd prime p.

All currently known nonquadratic generalized monomial
bent functions are summarized in Table I. Note that all
functions are ternary. Shortcuts “r” and “wr” are used to denote
regular and weakly regular bent functions, respectively. When
the value of n is not specified in the table it means that n is
arbitrary. Naturally, all the exponents d and coefficients a can
be replaced with their cyclotomic equivalents.

In the following theorem, we describe the class of bent
functions consisting of two terms (so called binomial func-
tions). This is the only proven infinite class of nonquadratic
generalized bent functions over the fields of an arbitrary odd
characteristic.

Theorem 10: Let n = 4k. Then p-ary function f(x) map-
ping GF(pn) to GF(p) and given by

f(x) = Trn

(
xp

3k+p2k−pk+1 + x2
)

is a weakly regular bent function. Moreover, for b ∈ GF(pn)
the corresponding Walsh transform coefficient of f(x) is equal
to

Sf (b) = −p2kωTrk(x0)/4 ,

where x0 is a unique zero in GF(pk) of the polynomial

bp
2k+1+(b2+x)(p

2k+1)/2+bp
k(p2k+1)+(b2+x)p

k(p2k+1)/2 .

If b2 ∈ GF(p2k) then x0 can be found explicitly as
x0 = −Tr2kk

(
b2
)
. It is interesting that in the binary case

when p = 2, the decimation 23k − 22k + 2k + 1 which is
cyclotomic equivalent to the exponent in the first term of the
above bent function, was studied by Niho in [21, Theorem 3-7]
and Helleseth in [22]. They proved that the cross-correlation
function between two binary m-sequences that differ by this
decimation is four-valued and found the distribution.

To conclude, in Table II we present results of the computer
search for binomial ternary bent functions having the form



TABLE II
BINOMIAL NONQUADRATIC TERNARY BENT FUNCTIONS

n d1 d2 Remarks
3 8 14 not wr
4 4 22 not wr
6 14 70 not wr
6 14 98 wr
6 20 92 not wr
6 28 140 wr
8 20 100 wr
8 40 280 wr
8 88 136 wr

f(x) = Trn
(
a1x

d1 + a2x
d2
)

(exponents are taken up to
cyclotomic equivalence). The values of coefficients a1, a2 ∈
GF(3n)∗ are not given since in some cases, many possibilities
are allowed. Also skipped are numerous examples of quadratic
and binomial ternary bent functions consisting of two Dillon
type exponents (see Theorem 7).
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