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Abstract— This work considers non-convex optimization of
time averages of network attributes in a general stochastic
network. This includes maximizing a non-concave utility function
of the time average throughput vector in a time-varying wireless
system, subject to network stability and to an additional col-
lection of time average penalty constraints. We develop a simple
algorithm that meets all desired stability and penalty constraints,
and, subject to a convergence assumption, yields a time average
vector that is a local optimum of the desired utility function.
We also consider algorithms that yield ‘“local near optimal”
solutions, where the distance to a local optimum can be made as
small as desired with a corresponding tradeoff in average delay.
Our solution uses Lyapunov optimization with a combination of
stochastic dual and primal-dual techniques. We also discuss the
relative advantages and disadvantages of these techniques.

Index Terms— Queueing analysis, opportunistic scheduling,
flow control, wireless networks

I. INTRODUCTION

We consider a queueing network that operates in discrete
time t € {0,1,2,...}. Let Q(t) = (Q1(¢),...,Qxk(t)) be
the vector of queue backlogs on slot t. The arrival and
service of the queues are determined by a random event
w(t) and a network control action a(t), chosen in reaction
to this event from an abstract set of possible actions A, )
that possibly depends on w(t). The a(t) and w(t) values
also affect two attribute vectors x(t) = (z1(t),...,xa(t)),
y(t) = (yo(t), y1(t),...,yr(t)) according to general (possibly
non-convex, discontinuous) functions Z,(-), @:(-) for m €
{1,...,M}and ! € {0,1,...,L}:

T (t) = Em(a(t),w(t)) , yi(t) = glat),w(t))

Define T = (Z1,...,ZTp) as the limiting time average
expectation of the attribute vector a(t) under a particular
policy (temporarily assumed to exist):

t—o0o

z2 lim % S E{a(n)}
=0

Define time average expectations ¥; similarly. The goal is to
determine an algorithm for choosing actions a(t) € A,
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Attribute x (such as throughput)

Fig. 1. An example non-concave utility for throughput maximization.

over time to solve the following general stochastic network
optimization problem:

Minimize: Yo + f(T) (1)
Subject to: T+ a@ <ovie{l,...,L} 2)
TEeX 3)

All queues Q) (t) are mean rate stable  (4)

a(t) € Ayp Vi (5)

where g;(z) are continuous and convex functions of x € RM
for each [ € {1,...,L}, f(x) is a continuous but possibly
non-convex function of € RM, and X is a convex subset
of RM. The definition of “mean rate stable” will be given in
Section II.

This non-convex problem has applications in network utility
maximization and in other areas of network science. For
example, suppose we desire to maximize a non-concave utility
function of throughput in a wireless network. An example
“sigmoidal-type” utility function is shown in Fig. 1, which
has a “flat” area near zero, illustrating that we earn small
utility unless throughput crosses a threshold. Constrained
optimization of a sum of such utility functions is a difficult
problem that can be shown, in some cases, to be at least
as difficult as combinatorial bin-packing. Hence, we do not
attempt to find a global solution. Such non-convex problems
are studied for non-stochastic (static) networks in [1], where
difficulties are discussed and a heuristic algorithm is derived
that has optimality properties in a limit of a large number of
users. Further treatment of non-convex optimization in a static
context, including efficient heuristics, are provided in [2].

In this paper, we consider non-convex optimization for
stochastic networks via the general problem (1)-(5). We show
that, under some convergence assumptions, we can find a
local optimum. In the special case when f(x) is convex, we
provide a stronger result that shows the global solution can



be approached to within any desired accuracy. Our techniques
extend our prior “drift-plus-penalty” or “dual-based” approach
to stochastic network optimization in [3], which uses Lya-
punov optimization, virtual queues, and auxiliary variables.
These techniques alone would allow one to minimize (1) in
the case f(x) is convex, subject to constraints (2), (4), (5).
We introduce an abstract set constraint (3), which we believe
is new even in the convex case (we recently also used this in a
“universal scheduling” context in [4]). However, if these dual-
based techniques were employed for a non-convex function
f (), the algorithm would approach a global optimum of the
time average of f(x(t)), which is not necessarily even a local
optimum of f(x). In this paper, we achieve local optimality
by combining these techniques with a “primal-dual based”
approach similar to that of [S][6][7].

It is known that, in the convex case, the dual approach
is robust to system changes [3][8][4] and provides direct
bounds on utility, delay, and convergence time [3][9][10][11].
Unfortunately, such properties are less clear with the primal-
dual approach, particularly for the non-convex case, and the
proof we provide in this paper for the non-convex case does
not specify the time required for convergence. This illustrates
some of the challenges involved with non-convex optimization,
even if we only want to find a local optimum. We partially
address this issue in the special case of maximizing non-
convex utility functions that are entrywise non-decreasing. In
this case, we briefly describe an alternative 3-phase algorithm
that explores the attribute space and ties all stochastic decisions
directly to the result of a static non-convex optimization. The
advantage here is that the stochastic phases are convex and
have strong convergence guarantees, while the non-convex
optimization is isolated to a static problem for which any static
solver can be employed.

The method of Lyapunov drift to solve queue stability
problems (i.e., problems that involve only the constraint (4))
was pioneered by Tassiulas and Ephremides in [12][13], where
it was shown that greedy actions that minimize a drift expres-
sion A(t) every slot guarantee stability whenever possible. In
[91[31[10][11], we extended this result to provide joint stability
and performance optimization (or “penalty minimization”),
using a greedy action to minimize a drift-plus-penalty metric
A(t) +V - penalty(t) every slot, where V' is a non-negative
parameter that affects a performance-delay tradeoff. Choosing
V' = 0 reduces to the original Tassiulas-Ephremides approach,
while increasing V' maintains network stability while pushing
the time average penalty of the problem to within O(1/V)
of optimal, with a tradeoff in average queue backlog that is
O(V). This method can be applied to multi-hop networks
with general constraints, and is known to be related to dual
subgradient algorithms when applied to static convex programs
[3]. A related method, also of the dual type, is presented for a
wireless downlink in [14], although the fluid model arguments
there do not prove the [O(1/V),O(V)] performance-delay
properties.

A different “primal-dual” approach is considered for the
special case of utility-optimal opportunistic scheduling in a
wireless downlink in [5][6]. This work assumes all users al-
ways have data to send, and hence does not consider randomly

arriving traffic or queue stability issues. It also uses an infinite
horizon time-average to inform scheduling decisions, which,
unlike the dual method, makes it difficult to apply to systems
with parameters that might change. Joint queue stability and
performance optimization is treated for multi-hop networks
with this primal-dual approach in [7]. This work proves that
the utility of a related fluid network is optimal, and conjectures
that the utility of the actual network will also be close to
optimal. Specifically, the infinite horizon time average of [5][6]
is replaced by an exponentially weighted average in [7], and
it is conjectured that utility approaches optimality when the
exponential decay parameter is scaled (see Section 4.9 in [7]).

In the next section we describe the system model and
the first approach to the non-convex stochastic optimization.
Section III analyzes the performance of the algorithm using
the drift-plus-penalty technique with a penalty that involves a
partial derivative (incorporating the “primal-dual” approach).
We also compare against the performance of a pure dual-based
algorithm in the special case of convex problems. Section IV
develops our second approach to the non-convex problem, for
the case of optimizing non-concave utility functions that are
entrywise non-decreasing.

II. SOLVING THE PROBLEM
A. Model Assumptions
The queueing dynamics for k € {1,..., K} are given by:

Qk(t + 1) = maX[Qk(t) — bk(t), 0] + ak(t) (6)

where b(t) = (b1(t),...,bk(t)), a(t) = (a1(t),...,ax(t))
are non-negative service and arrival vectors, determined as
arbitrary functions of «(t) and w(¢):

ai(t) = ax(a(t),w(t)) , bi(t) = b(a(t),w(t))

The structure of a(t) being outside the max|-, 0] operator in
(6) also allows treatment of multi-hop networks, where ay,(t)
can be a sum of exogenous and endogenous arrivals [3][15].

We assume the random event process w(t) is i.i.d. over slots,
with some (possibly unknown) distribution. Second moments
of the arrival, service, and attribute components are assumed
to be finite under all possible control actions. Specifically, for
all (possibly randomized) choices of a € A, ), made based
on knowledge of w(t), there is a finite constant 02 > 0 such
that:

E {a(at),w(t)?} <o? , E {Bk(a(t),w(t))z} < o
E{&n(a(t),w®)?} <o?, E{gla(t),w()?} < o?

These second moment bounds also imply the first moments
of network attributes lie within a bounded region, even if the
actual realizations of these attributes are unbounded.

The set X in (3) is assumed to be a compact and convex
subset of RM. We assume the functions g;(x) are convex
(not necessarily differentiable) for all [ € {1,...,L}, and
that they are Lipschitz continuous, in the sense that for any

= (x1,...,2m), Y= (71,-..,Ym) We have:

M
‘gl(m) - gl(7)| < Z Vl,m|xm - '7m| (7

m=1



where v, are finite non-negative constants. The function
f(x) is possibly non-convex, but is assumed to be bounded,
continuously differentiable, and to have bounded partial
derivatives, so that:

M
Y| < Zﬂm|xm*7m| ®)

m=1

/() —

for some finite constants (3,, > 0. Let fiin, finae be finite
constants such that for all ¢ we have fr,in < f(x(t)) < frnaz-

B. Queue Stability

We first define two types of queue stability. Let Q(¢) be
a discrete time process defined over slots ¢ € {0,1,2,...},
assumed to take (possibly negative) real values. Negative
queue processes will be useful to meet certain constraints.
Definition 1: Q(t) is mean rate stable if:

Eﬂ% Wy
Definition 2: Q(t ) is strongly stable if:
=
hmsup ZEHQ )|} < o0

Under mild techmcal assumptlons it can be shown that strong
stability implies mean rate stability, and that strong stability is
equivalent to the existence of a stationary distribution in cases
when Q(t) is defined over a countably infinite state Markov
chain.

C. Auxiliary Variables

To enable the abstract set constraint (3) to be met and to
allow optimization over the convex but possibly non-linear
functions g;(x), we introduce a vector of auxiliary variables
~(t) = (71(¢),...,va(t)). This is an additional collection of
decision variables that must be chosen every slot, subject only
to the constraint:

~(t) e X Vt
We transform the problem (1)-(4) into:
Minimize: 7o+ f(®) &)
Subject to: T H+ay)<ovie{l,... L} (10)

Y = Tm Vme{l,...,M} (11)

All queues Qi (t) are mean rate stable (12)
alt) € Ayp Yt , v(H) eX vt (13)

where notation g;() is defined:

ZE{gl

The motivation for this new problem is the observation that,
assuming we (temporarily) restrict to algorithms that have well
defined limits, the new problem is equivalent to (1)-(5). Indeed,
suppose that «*(t) is a policy that meets all constraints of the
problem (1)-(5), and that yields a cost metric in (1) of T +
f(@*), where 7; and T* represent time averages associated
with this policy. Then this policy also satisfies the constraints

A lim -

of problem (9)-(13), and yields the same cost value in (9), if
we define constant auxiliary variable decisions v*(t) = Z*
for all ¢ (these satisfy the required constraints (13) because of
(3)). It follows that the infimum cost metric of the problem
(1)-(5) over all policies that meet the constraints is greater
than or equal to the infimum associated with problem (9)-(13).
Conversely, by Jensen’s inequality, it can be shown that any
algorithm that solves the constraints in the problem (9)-(13)
must also satisfy the constraints of the problem (1)-(5), and
produces a cost (1) that is the same.

For simplicity of exposition, we have chosen to write the
stochastic network optimization problems (1)-(5) and (9)-(13)
with notation that implicitly assumes limits are well defined.
However, a solution need not have well defined limits, and
we can more precisely define the problem using a limsup,
as done in future sections (for example, the constraint (2) is
written more generally as (16)).

D. Virtual Queues

To ensure the inequality constraints (10) and equality con-
straints (11) are met, we introduce virtual queues Z;(t) and

H,(t) for I € {1,...,L}, m € {1,..., M}, with update
equation:

Zi(t+1) = max[Z(t) +yi(t) + g(y(t),0] (14)

Hy(t+1) = Hpy(t) +vm(t) —zm(t) (15)

The Z;(t) queues are always non-negative. The H,,(t)
queues have a different structure because they enforce an
equality constraint, and can possibly be negative.

Lemma 1: If E{Z;(0)} < oo and E{|H,,(0)|} < oo for

all I € {1,...,L} and m € {1,..., M}, and if Z;(¢t) and
H,,,(t) are mean rate stable, then:
limsup [7,(t) + ((6)] <O VL€ {1,....L}  (16)
t—o0
lim [3,,,(6) = F(t)] = 0 ¥m € {1,...., M} (I7)
lim dist (F(1),X) =0 (18)
where for each ¢ > 0, T(t) and F(¢) are defined:
= =
22 E{x(n)} 702, Y E{y(D} (9

=0 7=0

where 7, (t) is defined similarly, and where dist (Z(t), X) is
the distance between the vector Z(¢) and the set X, being zero
if and only if Z(t) is in the (closed) set X.

The proximity of the time averages to their required values
for all time ¢ > 0 is provided as a function of the virtual queue
sizes in (20) and (21) of the proof.

Proof: (Lemma 1) Fix t > 0. Note by summing (15) over
7€{0,...,t — 1} we have:

t—1 t—1

0) = Z'Vm(T) - Zwm(T)
7=0 7=0

Dividing both sides by ¢ and taking expectations yields:

E{#n(t)} E{H.(0)} _
; - ; =T (t)

Hm(t) -

— T (t) (20)



The above holds for all ¢ > 0. Assuming that H,,(¢) is mean
rate stable, we can take a limit of (20) as ¢ — oo to yield
(17).! Now note that v(t) € X for all ¢, and hence (because
X is convex), ¥(t) € X for all ¢ > 0. This together with (17)
implies (18).

Finally, from (14) we have for all slots 7:

Zi(r+1) > Zi(7) + (1) + g1 (v (7))

Fixing ¢ > 0 and summing over 7 € {0,...,t — 1} yields:
t—1 t—1
Zi(t) = Z1(0) = Y wi(r) + > au(v(7))
7=0 7=0

Taking expectations, dividing by ¢ and using Jensen’s inequal-
ity yields:

AAO BAOL > 5+ e

> 5i(t) + 9(®(1))
M
=3 T ) ~ T 21)
m=1
where the last inequality is due to (7). Assuming Z;(¢) is mean

rate stable, we can take the lim sup of both sides of (21) and
use (17) to yield (16). O

E. Lyapunov Optimization

Define ©(t)2[Q(t); Z(t); H(t); Tay(t)] as the collective
queue vector together with the current running time-average
of attribute vector x(7):

1
mav(lt)éE ;‘) x(7) (22)

Define the following non-negative function, called a Lyapunov
function:

1 & 1& 1 &
25 ; Qu(t)?*+5 l; Zi(0*+5 m; Hy(8)? (23)

Define the conditional Lyapunov drift A(©O(t)) by
A(O(t)2E{L(O(t + 1)) — L(O(t))|O(t )} 24)

Lemma 2: Under any algorithm for choosing a(t) € Ay
and «(t) € X for all ¢, we have for all ¢ and all possible ©(¢):

A(O(1)) < RHS(a(t), (1), ©(1)) (25)
where

RHS(a(t),~(t), ©(t)=

K
B+ QuE {an(a(t),w(t) — bi(a).w()|O0)}

+ D ZOE{Gi(a(t),

(=
ol
i
I

w(t)) + 91(v(1)|© ()}

Il
—

+

NE

Hpn (D {7m (1) = Zm(a(t),w(t))|©)}

1

3
Il

'Note that if E {|Hpm (t)|} /t — 0 then E{H,,(t)} /t — 0.

2Strictly speaking, correct notation should be A(@(t),t), as the drift may
be non-stationary, although we use the simpler notation A(©(t)) as a formal
representation of the right hand side of (24).

where B is a finite constant that satisfies the following for all
t and all possible ©(t):

ZE{bk
—I—Z]E{yl
+ZE{ Yo (t

Such a finite constant B exists by the system boundedness
assumptions.

Proof: The proof follows by squaring the equations (6),
(14), (15) and is omitted for brevity (see [3]). O

Our algorithm seeks to take control actions a(t) € A, @),
~(t) € X every slot t in reaction to the observed w(t) and
to the current queue states and x,,(t) values in O(t), to
minimize:

B > + ag(t

’le(t)}

+a(v(1)))*|©(1)}

) —zn()’O)})  (26)

RHS(aft ) v(8), ©(t)) + VE {go((?),

+ Z VoI Og 5, (a0,

8'7“!”

w(t))|O(t)}

w(®)O)} (27

where x,,(t) is defined in (22), and where we define x,,(0)
as an initial sample &(«(—1),w(—1)) under any decision
a(—1) € A,1) taken at some preliminary slot. The pa-
rameter V' is chosen as a non-negative constant that will
affect proximity to the optimal solution, with a corresponding
tradeoff in average queue congestion, as in [3].

In the special case when there is no non-convex function, so
that f(x) = 0, we do not require the time averages @, (t). In
this case the above algorithm reduces to one that is similar to
our work in [3], with the exception that we are considering an
abstract set constraint X and the convex functions g;(z) are
not necessarily monotonic. In the case when f(x) # 0, our
algorithm includes a derivative multiplied by a running time
average, as in the primal-dual algorithms that do not consider
queue stability in [5][6]. This primal-dual component is also
similar to fluid limit works in [7][16], which do consider
queue stability, with the exception that our algorithm includes
auxiliary variables and does not use an exponential weighted
average.> An advantage of our approach is that it is compatible
with non-convex objectives, ensures all convex constraints are
satisfied as t — oo, and provides explicit bounds on constraint
violation for all ¢ > 0.

The algorithm is specified as follows: Every slot ¢, observe
w(t), ©(t) (where ©(t) includes all current queue states and
the current @, (t)), and perform the following:

o (Auxiliary Variables) Choose ~(t) € X’ to minimize:

L M
S 20 (1) + 3 Hn () m (1)
=1 m=1

3Using an exponential weighted average would be advantagous for robust-
ness to system changes, but it is not clear if the algorithm would converge
properly in this case.



o (Choosing a(t)) Choose a(t) € A, () to minimize:
K
> Qut)fax(a(t),w(t)) — bi(alt), w(t)]
k=1
Z Hin(8)m(a(0),

ZZZ i
Vioalt)w(1)) + Z Vafaj;“ Em(a(t). (1)

w(t))

e (Queue Updates) Update the virtual queues Z;(¢t) and
H,,(t) according to (14), (15), and update the actual
queues Q(t) via (6). Also update x,,(t) by (22).

III. PERFORMANCE ANALYSIS
A. Optimality via w-Only Policies

We say that the problem (1)-(5) is feasible if there is an
algorithm for choosing «(t) € A, ) over time so that all
constraints (2)-(5) are satisfied. We assume throughout that
the problem is feasible. Define yg** + f°P* as the infimum
value of (1) over all feasible policies.

It turns out that this infimum can be characterized by w-only
policies. Specifically, we say that a policy a*(t) is w-only if for
all ¢ it chooses a*(t) € A, () as a stationary and randomized
function of the observed w(t), i.i.d. over all slots for which the
same w(t) value is observed. By the law of large numbers, all
time averages resulting from an w-only policy are well defined
and are equal to their expectations over one slot. In particular,
we have for all ¢:

g =E{gi(a”(t),w(@)} , ®=E{z(a"(1),w(t))}

For a given € > 0, define the set ), as the set of all vectors
(y,x) = (Up,Y1,--->Yr>T1,---,Zpr) that can be achieved
as time averages by some w-only policy a*(t) € A, that
satisfies:

Y ta@ <evie{l,... L}
dlst(a:,X)_

E{ana” (£),w(t) — bu(a* (), w(®) } < ¢

The set ). is bounded by the boundedness assumptions, and
can be shown to be convex and to satisfy V., C )., whenever
€1 < €5. Define Cl().) as the closure of V., and define ) as
the limit of CI1().) as e — 0:

yA mool Cl(yl/z)

It can be shown that Y is non-empty whenever the problem
(1)-(5) is feasible, and is bounded, closed, and convex.
Theorem 1: (Optimality over the set ))) The set ) repre-
sents the set of all vectors (y, «) that can be achieved as a limit
point of a trajectory (g(t), T(t)) generated by a feasible policy
implemented over ¢ € {0, 1,2,...}. Further, the infimum value

ySPt + foP* is the solution to the following problem:
Minimize: yo + f(x)
Subject to: (Yo, Y1s- - YL, T1y---,Trr) €Y

Proof: Omitted for brevity (see, for example, [9][10]). [

Theorem 2: For any vector (y*,x*) € Y and for any € > 0,
there is an w-only policy a*(t) such that:

[E{gi(a*(t),w(®)} —y/| <eVle{0,1,...,L} (28)
[E{Zm (o), w(t)} — k| <eVme{1,...,M} (29)
E{gi(a"(t),w(t)} + a(E{&(a”(t),w(t)}) <e (30)
dist (E{@(a*(t),w(t)},X) <e (31)

E {ax(a*(t),w(t)} <E {Bk(a*(t),w(t))} +eVk (32

Proof: The proof follows by observing that any point in )
can be achieved arbitrarily closely by an w-only policy that
satisfies the required constraints to within e. O

B. The Performance Theorem

For a given constant C' > 0, we say that an algorithm is
a C-approximation if every slot ¢, given the existing O(t)
on slot ¢, it chooses «a(t) € A, ), ¥(t) € X to achieve a
value in (27) that is within C' of the infimum over all possible
decisions given ©(t). A 0-approximation achieves the exact
infimum and is given by the algorithm in Section II. Using
C > 0 allows for approximate implementations.

Theorem 3: Suppose V' > 0, w(t) is ii.d. over slots, the
problem (1)-(5) is feasible, and any C-approximate algorithm
is used every slot ¢. For simplicity, assume that all queues are
initially zero, so that @(0) = 0. Then:

(a) All queues are mean rate stable, and hence all required
constraints are satisfied. In particular, the equalities and in-
equalities (16)-(18) are ensured. Bounds on expected queue
sizes (and hence, constraint violations) for all ¢ > 0 are
provided in inequality (35) of the proof.

(b) For all ¢ > 0 and for any (y*,z*) € Y (including the
one that optimizes the infimum cost), we have:

th

Z;mZE{“"’“ 5f(wav( >>} .

where B is defined by (26).

(c) If all time averages converge, so that there are constant
vectors T, g such that &, (t) — @ with probability 1, Z(t) —
Z, and 7,,(t) — T,,, then the achieved limiting point is a
near local optimum, in the sense that for any (y*,x*) € )
(including any local or global optimum):

xma f xk 0f (T B +C
Yot Z Yo + Z &Tm %

The result of part (c) can be Vlewed as a near-local optimum
result because of the “fudge-factor” (B+C')/V, which can be
made arbitrarily small as the V' parameter is increased. Indeed,
the above result shows that the achieved cost, as measured by
a linearized version of the f(x) function about our achieved &
vector, is no more than (B + C)/V above the cost associated
with any other (y*, *) € ), when measured against the same
linearized function. In particular, suppose we consider moving
from our achieved (g, Z) vector towards any other (y*,x*) €




Y by taking a small step e(y* — Y, x* — ) in this direction
(for some small value ¢ > 0). If € is small, then the cost
differential A, (€) incurred satisfies:

M

~ T+ S

m=1

Acost (6)
€

W - F)f@) _ (BLC)
0Ty, - \%4

where the inequality follows by part (c) of the above theorem.
It follows that such a step cannot decrease cost by more than
approximately e(B+C')/V (where the approximation is due to
the linearization), which can be made arbitrarily small with a
suitably large choice of V. Hence, this is a near local optimum.

The value of V affects the coefficient in the decay of
E{|H,@t)|}/t, E{Zi(t)} /t, E{Q4(t)} /t derived in (35) of
the proof, which also affects the decay in constraint violation
via (20), (21). It can be shown that if a mild Slater-type
condition holds for the constraints (2)-(5) of the problem, then
all queues are strongly stable and have average backlog that
is O(V) (see [3][10][9] for similar results).

Proof: (Theorem 3 part (a)) By simply adding the same
thing to both sides of (25) in Lemma 2, we have:

A(@( ) +VE {yo(t)l@(t)}

+ Z V6'f mav ]E{ m( )‘@(t)} S B

0xm

+ Z Qr()E {ax(t) — bx()|O(2)}

Bl
Mhl\
I

+

ZIOEAy(t) + gi(v(1)1©(1)}

Il
-

M=

+ D HuE{ym(t) — 2 (t)|O(t)}

1

3
Il

M
WE(0je) + Y L2zl

m=1

E{zm(t)[©()}

Because, given the existing ©(t) on slot ¢, our C-
approximation minimizes the right-hand-side of the above
expression to within C' of the infimum over all policies for
choosing a(t) € A, ), v(t) € X, we have:

A(©(1) + VE {yo( e} +

Z]\i:V (Tau(t

+ Z Qr()E{a; (1) — b (1)|©(1)}

E{xm( )|®(t)} <B+C

_|_

ol
Mh\l
I

ZI(OEAy; (t) + a(v"(1)[©(1)}

Il
-

+

NE

Hon () {75 (t) — 27,,(8)|© ()}

1

3
Il

M
+VE {500} + ) %:(t))

m=1

E{z,,(t)|©()}

~*(t) € X are any alternative control
K}, 1e{0,1,...,L}:

bi (1) 2be (" (t), w(1))
yi (=i (1), w(t))

For any (y*,x*) € )Y and any ¢ > 0, Theorem 2 ensures
there is an w-only algorithm «*(¢) that satisfies (28)-(32). For
simplicity, assume that (28)-(32) hold for ¢ = 0.* Now plug
this algorithm into the right hand side of the above drift expres-
sion, and note that, because it is w-only, it makes decisions
independent of backlog (so that the conditional expectation
given O(¢) is the same as the unconditional expectation).
Further, plug decisions v*(t) = E{&(a*(t),w(t))} = «* (this
satisfies y(t) € X as required because of (31) with ¢ = 0 and
noting that & is closed). This simplifies the right-hand-side of
the above drift bound to:

A(O(1) + VE{yo(t)|O(t)} +

where a*(t) € A, ),
actions, and for all k € {1,...,

aj,(t)=ax(a” (1), w(t)) ,

M VOof(xaw(t))
> Vortee g (., )@@} < B+C + Vi

m=1

+Z VJ? 8f wav ))

0T, (33)

Because of the boundedness assumptions on the set &, the first
and second moments of the attribute vectors, and the function
f(x) and its derivatives, the above drift bound simplifies to:

A(B(t) <D (34)
where D is any finite constant that satisfies for all ¢, ©(¢):
D>B+C+Viy —E{yp®)0()}]
M
+ D Vi la}, — E{en(t)|©()]
m=1
Taking an expectation of both sides and using the law of
iterated expectations yields:
E{L(®(+1))} -E{L(O)} <D

The above holds for all ¢. Summing over 7 € {0,...,
and using the fact that L(©(0)) = 0 yields:

E{L(©(1))} < Dt
By definition of L(©(t)) in (23) we have:
E{Qx(t)*} . E{Z(t)*} . E{Hn(1)®

Because E {|X|}* < E{X?} for any random variable X, we
have:

t—1}

} <2Dt

E{Qu()}* E{Zi(1)}* ,E{|Hn(t)|}" < 2Dt
Dividing by ¢? and taking square roots shows that for all ¢ > 0:
E t)} E{Zi(t)} E{|Hn(t 2D
(Qut) E{Z() EQH.0D _ 2D o
t t t t
Taking a limit as ¢ — oo proves mean rate stability of all
queues. 0

4The same result (33) can be derived without this assumption by taking a
limit as € — 0.



Proof: (Theorem 3 parts (b) and (c)) We start with the
drift bound in (33) derived in the proof of part (a), which
holds for all ¢ > 0. Consider this inequality for some slot 7.
Taking expectations of both sides and using the law of iterated
expectations and the definition of A(®(7)) in (24), we have:

E{L(O(r +1))} —E{L(O(7))} + VE {y0o(7

+ZE{W’”( 7)0f @an(r }

m=1

Val 0f (o (T
<B E 36
+C+Vy0+z { e } (36)
Fix any slot ¢ > 0. Summing the above over 7 € {0,...,t—1}
and using telescoping sums yields:
t—1
E{L(®(1))} - E{L(©(0))} +V Z E {yo(7)}
t—1 M
me af(mcw( ))
+> Y E { o
T7=0m=1
<tB+C+Vy)+
1 M
tz: Z {meaf mav( ))}
7=0m=1 axm
Dividing by V't and using the fact that L(©(0)) = 0 and

L(©(t)) = 0 yields:

ZO:Z: {a: af:w >>}S
BACiser Zmi ELCE

This proves part (b). Part (c) is an immediate consequence,
noting boundedness and continuity of derivatives of f(x). [J

C. Variable V for Local Optimality

As in [17], we can use an algorithm that gradually increases
the value of V' while maintaining mean rate stability. This
eliminates the “fudge factor” (B+4C')/V in Theorem 3 part (c).
A disadvantage is that it precludes strong stability of queues
even when a Slater condition is satisfied.

Theorem 4: Suppose that we use V(t) instead of V' in the
drift expression (27), and we use any C-approximation, i.e.,
any decisions that come within C' of minimizing (27) under
this variable V' (¢) setting on all slots ¢. Suppose w(t) is i.i.d.
over slots, the problem (1)-(5) is feasible, and all queues
are initially empty. Further assume that we use the following
increasing V (¢) function:

V(t)EVo(1 4 t)?

where V; > 0 and d satisfies 0 < d < 1. Then:

(a) All queues are mean rate stable as before, and hence the
equalities and inequalities in (16)-(18) are satisfied.

(b) If all time averages converge, so that there are vectors
T, g such that x,,(t) — T with probability 1, (t) — T, and
Ym(t) — T,,, then the achieved point is a local optimum, in

the sense that for any (y*,x*) € Y (including any local or
global optimum):

M oo

That is, the achieved vector (y*, x*) globally optimizes the lin-
earized cost function. In particular, if we start at our achieved
(g,Z) and move in the direction of any other (y*,x*) € Y
by taking a small step ¢(y* — gy, z* — T), then:

. Acost(€) ok Z (l':cn —Tpn)0f ()
51_1>I(I)1+ e = (o = Yo) + mz::l Oz, >0

Thus, such a small step cannot improve cost.

While the theorem holds for any V) > 0 and 0 < d < 1,
these values affect the manner in which the utility and virtual
queue values converge, as shown in the proof.

Proof: (Theorem 4) The proof of part (a) is similar to [17]
and is omitted for brevity. Here we prove part (b). Following
the proof of Theorem 3 almost exactly, we find that (36)
translates to the following for any slot 7 > O:

1))} - E{L O(7))} + V(T)E{yo(7)}
T xm )8f(mav(7-))
' Z (e }

M
<B+C+V(r)y;+ »_E { V(T)xnfmf(wav(ﬂ) }

m=1

E{L(O(T +

Dividing everything by V() yields:

E{LO(r+1)} E{LO()}
V() v e

VS E {srmv)afm,( >>} -

= 0T,

B+C " xmaf(xav(T))
vin Y +;E{axm}

Fix t > 0, and sum the above over 7 € {0,...,
Collecting terms yields:

+ZE{L
}&ff g {2

T7=0m=1

t—1}.

]E{L
t—1

JFZ]E{QO
t—1 M

B+C+t0+zz
=0

T7=0m=1

" ve=s o)
8f (@ao(T ))}

{»v m0f( wav( ))}

Because V(7) is non-decreasing, we have for all 7:

IN

1 _ 1 >0
Vir—-1) V(r) —



Using this, dividing everything by ¢, and using non-negativity
of L(+) yields for all ¢ > 0:

t;)(ﬁ;;;CJr L1 tii {fc 8](;;:;( ))}

TOml

<

m

6f(wav( ))}

However, we have:
1 tz_i (B+C) _
t = V(7)
Thus, taking limits of the above dr1ft bound and using the
assumption that time averages converge yields the result. [J

-1

B+C Zt+1

ot~ —o0

D. Convex Problems and the Pure Dual Approach

A significant limitation of the primal-dual component in
the above algorithms is that the running time average &, (t)
in (22) precludes adaptation when system conditions change.
An additional limitation is that our theorem requires vectors
Zay(t), T(t), Y(t) to converge, but lacks a proof of conver-
gence and a measure of how long such convergence would
take.> For comparison, here we show that these limitations
can be solved by the drift-plus-penalty algorithm without
using partial derivatives, via the pure “dual-based” approach,
when f(x) is convex. These advantages are exploited in an
alternative algorithm for the non-convex problem in Section
IV. The analysis in this subsection is similar to [3][17], with
the exception that we include the abstract set constraint X

Assume here that the function f(x) is continuous and con-
vex (possibly non-differentiable). Define finite bounds f,;,
and fp,q. to satisfy for all ¢ and all (possibly randomized)
decisions a(t) € A, )

fmin < FEAZ(a(t),w())}) < fnax

The following algorithm is motivated by seeking to solve a
modified version of the problem (9)-(13), with the cost metric
(9) changed to minimizing ¥, + f(-y), which can be shown to
still be equivalent to the original problem (1)-(5) by Jensen’s
inequality and the fact that f(-) is convex.

Using the same virtual queues and the same Lyapunov
function L(©(t)) as before (with the exception that ®(t) no
longer includes @, (t) information), we have by adding the
same thing to both sides of the drift inequality of Lemma 2:

A(O(1)) + VE{yo(t) + f((1))©1)} < B
K

+ Qr(tE {ax(t) — bi(t)|O(1)}

k=1

L
+ Z ZIOEA{u(t) + 91 (v(1)|O()}

+ZH

E {'Ym ) - xm(t”@(t)}

fy®)e()}

SUnder an additional Slater condition, the policy is a Markov chain with
all queues strongly stable, and so convergence would follow if we had a
countably infinite state space.

+VE{yo(t) + (37

Our policy is now to observe ©(t) and w(t) for each slot ¢,
and to take actions «(t) € A, ), ¥(t) € X' to minimize the
right hand side of the above drift bound. For a given constant
C > 0, we define a C-approximation for this algorithm to be
one that, every slot ¢ and given ©(t), chooses a(t) € Ay ),
~(t) € X to come within C' of the infimum of the right hand
side of (37). A 0O-approximation would make decisions every
slot ¢ as follows:

 (Auxiliary Variables) Choose v(t) € X to minimize:

M L
D)+ > Hun(®)ym() + Y Zit)gi(v(1))
m=1 =1

o (Choosing «(t)) Choose a(t) € A, ) to minimize:

K
Y Qut)ar(alt), w(t) — bulalt), w(t))]
L = M
+> ZiOgialt),wt) = Y Hu(t)dm(alt),w(t))
=1 m=1
+Vijo(a(t), w(t))

e (Queue Update) Update virtual queues Z;(t), H,,(t) by
(14), (15), and update actual queues Qg () by (6).

Theorem 5: (“Pure Dual” Performance) Suppose problem
(1)-(5) is feasible, w(t) is i.i.d. over slots, and the function
f (@) is convex. For simplicity, assume all initial queue values
are 0. If we use any C-approximation on each slot ¢, then:

(a) All queues are mean rate stable, and hence all re-
quired constraints are satisfied. In particular, the equalities
and inequalities (16)-(18) are ensured. Further, bounds on the
expected queue size for all ¢ > 0 are provided in inequality
(39) of the proof.

(b) For all slots t > 0, the achieved time average expected
cost satisfies:

Tolt) + F(@(0) < g7+ 4 DL

M

+ZﬂmE{‘H n(8)]}

where we recall that Z(t) is defined in (19), and Fy(¢) is
defined similarly. The term E {|H,,(t)|} /¢t decays to zero at
least as fast as O(1/+/t), as shown in (39) of the proof.

(c) Suppose we use any C-approximation applied to a
variable-V version of (37), with V() = V(1 + t)? for any
constants V; > 0 and 0 < d < 1. Then this maintains mean
rate stability of all queues, ensures all constraints (16)-(18),
and yields exact cost optimality:

Jim (g (t) + f(@(1))] =y +

We note that if an additional Slater condition is satisfied,
then under the fixed V' algorithm all queues can be shown to
be strongly stable with averages O(V') (see related results in
[3][10][9]). In many flow control problems, the queues can
be shown to be deterministically bounded by a constant of
size O(V'), even without the Slater condition [10][4]. In the
variable-V scenario, queues will not be strongly stable even if
the Slater condition is satisfied, and hence the cost of achieving
exact optimality is having infinite average backlog and delay.



Proof:  (Theorem 5) Because every slot 7 the C-
approximation comes within C' of the infimum in the right
hand side of (37), we have:

A(O(1) + VE {yo(t) + fF(v(#)[©1)} < B+ C
K

+> Qr(tE{ai(t) - bp(1)|©(t)}
k=1

L
+ Z ZIOEAy; (1) + g(v* (1) [©(1)}

+ ZH OE {7 (1) — 25,(8)|©()}

+VE {ys(t) + f(v*(1)|©(t)}

where aj(t), bi(t), y;(t), v*(t) are associated with any
alternative decisions o*(t) € Ayu, ¥*(t) € &. Fix
(y°Pt, z°P') € ) as the optimal solution in Theorem I,
yielding cost f(x°Pt) = f°Pt. Plug the policy of (28)-(32), and
for simplicity again assume ¢ = 0. Also plug v*(t) = P,

Because these decisions are independent of ©(¢), we have:
A(O(t) + VE {yo(t) + f(v(1)[©@1)} < B+ C
+Vygt + Vot

Thus, A(©(t)) < D, where D is defined:
D B—|—C+V( opt myn)+V(fopf fmzn)

where we define y7*" as a lower bound on E {y(¢)|©(t)}
over all possible «(t). This has the same structure as (34),
and hence we obtain for all £ > 0 (compare with (35)):

E{Qu(t)} E{Z(0)} EQH.0) _ [2D o
t t 4 t
Taking a limit of (39) as ¢ — oo shows that all queues are
mean rate stable, proving part (a).
To prove (b), take expectations of both sides of (38) and
use iterated expectations to obtain:

E{L(©(+1))} —E{L(O())} + VE{yo(t) + f(7(1))} <
B+C+V( opt fopt)

— 1}, and divide

(38)

Fix ¢ > 0, sum the above over 7 € {0,...,¢

by t to yield:

E{L(®(t))} —E{L(©
t

0)}

+ V() +VIF®) <
B+C+V(y! + o)

where we have used Jensen’s inequality in the convex function
f(=). Noting that L(©(0)) = 0, L(®(t)) > 0, and dividing
by V, we have:

Bolt) + S0) < TEC g gt
However, note from (8) that:
M
f@() < )+ D Bl (t) = 3, (8)]
m];l
< FEE)+ D BnE{Hn®)}/t @D
m=1

where (41) follows from (20). Using (41) and (40) proves the
result of part (b). Part (c) is similar to Theorem 4. O

Remark 1: While Theorems 3-5 assume w(t) is i.i.d. over
slots, this assumption is not crucial, and the same policies can
be shown to yield similar results by using a T-slot Lyapunov
drift argument, under the assumption that w(t) is ergodic with
a “decaying memory property,” so that averages over 1" slots
are close to the steady state average [18][19][20][3].

Remark 2: We can remove auxiliary variables ~(¢) and set
H,,(t) = 0 for all ¢ if: (i) We use the primal-dual method,
there is no abstract set constraint (3), and g;(x) = 0 for all [,
or (ii) We use the pure dual method, there is no abstract set
constraint (3), and g;(x) = f(x) = 0 for all [.

IV. AN ALTERNATIVE SEARCH METHOD

Here we provide an alternative algorithm for the non-convex
problem in the special case of utility maximization with entry-
wise non-decreasing utility functions. It involves three phases:
Two phases are convex stochastic network optimizations for
which we have stronger performance guarantees as in Section
III-D. All non-convexity is isolated to the remaining phase
that involves a deterministic non-convex problem for which
any available solver can be employed.

To begin, let f(x) = —¢(x), where ¢(x) is a utility
function to be maximized. Suppose that ¢(x) is possibly
non-concave, but is entrywise non-decreasing. For simplicity,
assume §;(-) = 0 for all /, so that the set ) consists of vectors
(0,x). Let 01,...,0y be a collection of N different search
direction vectors, being non-negative M -dimensional vectors.
Assume for simplicity that for each 6,,, the set ) contains a
point & such that * = 7@, for some non-negative scalar 7
(this is trivially true if ) contains the origin). Define 7, as
the largest value of 1 for which this is true, so that «,,£1,,6,,
is the largest value of x that we can push in this direction.
Our new goal is to find a feasible policy that yields a utility
¢() that is a local maximum over the set C defined:

CAConv({z1,...,zN})

where C'onv(-) denotes the convex hull. Because ) is convex,
any point in this convex hull is achievable. The value of each
x, depends on the value of 7),, which is unknown if the
stochastics of the network are unknown. However, suppose
we know a bound on 7, so that 0 < n,, < n***_If this is not
a true bound, then we simply redefine ,,2 min[n,, n"**]0,,.

Our algorithm has 3 phases:

e Phase I: Determine the vectors {x1, ..., &y} by solving

N different stochastic network optimization problems,
each with auxiliary variables 7,,(¢):

Maximize: M
Subject to: x=7,0,
TeckX
gl( ) <0Vie {1 }

All queues Qi (t) are mean rate stable
a(t) € Aw(t) , 0< nn(t) < 777717“”8 vt



Each of these is a simple convex stochastic network
optimization problem, and we can run the pure dual
approach to provide accurate estimates 7,, of the optimal
7,, value for each n. Note that this can be done using N
different “virtual networks” in parallel, reusing the same
w(t) events that are observed. The equality constraints
can either be treated as additional attributes h(t) =
x(t) — 1,(t)0,, with an abstract set constraint h € {0},
or can simply be treated using virtual queues of the type
(15).

e Phase 2: Define estimates &,27,0,. Use any non-
stochastic optimizer to find a local minimum of the
following static optimization:

Maxmize:

o(x)
Eg:1pn53n =T
pn>0Vne{l,...,N}

25:1 pn=1

This type of problem can be solved, for example, via
methods in [21], including Newton-type methods that do
not restrict to small step sizes.

e Phase 3: Given the optimal x* from phase 2, run an
algorithm to solve the following stochastic network opti-
mization problem:

Subject to:

Maximize: n
TeckX
x =7nx*
g@) <ovie{l,...,L}
All queues Q(t) are mean rate stable
a(t) € Aupy , 0<na(t) <2Vt

Subject to:

This is again a basic convex stochastic network optimiza-
tion. It seeks to maximize the time average attribute T
in the direction of the x* vector obtained in phase 2
(noticing that the resulting optimum might push even past
the set C). Here we limit our search to doubling x*, with
the intent of obtaining a vector T with utility ¢(T) at
least as good as ¢(x*). The x* vector used in this phase
might be periodically changed as a result of periodically
running the other two phases in the background.

V. CONCLUSIONS

We have provided two approaches to constrained optimiza-
tion of non-convex functions of time average attributes in a
stochastic network. The first approach combines dual-based
and primal-dual operations. It ensures all desired (convex)
constraints are satisfied, and, provided that the algorithm
converges, it also provides either a local optimum or near-
local optimum, depending on whether we use a fixed V or
variable V algorithm. While the method provides guarantees
on the expected queue backlogs at any time ¢, it does not
provide such guarantees for the utility, and it is not clear
how much time is required for convergence to the local min.
It also requires an infinite horizon time average that is not
robust to system changes. This is in contrast to the “pure dual”

approach to convex problems that provide explicit backlog and
utility bounds for all time, and which are known to adapt to
system changes [4][8]. The second approach uses 3 phases,
two of which are stochastic and convex, while the remaining
phase is purely deterministic but non-convex. These algorithms
significantly extend our ability to optimize dynamic networks.
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