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Abstract—We compare the downlink throughput of various
cellular architectures with multi-antenna base stations and mul-
tiple single-antenna users per cell, by considering a number of
inherent physical layer issues such as path-loss and time and
frequency selective fading. In particular, we focus on Multiuser
MIMO (MU-MIMO) downlink techniques that require channel
state information at the transmitter (CSIT). Our analysis takes
explicit account of the cost of CSIT estimation and illuminates the
tradeoffs between CSIT, estimation error, and system resource
dedicated to training. This tradeoff shows that the number of
antennas that can be jointly coordinated (either on the samebase
station or across multiple base stations) is intrinsicallylimited
not just by “external factors,” such as complexity and rate of the
backbone wired network, but by the inherent time and frequency
variability of the fading channels. Our analysis, in agreement with
a number of recent simulation results, shows that conventional
MU-MIMO cellular architectures may outperform schemes based
on coordinated transmission from base stations (referred to as
Network MIMO schemes, NW-MIMO), at the negligible cost of
a few extra antennas per station. In light of these results, it
appears that the inherent bottleneck of NW-MIMO systems is not
the backbone network (which here is assumed ideal with infinite
capacity) but the intrinsic dimensional limitation of estimating
the channels.

I. I NTRODUCTION

Network MIMO (NW-MIMO) has recently generated much
interest as a potentially attractive technique to increaseoverall
wireless efficiency [1]. As already noticed by Wyner [2]–
[4], if all base-stations (BSs) are jointly coordinated through
an ideal backbone network such that their signals can be
jointly processed, then inter-cell interference (ICI) disappears
and all signal power becomes “useful”. Even in the case
where base-station cooperation is limited to small clusters, the
system throughput improvement of NW-MIMO can be very
significant, specially if combined with clever opportunistic
multiuser scheduling schemes and with overlapped architec-
tures where different overlapping clusters of coordinatedbase-
stations operate on different frequency subchannels [5], [6].

Such system performance benefits, however, are often based
on studies that ignore inherent and fundamental overheads
that are necessary to enable the downlink signaling by MU-
MIMO. Even without assuming any limitation in the number
of antennas per base-station and/or in the number of jointly
coordinated base-stations, a fundamental intrinsic limitation is
represented by the ability of providing channel state informa-
tion at the transmitters (CSIT), when the fading channel is
varying in time and frequency.

For example, one such overhead is the training resources
required in these multi-cell environments to obtain sufficiently

accurate CSIT to support efficient downlink signaling by MU-
MIMO. This CSIT overhead is often greater for NW-MIMO
systems than for conventional cellular systems given the need
for a user to estimate channels with respect to multiple base-
stations. In some recent works, the tradeoff between CSIT
accuracy and system throughput has been studied by simula-
tion, under some rather crude assumptions on the overhead
necessary to reliably estimating the fading channels [7], [8].
Instead of comparing systems for a fixed number of antennas
at the base-station, as done in most existing works, [7], [8]
compared different system architectures assuming only the
following fundamental limitations: 1) the transmit power per
base-station and 2) a fixed dimensional cost of estimating
the fading channels, which grows with the number of jointly
coordinated antennas. Subject to these constraints, the number
of antennas per BS becomes a parameter to be optimized, as
well as the number of BSs per coordination cluster.

Such studies demonstrate a number of interesting system
tradeoffs. For example, CSIT accuracy requirements can dif-
fer between NW-MIMO and conventional cellular systems1.
Nonetheless, in general NW-MIMO does require more pilot
training overhead. The result is that for a given CSIT overhead,
a cellular system, possibly with frequency reuse factors greater
than one, may provide larger throughput than a corresponding
NW-MIMO system in certain conditions of path-loss and
fading time-frequency selectivity.

The works in [5]–[8] are largely based on simulations since
an exact theoretical analysis of such systems, involving non-
perfect CSIT, ICI and multiuser scheduling, appears to be very
difficult if not impossible. One fundamental aspect of cellular
systems considered in these studies that complicates analysis
is the distance-dependent path-loss. This creates an inherent
asymmetry of the system with respect to users near their base-
station and users located at the edge of the cells. Downlink
scheduling schemes strive to maximize the system capacity
subject to some fairness criteria [9], [10]. Disregarding fairness
and focusing only on system capacity would lead to misleading
conclusions, since the system would allocate resource only
to the users in favorable locations and neglect the bottleneck
effect of “cell-edge” users. Therefore, fairness and scheduling
must be considered as a relevant part of the problem.

In this paper we focus on certain relevant models for

1NW-MIMO does at times requiring less accurate CSIT than conventional
cellular with respect to some stations. For example, a user at the edge of a
cluster experiencing high ICI may only require accurate CSIfor a few closest
signaling stations.



conventional cellular and NW-MIMO architectures. We as-
sume explicit downlink training and channel estimation. Our
analysis applies to mainly to FDD, since TDD can exploit
channel reciprocity and train a large number of base stations
antennas with the same uplink pilot signals [11]. Furthermore,
TDD is affected by a more significant pilot contamination
problem [12] that is not so severe in FDD. For the considered
models, we provide bounds on the long-term average system
throughput subject to fairness criteria, under some simplified
scheduling assumptions that make the analysis feasible. In
particular, the fraction of time (activity factor) with which
each user is served by the downlink scheduler is the result of
a convex optimization problem, for a given concave network
utility function that reflects the fairness criterion. In this work
we focus on Proportional Fair Scheduling (PFS). While not
fully representing all the techniques examined in [5]–[8],our
theoretical analysis leads to similar trends and conclusions as
the simulation results of the above referenced works.

II. SYSTEM MODELS

We review here the system setup of [5], [7], [8]. Here we
focus on a 1-dimensional cellular layout. Simulation results
for 2-dimensional layouts can be found in [6].

We assume that the system total bandwidth spansF fad-
ing coherence bandwidths ofW Hz each. On each fading
coherence bandwidth, the channels are assumed frequency-
flat. The coherence bands are indexed byf = 0, . . . , F − 1.
We assume the usual block-fading model, according to which
the channel is constant in time over intervals of durationT
seconds (channel coherence time). Furthermore, we assume
that the productWT is sufficiently large such that by sending
a codeword in a time-frequency block at a rate below the
mutual information of the resulting Gaussian channel (corre-
sponding to the time-frequency constant fading coefficient), an
arbitrarily small probability of error is achieved. In thiswork
we compare three system architectures reviewed in Section
II-B and referred to as: 1) Conventional cellular; 2) Expanded
Cellular; and 3) Overlapped Cluster.

A. Cellular layout, SNR and pathloss

We indicate all base-stations in the system by a unique
index b ∈ {0, . . . , B − 1} and all users in the system by a
unique indexk ∈ {0, . . . , K−1}. The cellular layout spans the
interval [0, B] in the real line, where base-stationb is located
at the spatial coordinateb + 1

2 and userk is located at a point
vk belonging to a regular uniform grid of points such that the
number of users per cell isK/B for all cells and users are
symmetrically located in each cell.2 The channel-path gain for
a transmitter-receiver pair located atu, v ∈ [0, B] is given by

g(u, v) =
G0

1 + (dB(u, v)/δ)α
(1)

where we define the modulo-B distance dB(u, v) =
min

z∈Z
|u−v+Bz|. This has the advantage of eliminating the

2The grid is such that no user is at a cell boundary. Thus each user is
uniquely associated with a cell.

...

Frequency

2

1

0

Space
...

Fig. 1. An example of cellular system withF = 3.

boundary effects. The parametersG0, α and δ in (1) denote
the SNR at the cell center, the path-loss exponent and the
3dB-loss distance. The function (1) can approximate pathloss
models used in LTE where gains are∝ 1/dα but are clipped to
a maximum value ford below some minimum distance [13,
Table 5.1]. All systems operate under strict per base-station
power constraints, wherepb[f ] ≥ 0 is the maximum power
that stationb can use on subchannelF . The powers are relative
to the SNR given by (1), assuming a normalized noise power
spectral density equal to 1, where1F

∑F−1
f=0 pb[f ] = 1.

B. System architectures

a) Conventional cellular system.: In this case, base-
stations are equipped withM antennas. Base-stationb serves
only users within its cell, i.e., users in the interval[b, b + 1].
We restrict to the case where base-stations allocate their power
equally over all frequency bands, i.e.,pb[f ] = 1 ∀b, f . Fig. 1
shows an example forM = 3 andF = 3.

b) Expanded cellular system.: An expanded cellular sys-
tem is a system where only one in everyR-th, R > 1, station
is active on a subchannel. We assume thatR dividesF , such
that each station is assignedF/R subchannels in a round-
robin fashion. Thuspb[f ] = R for all f on which stationb is
active, and zero otherwise. Differently from the conventional
frequency reuseR, stations are able to serve users in adjacent
cells. Specifically, base-stationb is allowed to server users in
theexpanded interval [b− (R−1)/2, b+(R+1)/2] (wrapped
modulo [0, B]) on its active frequency subchannels. Thus,
even thoughtR > 1, all users in a given cell can be served
on all frequency subchannels and therefore the system has
frequency reuse 1. Fig. 2 shows an example forF = R = 3
with the overlapped coverage areas. Note, given the abilityof
users to use all subchannels, this system with appropriate user
scheduling outperforms a conventional cellular system using
a frequency reuse factor ofR > 1.

c) Overlapped clustering.: In this case, clusters ofC
adjacent base stations are connected to a central cluster
controller, such that they act as a distributed joint transmitter
with CM antennas. Clusters serve the users within the cells
of constituent stations (with the modulo[0, B] wrapping). Dif-
ferent clustering patterns are active on different subchannels.
We assume thatC divides F such thatF/C subchannels
are allocated to any given clustering pattern. Furthermore,
clustering patterns are shifted versions of each other and
overlap in space as proposed in [5]. In this way no user is
permanently in a disadvantaged location (near a cluster edge)
on all subchannels. Fig. 3 shows an example forC = F = 3.



Coverage of station b=1 on f=1

b=1... ...

Frequency

2

1

0

Space
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Fig. 3. An example of intertwined clustering system withC = F = 3.

C. Received signal model

Channel vectors are assumed i.i.d. from block to block in
time and for different coherence bands (time-frequency i.i.d.
block-fading model). We shall omit the time index and focus
on a given subchannel within a coherence interval. The vector
of channel coefficients between base stationb and the single-
antenna userk, located atvk ∈ [0, B], on subchannelf =
0, . . . , F−1, is indicated byhk,b[f ] ∈ C

M×1, wherehk,b[f ] ∼
CN (0, gk,bI) with gk,b = g(vk, b). We denote byC(k,f) the set
of base stations that may serve userk on subchannelf . This
depends on the system architecture as described before. With
this notation, a block of received signal samples on subchannel
f of userk receiver is given by

yk[f ] =
∑

b∈C(k,f)
Xb[f ]hk,b[f ]

︸ ︷︷ ︸
desired

+
∑

b/∈C(k,f)
Xb[f ]hk,b[f ]

︸ ︷︷ ︸
interference

+zk[f ]

(2)
whereyk[f ] ∈ C

L×1, zk[f ] is an L-dimensional i.i.d. Gaus-
sian noise vector with components∼ CN (0, 1), and where
Xb[f ] ∈ C

L×M denotes the matrix of symbols sent by base-
stationb. Consistently with the system assumptions of before,
the number of complex dimensions (channel uses) per block
is given byL = ⌊WT ⌋. Base-stationb, at every channel use,
sends one row of the matrixXb[f ] on subchannelf , in parallel
from its M antennas.

III. D OWNLINK TRAINING AND CHANNEL ESTIMATION

We assume explicit training and estimation of the downlink
channel vectors. The scheme is described for the general case
C ≥ 1, understanding thatC = 1 corresponds to the cellular
systems. In order to estimate aCM -dimensional downlink
channel vector,CM orthogonal training sequences per fading
time-frequency block (spanningL = WT dimensions) are
needed. In the case of FDD,CM orthogonal training se-
quences per fading block are broadcasted by the base-stations
in the cluster. Users estimate their own channel and feed back
some noisy or quantized version of their estimate. Several

alternatives have been proposed in order to implement this
CSIT feedback (see for example [14]–[16]) and these may
require different uplink overhead. Since it is not clear how
to take into account the uplink CSIT feedback overhead as a
“cost” for the downlink spectral efficiency, we shall assumea
genie-aided CSIT feedback where the channel estimates at the
user terminals are simultaneously known by all base-stations
in the cluster at no cost. Therefore, in our optimistic analysis
of CSIT training/feedback overhead, we take into account
only the overhead and the estimation error resulting from the
training phase. Clearly, in both cases of TDD and FDD, this
provides a best-case for any system based on explicit training,
channel estimation and CSIT feedback.

A. Pilot reuse scheme

Each block ofL channel uses is divided into a training and
a data transmission phase. The training phase spansβQM
channel uses, using a scaled training sequenceθi =

√
a×φi,

where φi ∈ C
βQM×1, φHφ = 1, a is a power normal-

ization factor,β ≥ 1, and Q is an integer that defines the
pilot reuse factor. The system hasQM orthonormal training
sequences{φ0, . . . , φQM−1}, forming a unitary matrixΦ ∈
C

βQM×QM . The matrix is partitioned intoQ non-overlapping
blocks of sizeβQM × M , denoted byΦ0, . . . ,ΦQ−1. On
each frequency subchannelf the blocks are assigned to base-
stations in a round-robin fashion, such that the same training
matrix is reused everyQ stations. Also, we assume that
training phases are aligned in time and frequency such that
pilots interfere only with pilots from other stations. In the
training phase, theb-th base station on channelf transmits
the matrixΘb[f ] =

√
aΦb mod Q.

The per-base station power constraintpb[f ] applies also to
the training phase and yields

tr
(
ΘH

b [f ]Θb[f ]
)

= aM = pb[f ]βQM

For the conventional cellular systems and cluster systems,
since all base-stations are active on all frequencies, we have
pb[f ] = 1 ∀f, b, leading toa = βQ. For the expanded cellular
system, since the base-station transmits only on a fractionF/R
of subchannels, thenpb[f ] = R, leading toa = RβQ.

B. MMSE channel estimation

Consider userk and assumec ∈ C(k,f) is a base station
potentially serving userk on subchannelf . We denote by
P̄(c, f) the set of all base stations (includingc) sharing the
same pilot matrix withc andwhich are active on subchannel
f , and byP(c, f) = P̄(c, f) − {c} the same set excludingc.
In the conventional cellular and overlapped cluster systems,
each training matrix is effectively reused everyQ-th station.
In the expanded cellular case, each training matrix is reused
everyRQ-th station since only one everyR-th station is active
on the same subchannel.

After projecting the received signal onto the training matrix
for stationc, the received signal for channel estimation is

rk,c[f ] = ahk,c[f ] +
∑

b∈P(c,f)
ahk,b[f ] + wk,c[f ] (3)



wherewk,c[f ] ∼ CN (0, aI). The estimation MMSE for the
linear Gaussian model (3) is given by

ǫk,c[f ] =
gk,c

1 +
gk,c

a−1+
P

b∈P(c,f)
gk,b

(4)

The above formula applies to all systems considered here, by
particularizingP(c,f) and the value ofa according to the cases.
Note also that the MMSE is the same for all the components
of the channel vectorhk,c[f ], and that the estimation error
vector is Gaussian and white. From well-known results on
MMSE estimation, we can write the channel vectors as

hk,c[f ] = ĥk,c[f ] + ek,c[f ] (5)

whereek,c[f ] ∼ CN (0, ǫk,c[f ]I) is the estimation error vector,
ĥk,c[f ] ∼ CN (0, (gk,c−ǫk,c[f ])I) is the channel estimate, and
whereek,c[f ] and ĥk,c[f ] are statistically independent.

IV. MU-MIMO ZERO-FORCING BEAMFORMING

This section describes the MU-MIMO linear zero-forcing
beamforming (LZFB) downlink scheme with user selection
and scheduling based on the available CSIT at the base-
stations, as in [5]–[8].

A. Linear zero-forcing beamforming

For brevity, letNt = CM denote the number of jointly
coordinated antennas and consider a reference clusterC∗ =
{c0, . . . , cC−1} active in subchannelf . We denote byKC∗

the set of usersk potentially served by the reference cluster
on subchannelf , i.e., such thatC(k,f) = C∗. For k ∈ KC∗ , we
define the composite channel vectors

hk,C∗ [f ] =
[
hT

k,c0
[f ],hT

k,c1
[f ], . . . ,hT

k,cC−1
[f ]
]T

(6)

of length Nt, and let ĥk,C∗ [f ] denote its MMSE estimate,
obtained by stacking the MMSE estimateŝhk,c[f ] of the
individual subvectors in the same order. Furthermore, define
the channel matricesHC∗ [f ] and ĤC∗ [f ] collecting all the
composite channel vectors arranged by columns,∀k ∈ KC∗ .

Define the set of active usersSC∗ [f ] ⊆ KC∗ in clusterC∗ as
those users who are served with positive powers by the cluster
on subchannelf . Note, this selection of users changes with
time, but for simplicity we drop the dependence on time in the
notation. For LZFB, it must be|SC∗ [f ]| ≤ min{Nt, |K|}. We
focus on the caseM ≤ K/B so that the number of active users
per cluster is limited by the number of antennasNt. We define
the matricesHSC∗ [f ][f ] andĤSC∗ [f ][f ] as the submatrices of

HC∗ [f ] andĤC∗ [f ], respectively, restricted to the columns in
the active user setSC∗ [f ] = {k0, k1, . . . , k|SC∗ [f ]|−1}. Define
the Moore-Penrose pseudo-inverse ofĤSC∗ [f ][f ] as

Ĥ+
SC∗ [f ][f ] = ĤSC∗ [f ][f ]

(
Ĥ

H

SC∗ [f ][f ]ĤSC∗ [f ][f ]
)−1

(7)

With these definitions, the transmit signal from the clusteris
given by

XC∗ [f ] = UC∗ [f ]VH

C∗ [f ]

where XC∗ [f ] ∈ C
(L−βQM)×M and where UC∗ [f ] ∈

C
(L−βQM)×|SC∗ [f ]| is a matrix of complex coded modulation

symbols containing the user codewords arranged by columns.
The precoding matrixVC∗ [f ] ∈ C

Nt×|SC∗ [f ]| is formed by
the unit-norm columns obtained by normalizing the columns
of Ĥ+

SC∗ [f ][f ].
Each active userk ∈ SC∗ [f ] is allocated a powerPk[f ] >

0. DefineVci
[f ] ∈ C

M×|SC∗ [f ]| as the submatrix ofVC∗ [f ]
containing theM rows corresponding to base-stationci ∈ C∗.
The transmit power constraint is given by

1
L−βQM tr

(
E
[
UC∗ [f ]VH

ci
[f ]Vci

[f ]UH

C∗ [f ]
])

≤ pci
[f ] (8)

It is assumed that user codes are generated according to an
i.i.d. Gaussian distribution∼ CN (0, Pk[f ]). For kj ∈ SC∗ [f ],
let vkj ,ci

[f ] be thejth column ofVci
[f ]. Then, (8) yields3

∑
k∈SC∗ [f ] Pk[f ]‖vk,ci

[f ]‖2 ≤ pci
[f ] (9)

Letting uk,C∗ [f ] denote a generic element of thek-th
column of UC∗ [f ], and lettingxH

C∗ [f ] denote a generic row
of the transmitted signal matrixXC∗ [f ], the received signal
for k ∈ SC∗ [f ] on a generic channel use of the data phase is
given by

yk[f ]= (vH

k,C∗ [f ]hk,C∗ [f ])uk,C∗ [f ]
︸ ︷︷ ︸

desired

+
∑

C′ 6=C∗

xH

C′ [f ]hk,C′ [f ]

︸ ︷︷ ︸
inter-cell interference

+
∑

j∈SC∗ [f ]:j 6=k

(vH

j,C∗ [f ]hk,C∗ [f ])uj,C∗ [f ]

︸ ︷︷ ︸
intra-cluster interference

+zk[f ] (10)

If the CSIT was perfect, the intra-cluster interference term in
(10) would be zero given ideal zero-forcing. With non-perfect
CSIT, the intra-cluster interference is generally non-zero.

B. Scheduling and rate allocation

The active user subset in each cluster is chosen on every
scheduling slot according to the Proportional Fair Scheduling
(PFS) rule [9]. The scheduler updates the average throughput
T [t] of userk according to the well-known rule

Tk[t] =

(
1 − 1

tc

)
Tk[t − 1] +

1

tcF

F−1∑

f=0

Rk[t, f ]

wheret denotes the scheduling slot index andRk[t, f ] is the
service rate of userk on subchannelf at slott. The problem of
downlink scheduling with imperfect CSIT is addressed in [19]
where the following scheduling rule is studied: the scheduler
at each timet selects the active user subsetSC∗ [f ] and the

3We remark that while the Moore-Penrose pseudo-inverse is the optimal
LZFB precoder subject to the per-cluster (sum) power constraint, it is not
generally optimal for per-base station power constraint [17]. The performance
of the cluster system can be improved by using the optimal LZFB solution
subject to the “per-BS power constraint” problem [18].



corresponding transmit powers{Pk[f ]} in order to maximize
the conditional mean weighted sum rate
∑

k∈SC∗ [f ]

Wk[t] E
[
Rk(VC∗ [f ],HC∗ [f ], {Pk[f ]}, χk[f ])| ĤC∗ [f ]

]

(11)
where Wk[t] = 1/Tk[t] and whereRk(·, ·, ·, ·) is the rate
user k on time-frequency slot[t, f ], and is a function of
the beamforming matrixVC∗ [f ] (which in turns depends on
ĤC∗ [f ] and onSC∗ [f ]), of the channel matrix̂HC∗ [f ], of the
power allocation{Pk[f ]} and of the total instantaneous ICI
power coming from all clustersC′ 6= C∗.4 Notice also that the
scheduler weights are independent off , i.e., the same set of
weights is used across all frequency subchannels. Downlink
scheduling across the frequency subchannels was shown to
provide significant improvements with respect to independent
scheduling on each subchannel, especially for the expanded
cellular and for the overlapped cluster systems [6].

From (10), the rate function for active userk is given by

Rk(VC∗ [f ],HC∗ [f ], {Pk[f ]}, χk[f ]) = (12)

log

(
1 +

|vH

k,C∗ [f ]hk,C∗ [f ]|2Pk[f ]

1+χk[f ]+
P

j∈SC∗ [f]:j 6=k|vH

j,C∗ [f ]hk,C∗ [f ]|2Pj [f ]

)

where
χk[f ] =

∑

C′ 6=C∗

hk,C′ [f ]HΣC′ [f ]hk,C′ [f ] (13)

is the instantaneous ICI power at userk receiver coming from
the set of clusters{C′ : C′ 6= C∗}, and whereΣC′ [f ] =
cov(xH

C′ [f ]) is the transmit covariance matrix of clusterC′.
The conditional expectation in (11) is hard if not impossible

to compute in closed form. Furthermore, the resulting maxi-
mization is a complicated non-convex problem, involving a
combinatorial search over all possible active user setsSC∗ [f ]
and, for each given set, a non-convex maximization due to the
presence of the powersPj [f ] at the denominator inside the log
function. Therefore, we consider the following low-complexity
approximation, which results in a very simple scheduling rule.

Let ek,C∗ [f ] denote the estimation MMSE vector for the
composite vector channelhk,C∗ [f ], with block diagonal co-
variance matrix

cov(ek,C∗ [f ]) = diag
(
ǫk,c0 [f ]I, . . . , ǫk,cC−1 [f ]I

)

(each block isM × M ), we can include the self-interference
due to the non-perfect CSIT into the intra-cell interference and
write (10) as

yk[f ]= (vH

k,C∗ [f ]ĥk,C∗ [f ])uk,C∗ [f ] +
∑

C′ 6=C∗

xH

C′ [f ]hk,C′ [f ]

+
∑

j∈SC∗ [f ](v
H

j,C∗ [f ]ek,C∗ [f ])uj,C∗ [f ] + zk[f ] (14)

Using standard bounding techniques (see for example [20]
and references therein), we can lower bound the mutual

4All these quantities are time-dependent and change from slot to slot.
However, for notation consistency we omit time index.

information (12) by the quantity

log



1 +

∣∣∣vH

k,C∗ [f ]ĥk,C∗ [f ]
∣∣∣
2

Pk[f ]

1 + E

[
ξk[f ]| ĤC∗ [f ]

]
+ E

[
χk[f ]| ĤC∗ [f ]

]



 (15)

where ξk[f ] =
∑

j∈SC∗ [f ]

∣∣vH

j,C∗ [f ]ek,C∗ [f ]
∣∣2 Pj [f ] is the

instantaneous intra-cluster interference power. Let’s consider
the terms in the denominator of (15) separately. For the intra-
cluster interference, using the block-diagonal structureof the
covariance of the MMSE error vector and the fact thatek,C∗ [f ]

is independent of̂HC∗ [f ], we obtain

E

[
ξk[f ]| ĤC∗ [f ]

]
=
∑

c∈C

ǫk,c[f ]




∑

j∈SC∗ [f ]

‖vj,c[f ]‖2Pj [f ]





Notice that the term
∑

j∈SC∗ [f ] ‖vj,c[f ]‖2Pj [f ] is the trans-
mit total power from base stationc ∈ C∗. Under a strict
per-base station constraint, this is not larger thanpc[f ].
Therefore, the intra-cluster interf. terms is upperbounded by∑

c∈C∗ ǫk,c[f ]pc[f ].
For the ICI term, neglecting the conditioning in the expec-

tation, we can use the approximation

E

[
χk[f ]| ĤC∗ [f ]

]
≈
∑

b/∈C∗

gk,bpb[f ] (16)

Using the above simplifications, the proposed (suboptimal)
scheduling rule finds the active user set and the power al-
location that maximizes the approximated weighted rate sum

∑

k∈SC∗ [f ]

Wk[t] log



1 +

∣∣∣vH

k,C∗ [f ]ĥk,C∗ [f ]
∣∣∣
2

Pk[f ]

1 +
∑

c∈C∗

ǫk,c[f ]pc[f ] +
∑

b/∈C∗

gk,bpb[f ]





(17)
subject to the base-station power constraints (9) forci ∈ C∗.
The maximization of (17) has the same form of the user
selection and power allocation optimization with LZFB and
perfect CSIT, after replacing the actual channel matrix by
ĤC∗ [f ] and augmenting the noise variance at each given user
k by the corresponding intra and inter cell interference terms.
Therefore, the optimization of (17) can be easily obtained by
using efficient user selection algorithms as in [21], [22].

Finally, we have to specify the actual user service rates
Rk[t, f ]. We assume that afterSC∗ [f ] and{Pk[f ]} have been
optimized as explained above, given knowledge of estimated
channels, that the usersk ∈ SC∗ [f ] achieve on the current
slot an “optimistic” rate equal to the instantaneous mutual
information (12), even though this rate is actually not known
to the scheduler. In [23], [24] we showed that this “optimistic”
user rates can be approached by combining scheduling with
incremental redundancy hybrid ARQ.

V. SIMULATION RESULTS

It is instructive to first revisit some simulation results from
our previous work [8]. Here simulations useB = 60 stations
with K/B = 36 users per cell, uniformly and symmetrically
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Fig. 4. Geometric Mean of Per-User Rate under the limiting assumption
η → 1, i.e., zero effective overhead by pilots.β = 1 in all cases.

placed in each cell. Expanded cellular and overlapped cluster
systems useC = R = F = 3. The pathloss parameters are
G0 = 106, κ = 3.76 andδ = 0.05. We consider user ratesrk,
whererk is the average value of the “optimistic” rates (12)
over all slots and subchannels achieved by simulation [8].

Fig. 4 shows the tradeoff in the geometric mean (what
PFS maximizes) ofrk vs. CM under various pilot overheads
under a limiting assumption thatη = (1 − βQM/L) → 1,
i.e., effectively zero overhead asL → ∞ for finite βQM .
“Ideal” cases assume perfect (genie aided) CSIT knowledge.
“Cell” and “Exp” denote conventional and expanded cellular,
and “Over” denotes the overlapped cluster architecture. Note,
the x-axisCM represents the minimum value ofβQM since
Q ≥ C andβ ≥ 1 for each system.

The plot demonstrates that cellular systems outperform NW-
MIMO systems as a function of pilot overhead. For example,
an expanded cellular system withM = 12 and Q = 1 and
the NW-MIMO system withM = 4, C = 3, andQ = 3 have
the same pilot overheadβQM = 12. Here Q = 1 provides
effective estimation for the expanded cellular whileQ = 3 is
the minimum required by theC = 3 NW-MIMO system.

It is also important to note that on each subchannel in
NW-MIMO the use ofQ = 3, and evenQ = 4 or 5, only
provides cluster-center users with accurate CSIT with respect
to all C = 3 stations of the corresponding cluster. Many
cluster-edge users are effectively only obtaining CSIT from
the two nearest stations in their cluster on that subchannel[8].
The close performance ofQ = 3 and Q = 4 cases to the
“Ideal” case for NW-MIMO demonstrates the more relaxed
CSIT requirements for some user locations in an overlapped
NW-MIMO architecture.

The effect of training overhead becomes apparent in Fig. 5
which shows the case of1/L = 0.045, i.e., where each pilot
takes 4.5% of the transmission resources. The plot shows
the geometric mean of the net rateηrk vs βQM . Here a
conventional cellular architecture withM = 4 and Q = 1
exceeds the performance of a cluster system withM = 3 and
Q = 3. The plot also demonstrates that reducing errors in
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Fig. 5. Geometric Mean of Net Per-User Rates with1/L = 0.045. β = 1

in all cases.

CSIT estimates by increasingQ to 2 for cellular and to4 for
cluster systems (despite the fact many users are not getting
accurate CSIT from all stations) results in a net overall loss
in rate. Asη → 1 user rates approaches those of Figure 4.

VI. SYSTEM CAPACITY APPROXIMATED ANALYSIS

A major difficulty of any theoretical analysis is represented
by the fact that, in the presence of user-scheduling, subsets
of users are selected and therefore the joint statistics of their
channel vectors, after selection, is neither i.i.d. nor Gaussian.
On the other hand, the results of [25] show that when both
the number of antennas and the number of users grow large,
the probability of selecting a set of channel vectors that are
quasi-orthogonal, i.e., that significantly differ from random
i.i.d., vanishes to zero. These asymptotic results suggestthat
opportunistic user selection has a less and less significant
impact as the system dimensions become large.

Motivated by this consideration, we consider a simplified
model where the scheduler selectsS ≤ C min{K/B, M}
users at random, with uniform probability, to be scheduled
on each sub-channelf . The number of selected users per
cluster, S, is the same for all clusters. As before, we let
SC∗ [f ] denote the subset of selected users for a reference
clusterC∗. Finally, we simplify the power allocation problem
and consider equal power for all selected users, i.e., we have
Pk[f ] = 1

SC

∑
c∈C∗ pc[f ] for all k ∈ Sc[f ]. We denote by

B̄[f ] the set of all base-stationswhich are active on frequency
subchannelf , and byB[c, f ] the same set excludingc.

A. Cellular and Expanded Cellular Systems

We consider an expanded cellular system withR ≥ 1.
The results of the conventional cellular system are obtained
by letting R = 1 and particularizing definitions ofB[f ] and
pc[f ]. In the expanded cellular system, we considerR adjacent
cells, denoted byC∗ = {c0, . . . , cR−1}, such that cellcf is
active on subchannelf for 0 ≤ f ≤ R − 1. As described in
Section II-B, each station covers a symmetric interval of size
R centered around the stations position, and wrapped modulo
to [0, B). Thus a station servesKR/B users on subchannel



f . We focus on the set of users served by stationcf in band
f , denoted byKcf

= {k : C(k, f) = cf}. Stationcf picks
S ≤ min{KR/B, M} users in its extended coverage to be
served simultaneously, at random and with possibly different
probabilities corresponding to user-specific activity factors to
be chosen later. When active, stations transmit at a power
pcf

[f ] = R.
Assuming uniform power allocationR/S to each scheduled

user we can obtain the following conditional mutual informa-
tion lower bound for userk ∈ Kcf

(given the CSIT available
to base stationcf ):

I lb
k,cf

=I lb
k,cf

(
Ĥcf

[f ], {hk,b[f ] : b ∈ B[cf , f ]}
)

= (18)

log



1 +

∣∣∣vH

k,cf
[f ]ĥk,cf

[f ]
∣∣∣
2

R/S

1 + Rǫk,cf
[f ] + E

[
χk[f ] | Ĥcf

[f ]
]





where χk[f ] is given by (13) is the ICI coming from all
cells b ∈ B[cf , f ], and where tr(Σb[f ]) = R. As shown
in Appendix A, by using the correlation structure between
hk,b[f ] andĤcf

[f ] this mutual information bound is a random
variable distributed as

I lb
k,cf

(t) = log
(
1 + τk[f ]‖t1‖2 + ρk[f ]‖t2‖2

)

− log
(
1 + ρk[f ]‖t‖2

)
(19)

where t1 ∼ CN (0, IM−S+1), t2 ∼ CN (0, IS−1), t =
[tT

1 tT

2 ]T ∼ CN (0, IM ), and where the user-dependent pa-
rametersρk[f ] andτk[f ] are given by

ρk[f ]=

1
M

∑
ℓ 6=0 g2

k,cf+RQℓ(
R−1+

∑
ℓ gk,cf+Rℓ

)(
a−1+

∑
ℓ gk,cf+RQℓ

)
−∑ℓ g2

k,cf+RQℓ

(20)
and

τk[f ]=

1
S g2

k,cf
+ 1

M

∑
ℓ 6=0 g2

k,cf+RQℓ(
R−1+

∑
ℓ gk,cf+Rℓ

)(
a−1+

∑
ℓ gk,cf+RQℓ

)
−∑ℓ g2

k,cf+RQℓ

(21)
wherea = βRQ, (with the understanding that all sums are
restricted over indices in the range{0, 1, · · · , B− 1} and that
cf denotes the base-station that is closer to userk among the
base stations active on channelf ).

Notice thatI lb
k,cf

in (18) is a function of the instantaneous
CSIT available at base stationcf as well as of the random
channel vectors from all interfering base stationsb 6= cf to
the userk receiver. The scheduler wishes to optimize some
suitable concave and componentwise non-decreasing network
utility function Γ(R), function of the users’ long-term average
(or ergodic) rates. To this purpose, the scheduler may choose
users with different “activity factors”, that is, some users may
be scheduled more or less frequently than others. Suppose that
userk ∈ Kcf

is scheduled with activity factorqk[f ], where
the vector of utility factorsq[f ] is subject to the constraint∑

k∈Kc
qk[f ] = S, qk ≥ 0 for all k and allf . By ergodicity,

the long-term average rate of userk is lower-bounded by

lim
t→∞

1

t

t∑

τ=1

Rk[τ, f ] ≥ qk[f ]R
lb

k [f ] (22)

whereR
lb

k [f ] = E

[
I lb
k,cf

(t)
]

The set of values{Rlb

k [f ]} can be evaluated for a reference
station, c∗, active on a reference subchannelf∗. Users are
located on a fixed symmetric grid on the coverage and thus for
every active user in any cell there is an equivalent user inc∗ on
f∗ having the same long-term average rate. Specifically, these
are users with the same relative location with respect to their
active serving base-station. Evaluation of this referencestation
can therefore be used to define an arrayR

lb
of F×KR/B rate

lower bound values such that the(f, k) element of this array,
denoted byR

lb

k [f ], is the rate lower bound for userk ∈ Kc0

on subchannelf (with 0 ≤ f ≤ F −1). The average total rate
(over all frequency subchannels) for userk is therefore lower
bounded asRk ≥ η

F

∑F−1
f=0 qk[f ]R

lb

k [f ]. In order to take into
account also the overhead due to CSIT training, the rates must
be weighted by the efficiency factorη = (1 − βQM/L). For
PFS, the utility function isΓ({Rk}) =

∑
k log Rk, resulting in

the following network utility function maximization problem

maximize
∑

k log
(
η 1

F

∑F−1
f=0 qk[f ]R

lb

k [f ]
)

(23)

subject to
∑

k∈Kc0

qk[f ] ≤ S, qk[f ] ≥ 0, ∀f = 0, . . . , F−1

The associated expressions for the conventional cellular case
are readily obtained by specializing all the expressions inthis
section to the caseR = 1.

B. Overlapped Cluster

The analysis in the overlapped cluster case poses additional
challenges. Unlike the expanded cellular case, the composite
channel vectorshk,C [f ] defined in (6) are not isotropic, since
as they are formed byC vectors of lengthM (one per
base station in the cluster) each with path-gain specific (i.e.,
different) power. Hence, assumingC > 1, it is not enough
to assume that the cluster picks a set ofS users at random
throughout the cluster, since this would not happen under the
actual user selection algorithm. For example, it is very unlikely
that the cluster selectsS users all belonging to the same cell;
if that were the case (andS > M ) the resulting channel
matrix would be almost rank-deficient (all the large-variance
coefficients are confined in a submatrix of sizeM × S).

Here we consider a simplified user selection rule that selects
S/C users in each cell in the cluster, but inside each cell,
this selection is random with possibly different probabilities
which determine the user activity factors. Again, we choose
S ≤ C min{K/B, M}. This assumption imposes a given set
of joint statistics of the composite channelsHC∗ [f ] for a given
clusterC∗ active on subchannelf . Strictly speaking, the joint
channel statistics depend on the probability with which users



are chosen. We neglect this dependency here and optimize the
user activity factors separately, as if they had no influenceon
the joint channel statistics. We also assume without loss of
generalityC = F .

Assuming uniform power allocationC/S for each active
user, we have the conditional mutual information lower bound

I lb
k,C∗(ĤC∗ [f ], {hk,C [f ] : C 6= C∗}) =

log



1 +

∣∣∣vH

k,C∗ [f ]ĥk,C∗ [f ]
∣∣∣
2

C/S

1 +
∑

c∈C∗ ǫk,c[f ] + E

[
χk[f ]| ĤC∗ [f ]

]



(24)

whereχk[f ] is the ICI in (13), coming from clustersC′ 6= C∗,
and where tr(ΣC [f ]) = C.

Similarly to the expanded cellular case we have the long-
term average rate bound (22) where

R
lb

k [f ] = E

[
I lb
k,C∗(ĤC∗ [f ], {hk,C [f ] : C 6= C∗})

]

Since the users are on a fixed symmetric grid, the average rates
that any userk gets on any subchannelf = 0, . . . , C − 1 can
be obtained by appropriately mapping users-rates determined
for users on the reference clusterC∗ active on reference
subchannelf = 0 to equivalent users on other clusters and
subchannels. Such equivalent users have the same relative
position with respect to their serving active cluster. Exploiting
this symmetry, we can obtain an arrayR

lb
of C × KC/B

rate lower bound values such that the(f, k) element of this
array, denoted byR

lb

k [f ], is the rate lower bound for user
k ∈ KC∗ on subchannelf . The average total rate (over all
frequency subchannels) for userk is therefore lower bounded
as Rk ≥ η

F

∑F−1
f=0 qk[f ]R

lb

k [f ] and the network utility maxi-
mization to be solved is takes on the same form as in (23).

Finally, we obtain a simplified expression for the average
mutual information lower bound, by exploiting Jensen’s in-
equality. Taking expectation of both sides of (24) we have

R
lb

k [0] = E



log



1 +

∣∣∣vH

k,C∗ [0]ĥk,C∗ [0]
∣∣∣
2

C/S

1+
∑

c∈C∗ ǫk,c[0] + E

[
χk[0]| ĤC∗ [0]

]









≥ E

[
log

(
1 +

∑

c∈C∗

ǫk,c[0] +
∣∣∣vH

k,C∗ [0]ĥk,C∗ [0]
∣∣∣
2 C

S

)]

− log

(
1 +

∑

c∈C∗

ǫk,c[0] +
∑

b/∈C∗

gk,b

)
(25)

Note that the expectation in the bounding expression in (25)
is evaluated by Monte Carlo simulation, due to the fact that
ĥk,C∗ [0], and thereforevH

k,C∗ [0], have non-isotropic statistics.

VII. R ESULTS FROMERGODIC ANALYSIS

We repeat the scenarios described in Section V. Figure 6
shows the geometric mean of the bounds on ergodic per-
user rates for various architectures plotted againstCM as
done for figure 4. ‘The rates for all systems are lower, as
expected since the ergodic analysis does show lowerbound rate
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Fig. 6. Geometric Mean of Ergodic Per-User Rates under the limiting
assumptionη → 1

and ignores benefits from user-scheduling. The comparison
between expanded cellular and overlapped cluster systems is
similar, with the expanded cellular caseQ = 1 exceeding the
cluster architecture requiring a larger pilot reuse ofQ ≥ 3.

The conventional cellular case in Figure 6 does not predict
the advantages shown in the simulations in Figure 4. One
reason for this is that the lower bounding of the ergodic rates
is looser for cluster-edge users with high ICI, thereby giving
them very low rate bounds. For the conventional cellular case
this has a strong effect on the overall geometric mean since
any cell-edge user suffers from this effect on all sub-channels.
For expanded cellular and cluster cases, cell-edge users have
favorable ICI conditions (and rate bounds) on at least one
of the sub-channels. The activity factor optimization{qk[f ]}
guarantees that cell-edge users are scheduled less (on not at
all) in clusters where they are cluster-edge users.5 This makes
the expanded cellular and cluster architectures less sensitive
to cluster-edge effects.

To eliminate this edge-cluster effect, we next compare the
three architectures by dropping from each cell the 2 edge users
from each cell side. Figure 7 shows for each architecture the
(geometric mean) rate performance based on the rates of the
remaining 32 cell users per cell (top 89-percentile of users).
The “architecture” trends in Figure 7 match more closely those
in Figure 4, revealing that, if properly adapted, the theoretical
analysis can also be applied to cases ofη < 1 and predict the
trends of the full-scale system simulations.

VIII. C LOSING REMARKS

We conducted a performance comparison of three types
of coordinated and non-coordinated cellular architectures in
the context of MU-MIMO downlink transmission to multiple
single-antenna users per cell. Our study considers inherent
physical layer issues such as path-loss, time and frequency

5In addition, the multiuser diversity effect provided in thesimulations by
the greedy ZFBF scheduler yields rate improvements (with respect to the
performance of the random scheduler assumed in obtaining the lower-rate
bounds) that are proportionally larger for edge users.
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selective fading, and the need for channel state information
at the transmitter (CSIT). By taking explicit account of the
inherent cost of CSIT estimation, the analysis illuminatesthe
tradeoffs between CSIT estimation error, system resources
dedicated to training, and net system performance.

The paper provides a theoretical analysis of such archi-
tectures. We show that the predictions from theory generally
agree with simulation based studies [5]–[8], provided thatwe
account for the pessimistic performance predictions for cell-
edge user rates by the theory. In the context of MU-MIMO
downlink, our study reveals that conventional cellular archi-
tectures can yield higher system performance than Network
MIMO architectures for a given CSIT training overhead and/or
by the use of a few extra antennas per station. In light of
these results, it appears that the inherent bottleneck of Network
MIMO systems is the intrinsic requirement in number of
dimensions dedicated to estimating user channels.
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APPENDIX

In this section we derive the expressions for the mutual-
information lower bounds used in Section VI. Note that in the
process we also derive the conditional user-ICI expressions for
the expanded cellular system.

First, for any base-stationc that is active on channelf , we
derive the conditional PDF for the channelhk,b[f ] between
user k and the antennas at BS with indexb, given ĥk,c[f ],
the MMSE estimate (obtained via pilot-on-pilot training) of



hk,c[f ] the channel between userk and BS with indexc. Recall
that ĥk,c[f ] is the MMSE estimate ofhk,c[f ] based on (3).
First note that forb /∈ P(c, f), the vectorshk,b[f ] andĥk,c[f ]

are independent, and thushk,b[f ]|ĥk,c[f ] ∼ CN (0, gk,bI).
Consider next the caseb ∈ P(c, f). First, note that the estimate
of hk,b[f ] based onrk,c[f ] in (3) for any b ∈ P̄(c, f) =
P(c, f) ∪ {c} is given by

ĥk,b[f ] =
gk,b

a
∑

d∈P̄(c,f)} gk,d + 1
rk,c[f ] =

gk,b

gk,c
ĥk,c[f ]

Also, hk,b[f ] = ĥk,b[f ] + ek,b[f ] with ĥk,b[f ] and ek,b[f ]
independent, andek,b[f ] ∼ CN (0, ǫk,b[f ]), with ǫk,b[f ] given
by (4). Since ĥk,b[f ] = (gk,b/gk,c)ĥk,c[f ], we also have
hk,b[f ] = (gk,b/gk,c)ĥk,c[f ]+ek,b[f ], with ĥk,c[f ] andek,b[f ]
statistically independent. Hence we have

hk,b[f ]
∣∣∣ĥk,c[f ] ∼

{
CN
(

gk,b

gk,c
ĥk,c[f ], ǫk,b[f ]I

)
if b ∈ P̄(c, f)

CN (0, gk,bI) if b /∈ P̄(c, f)
(26)

We next obtain an expression for the user-ICI in the ex-
panded cellular case. Note that for allc ∈ B(f), pc[f ] = R.
Letting cf denote the station serving userk in bandf , we

obtain an expression forE
[
hk,b[f ]HΣb[f ]hk,b[f ]

∣∣ Ĥcf
[f ]
]

for b 6= c. Since base-stationb is not serving on channelf
any of the users served by cellcf on channelf (including
user k), and since the channels (and their estimates) of the
users served by cellcf (in channelf ) are not exploited in
the scheduler at base-stationb, and these channel vectors and
estimates are independent of the channels and estimates of the
users served by base-stationb, the transmitted signalxb[f ] is
independent ofhk,b[f ] and ofĤcf

[f ]. Using (26), we obtain

E

[
hH

k,b[f ]Σb[f ]hk,b[f ]
∣∣ Ĥcf

[f ]
]
=

g2
k,b

g2
k,cf

R

M
‖ĥk,cf

[f ]‖2+ǫk,b[f ]

(27)
if b ∈ P(cf , f). This user-ICI dependency on the channel
estimate is a manifestation of “pilot contamination,” also
observed by [12] in the context of TDD-based training. Also
the LHS of (27) equalsR gk,b if b /∈ P(c, f) andb 6= cf , and
equals0 for all b /∈ B(f). We next rewritêhcf

[f ] in the form
ĥcf

[f ] =
√

gk,cf
− ǫk,cf

[f ]t wheret ∼ CN (0, I). Then for
all b ∈ P̄(cf , f)

ĥb[f ] =
gk,b

gk,cf

ĥc[f ] =
√

gk,b − ǫk,b[f ]t

Summing both sides of (27) over allb 6= c, and using the
preceding expression we get
∑

b6=cf

E

[
hk,b[f ]HΣb[f ]hk,b[f ]

∣∣ Ĥcf
[f ]
]

=

∑

b∈B(f);b6=cf

R gk,b + R

[‖t‖2

M
− 1

] ∑

b∈P(cf ,f)

(gk,b − ǫk,b[f ]) (28)

To derive the mutual-information lower bound expression
for the expanded cellular case we start by using (28) to express

I lb
k,c[f ] in (18) in the following form:

I lb
k,cf

= log

(
1+

(gk,cf
− ǫk,cf

[f ])
∣∣tHvk,cf

[f ]
∣∣2 /S

R−1+ǫk,cf
[f ]+

∑

b∈B(f)
b6=cf

gk,b+

[‖t‖2

M
−1

] ∑

b∈P(cf )

(gk,b−ǫk,b[f ])

)
(29)

Writing t = [tT

1 tT

2 ]T with t1 being(M−S+1)×1, first note
that we can substitute‖t1‖2 for

∣∣tHvk,cf
[f ]
∣∣2 in the expression

above. To see this, assume without loss of generality that the
nullspace of the otherS − 1 (scheduled) users is confined to
the first M − S + 1 dimensions oft, i.e., in the space of
t1. Then the projection ofvk,cf

in that space is chosen for
beamforming (witht1), thereby|tHvk,cf

|2 = ‖t1‖2. Hence
(29) can be put in the form

I lb
k,cf

[f ] = log

(
1 +

(τk[f ] − ρk[f ]) ‖t1‖2/S

1 + ρk[f ]‖t‖2

)

which, using‖t‖2 = ‖t1‖2 + ‖t2‖2 can be expressed equiva-
lently as in (19), and where

ρk[f ] =

1
M

∑
b∈P(cf ,f) (gk,b − ǫk,b[f ])

R−1 +
∑

b∈B(f) gk,b −
∑

b∈P̄(cf ,f) (gk,b − ǫk,b[f ])
(30)

and

τk[f ] =

1
S

(
gk,cf

− ǫk,cf
[f ]
)

+ 1
M

∑
b∈P(cf ,f) (gk,b − ǫk,b[f ])

R−1 +
∑

b∈B(f) gk,b −
∑

b∈P̄(cf ,f) (gk,b − ǫk,b[f ])
.

(31)
Note that for anyb ∈ P̄(cf , f),

gk,b − ǫk,b[f ] =
g2

k,b

a−1 +
∑

ℓ∈P̄(cf ,f) gk,ℓ
, (32)

which, when substituted in (30) and (31), yields

ρk[f ] =

1
M

∑
b∈P(cf ,f) g2

k,b(
R−1 +

∑

b∈B(f)

gk,b

)(
a−1 +

∑

ℓ∈P̄(cf ,f)

gk,ℓ

)
−

∑

b∈P̄(cf ,f)

g2
k,b

(33)
and

τk[f ] =

1
S g2

k,cf
+ 1

M

∑
b∈P(cf ,f) g2

k,b(
R−1 +

∑

b∈B(f)

gk,b

)(
a−1 +

∑

ℓ∈P̄(cf ,f)

gk,ℓ

)
−

∑

b∈P̄(cf ,f)

g2
k,b

.

(34)
Without loss of generality we set the reuse factorR to equal
F . Assuming that for0 ≤ c ≤ F − 1 base stationc is only
active in channelc = f , we have

P̄(c, f) = {c + QFℓ}ℓ ∩ {0, 1, · · · , B − 1} (35)

if f = c mod F , andP̄(c, f) is empty otherwise. Using (35),
ρk[f ] in (33) andτk[f ] in (34) can be reexpressed in the forms
(20) and (21), respectively. The cellular case expressionsare
given by evaluating the expanded cellular ones atR = 1.


