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Abstract— We consider a distributed multi-agent network sys-
tem where the goal is to minimize the sum of convex functions,
each of which is known (with stochastic errors) to a specific
network agent. We are interested in asynchronous algorithms
for solving the problem over a connected network where the
communications among the agent are random. At each time, a
random set of agents communicate and update their information.
When updating, an agent uses the (sub)gradient of its individual
objective function and its own stepsize value. The algorithm is
completely asynchronous as it neither requires the coordination
of agent actions nor the coordination of the stepsize values. We
investigate the asymptotic error bounds of the algorithm with a
constant stepsize for strongly convex and just convex functions.
QOur error bounds capture the effects of agent stepsize choices
and the structure of the agent connectivity graph. The error
bound scales at best as m in the number m of agents when the
agent objective functions are strongly convex.

Index Terms— convex optimization, networked system, stochas-
tic algorithms, asynchronous algorithms, random consensus.

I. INTRODUCTION

An important problem in the context of wired and wireless
networks is the problem of minimizing of a sum of functions
where each component function is available (with stochastic
errors) to a specific network agent [15], [24], [28], [29]. Such
a problem requires the design of optimization algorithms that
are distributed and local. The algorithms are to be distributed
in the sense that they have to execute their actions without
a central coordinator and/or access to a central information.
The algorithms are to be local in the sense that each agent can
only use its local objective function and can exchange some
limited information with its immediate neighbors.

In this paper, we propose an asynchronous distributed
algorithm for optimization over random networks arising from
random communications among the agents. At each iteration
of the algorithm, a random subset of agents is active, whereby
each agent in the set performs a consensus step followed by
a gradient step. In the consensus step, an agent computes a
“weighted” average of its estimate and the estimates received
from its neighbors. In the gradient step, an agent updates the
weighted average based on the gradient of its local objective
function computed with a stochastic error. We are interested
in the case when the agents use constant but uncoordinated
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stepsize values. We investigate the asymptotic bounds on the
system error resulting from the stepsize choices, network
structure and the stochastic gradient errors. In particular, we
provide such error bounds for the iterates of the algorithm
when the agent objective functions are strongly convex, and
for the averaged iterates when the functions are just convex.

The algorithm in this paper is closely related to the
asynchronous gossip algorithm proposed in [25], where the
convergence of the gossip-based algorithm is investigated
for convex and nonconvex (scalar) objective functions. In
contrast with [25], this present paper develops a more general
algorithm with the focus on establishing the error bounds for
approximate solutions in the case of convex functions.

The work in this paper is also closely related to the work
in [18], where a distributed subgradient method is considered
over a network with a random dynamic network connectivity
structure. There, the subgradient evaluations are exact, the
stepsize values have to be coordinated among the agents,
and the matrices used by the agents in the consensus step
are assumed to be doubly stochastic almost surely. The last
two requirements are somewhat restrictive since both require
some coordination of the agents. Unlike [18], we consider the
method with stochastic errors, uncoordinated stepsize values,
and we relax the doubly stochasticity requirement on the
matrices used in the consensus step. However, our work is
limited to random communications occurring over a network
with a static underlying connectivity graph, which is less
general than the dynamic connectivity graph used in [18].

On a broader basis, the algorithm in this paper is related
to the distributed (deterministic) consensus-based optimization
algorithm proposed in [22], [23] and further studied in [16],
[18], [21], [26], [28]. That algorithm is requires the agents to
update simultaneously and to coordinate their stepsize choices,
which is in contrast with the algorithm discussed in this paper.

A different distributed model has been proposed in [32] and
also studied in [3], [7], [33], where the complete objective
function information is available to each agent, with the aim
of distributing the processing by allowing an agent to update
only a part of the decision vector. Related to the algorithm of
this paper is also the literature on incremental algorithms [6],
[13]-[15], [17], [19], [20], [24], [27], [30], where the network
agents sequentially update a single iterate sequence and only



one agent updates at any given time in a cyclic or a random
order. While being local, the incremental algorithms differ
fundamentally from the algorithm studied in this paper (where
all agents maintain and update their own iterate sequence).
In addition, since we are interested in the effect of stochastic
errors, on a broader scale our work is also related to stochastic
(sub)gradient methods [4], [10]-[12].

The novelty of this work is mainly in three aspects. First,
we establish the error bounds on the performance of the
asynchronous distributed algorithms where the agents use un-
coordinated stepsize. The error bounds show favorable scaling
with the size m of the network. Second, our model is general
enough to account for random failures of communication links.
Second, we are dealing with the general case where the agents
compute their (sub)gradients with stochastic errors.

Our development combines the ideas used to study the
basic random gossip and broadcast algorithms [1], [8] with
the tools that are generally used to study the convergence of
the stochastic (sub)gradient methods.

The rest of the paper is organized in the following manner.
In Section [lIL we describe the problem of our interest, present
our algorithm and assumptions. In Section we show some
basic relation for later use, while in Section we provide
a relation for the the disagreement of the agent iterates. We
establish the error bounds for the algorithm in Section [V] and
we conclude with a discussion in Section

Notation. All vectors are column vectors. For a vector x,
[x]; denotes its ith component and ||z|| denotes its Euclidean
norm. The vector with all entries equal to 1 is denoted by 1.
We use IIx[z] to denote the Euclidean projection of a vector
x on a set X. For a matrix W, [W];; denotes its 7jth entry
and ||W]| denotes the matrix norm induced by the Euclidean
vector norm. A matrix is termed stochastic if all its entries
are nonnegative and the sum of the entries in each row is
equal to 1. A matrix W is doubly stochastic if both W and
WT are stochastic. The cardinality of a set U with finitely
many elements is denoted by |U|. We use E[Y] to denote the
expectation of a random variable Y. We denote by xg the
indicator function of a random event E.

II. PROBLEM, ALGORITHM AND ASSUMPTIONS

We consider a network of m agents that are indexed by
1,...,m, and we let V = {1,...,m}. The network has a
static topology that is represented by the bidirectional graph
(V,€), where £ is the set of links in the network. We have
{i,j} € € if agents i and j can communicate with each other.
We assume that {7,7} € &, which models the fact that each
agent has access to its own information state. The network
objective is to solve the following optimization problem:

minimize f(z) £ f: fi(z)
i=1 (])

subject to z € X,

where X C R"”, and f; : D — R for all 4, where D is
some open set that contains the set X. The function f; is

only known to agent 4 that can compute the gradients V f;(x)
with stochastic error The goal is to solve problem (I) using
an algorithm that confirms with the distributed nature of the
problem information and local connectivity structure of the
agents in the network. Our interest is in an algorithm that
does not require any coordination of the agents’ actions.

A. Asynchronous Optimization Algorithm

We consider a generic class of random algorithms where
the agent communications are randomized. We let W, be the
matrix describing the information exchange in the network at
time k. The matrix W}, has nonnegative entries and its sparsity
structure is compliant with the network connectivity graph
(V,€), i.e., the entry [W}];; can be positive only if {4, j} € €.
Furthermore, [W];; > 0 if and only if agent j communicates
with agent ¢ at time k, and otherwise [W}];; = 0. Thus, we
have for each i,j € V with i # j,

(Wilij >0 iff (j,4) is active at time k and {i,j} € £,
[Wk]i; =0 otherwise,

and for each 7 € V,
[Wk]ii > 0.

We now describe the algorithm. First, each agent ¢ performs
a consensus-like step to combine its current estimate z; —1 €
R™ with the estimates x; ;1 € R™ received from some of its
neighbors, as follows:

m

Vig = Z[Wk]ij Tjk—1- )

j=1

The matrix W), captures the weights used by the agents as
well as the communication pattern at time k. Define the sets

U ={j € V| [Wg]je > 0for some ¢ # j} for each k.

The set Uy, is the set of agents j that receive estimates Ty j_1
from their neighbors ¢ at time k. Basically, the set Uy, is the
index set of agents that update at time k. The new iterates are
defined as follows: for each 7 € V,

zip =1x [vik — @i (Vf(vir) +€ir) Xpevey) >, 3)

where a; > 0 is a constant stepsize of agent ¢. The vector
Vfi(x) is the gradienﬂ of f; at x, and ¢y, is the stochastic
error of computing Vf(z) at x = v; . The initial iterates
x;,0 € X are random and independent of {W}}.

We note that our model for W) includes the network
connectivity models with random link failures, as well as
random gossip and broadcast. In the gossip algorithm [8], the
matrix W}, has the form W, = I — %(e;k —ey)(er, —en)T,
where Ij; and Jj, are two neighboring agents that update, i.e.,
Uy = {Ix, Ji}. For the case of the broadcast algorithm [1],
the set U consists of all the neighbors j of some agent Iy,
ie, Uy ={jeV|{ljt et}

I'See [27] for the motivation for studying stochastic errors.
2If the function is not differentiable but is convex, then V f;(z) denotes a
subgradient, as discussed later.



B. Assumptions

For the constraint set X and the agent objective functions
fi» we use the following assumption.

Assumption 1: The set X is compact and convex. Each f; is
defined and convex over some open set containing the set X.

A convex function is continuous over the relative interior of
its domain (see [2], Proposition 1.4.6). Thus, by Assumption ]
each f; is continuous over the set X, and the sum f = """, f;
is also continuous over X. Moreover, by the compactness of
X, problem (I} has an optimal solution.

Differentiability of the functions f; is not assumed. At a
point where the gradient does not exist, we use a subgradient:
Vg(x) is a subgradient of a function g at a point = in the
domain of g (denoted by dom g) if the following relation holds

V() (y —x) < g(y) — g(x)

By Assumption |1} a subgradient of f;(z) exists at every point
xz € X for each ¢ (see [2], Proposition 4.4.2). Under the
compactness of X, the subgradients of each function f; are
bounded uniformly over X. We let a scalar C' be such that

IVfi(z)| <C

for all y € dom g.

forall x € X and i € V. 4)

For the underlying graph (V&) and the matrices Wy, we
assume the following.

Assumption 2: The graph (V, &) is connected. The matrix
sequence {Wj} is i.i.d. and each W} has positive diagonal
entries almost surely. Each matrix W, is stochastic and the ex-
pected matrix W = E[W}] is doubly stochastic. Furthermore,
W has the sparsity pattern compliant with the underlying
graph, i.e., for i, 5 € V with i # j,

W;; >0 if and only if {i,j} € &.

Note that the requirement that W;; > 0 for {i,j} € &
does not require that 17 is symmetric, but rather that 1% has
a symmetric sparsity pattern.

Assumption [2] is satisfied in both randomized gossip and
broadcast algorithms. Furthermore, in both of these algorithms,
when the graph (V, &) is connected there holds:

A= [EDEDf <1

for the matrices Dy, = Wy — %]l]lTWk. We later show that the
relation holds for the matrices satisfying Assumption 2] (see
Theorem [I] in Section [[V).

We have several additional comments regarding the impli-
cations of Assumption [2| Under the assumption that {W} is
i.i.d., the random index-set sequence {Uy} is also i.i.d. Thus,
for every ¢ € V, the event sequence {i € Uy} is i.i.d. We
let +; denote the probability of the event {i € Uy}, which is
actually the probability that agent ¢ updates at any given time.

Under the assumption that the matrices Wy, are stochastic,
we have the following observation. When agent 7 does not
receive any new information at time k, i.e., i & Uy, there
holds [Wy];s = 0 for all ¢ # i. By the stochasticity of Wy, it
follows [W4]:; = 1. Hence, from relations (2)—(3)) we see that

Tik = Vik, for i & Uy. 3)

)

Vik = Tjk—1

Thus, when ¢ ¢ Uy, agent i does not update.

Under Assumptions the iterates x; j lie in the set X. In
particular, since the set X is closed and convex, the projection
on X is well defined. Since x; o € X for all ¢ and the matrices
W), are stochastic, it follows that

vir€Xanda;p, € Xforallte Vand k>1. (6)

We next discuss the assumptions on the gradient errors €; .
Let %}, be the o-algebra generated by the entire history of the
algorithm up to time k, i.e., for k > 1,

<gfk - {(xi,07i S V)7 th (ej,tvj S Ut)a 1 S t S k}7

with %y = {z;0,? € V}. We use the following assumption.
Assumption 3: With probability 1, we have:
(@) Eleik | Fr—1,Wi] =0forall i € Uy and all k > 1.
®) E[lleixll® | Fo—1,Wi] < v? for some deterministic
scalar v > 0, and for all : € Uy, and k& > 1.
Assumption E] holds, for example, when ¢; ;, are zero mean,
independent in time, and have bounded second moments.

III. PRELIMINARIES

In this section, we establish some preliminary results that
we use later in our error analysis.

We make use of the following lemma for a scalar sequence.

Lemma 1: Let 8 € (0,1), and let {dy} and{uy} be scalar
sequences such that

d, < Bdg—1 + ug—1 for all k£ > 1.
Then, .
limsupd, < lim sup ug.
k—oo 1- k—oo

Proof: From the relation between dj and uy, we can see
by induction (on k) that

k-1
dp < B%do + Zﬁk_t_lut for all k& > 1.

t=0
Since 5 € (0,1), it follows

k—1
lim sup dg, < lim sup Z Bt 1y,
k—o00 k—oo =0

It remains to show that

k
1
limsupZﬂk*tut < T
t=0

k—oo

3 li?lsogp Ug. 7
Let v = limsup,_, ., ur. If v = 400, then the relation is
satisfied. Let e > 0 be arbitrary if  is finite, and let M > 0
be a large scalar if v = —oo. Define a = v + € if  is finite
and a = —M if v = —o0. Choose index K large enough so
that v, < a for all k¥ > K. We then have for k > K,

k K k
Z Bty = Z B uy + Z By
t=0 t=0 t=K+1
K k
< max ug Zﬁk*t +a Z grt.

t=0 t=K+1



k—K
B it

and Zfioﬂk*t < S

Since ZLKH gt < ﬁ
follows that for all k > K,

k k—K
k—t, B a '
Z/B N 1—ﬁ+1—ﬁ

t=0

Therefore, lim supy,_, Zf:o pE—tu, < 25 ion ({7)
follows by the definition of a. ]
We also use the following lemma providing two basic
relations between v; , and x; 1.
Lemma 2: Let {W;} be a sequence of stochastic and i.i.d.
matrices with E[W}] being doubly stochastic. Then, for the
vectors v; ;, of (@), we have for any z € R™ and all k& > 1,

Y Ellvin =zl | Fical < 3 lajmr =2l ®
i=1 j=1

ZE||vzk—Z||2\efk1 ZH%J« ek R C)

Proof The convexity of the norm and the stochasticity of
Wi, yield |lvix — 2| < 3775, [Wilijllzjx—1 — 2| for any z €
R™, ¢ € V and k£ > 1. By taking the conditional expectation
on the past history .%#j_1, using the independency of Wy, and
by summing over all i, we have

ZE ik = 2 | Fi-s <ZZEWM 5,51 = 2.

=1 j=1

Exchanging the order of summation and using the doubly
stochasticity of E[W}], we obtain relation (8). The proof of
relation (9) follows the same line of argument starting with
the convexity of the squared Euclidean norm. ]

We next provide an estimate for the expected value
E[IVfi(vig) + €nll? | Fr—1, Wi].

Lemma 3: Under Assumption [, Assumption 3] and the
stochasticity of Wy, we have for all ¢ and k > 1,

E[IIVfi(vik) + €inll® | Fue1, Wi] < (C+v)>.
Proof: Expanding the term ||V f;(v; 1) 2, we have

IV fi(vi o) +eie? = IV fi(viw) 142V fi(vin) e+ lles el

When X is convex and W}’s are stochastic, we have v; ;, €
X for all 2 and £ > 1, see @ Under Assumption the
(sub)gradients of each f; are uniformly bounded over the set
X by some scalar C' (see @)). Hence, ||V f;(vi x)|| < C. Using
this, the fact that v; ;, is completely determined given %j,_;
and W}, and using Assumption E] on ¢; 1, from the preceding
equality we obtain

E[||Vfi(”l)i7k) + Ei’kHz | yk_l,Wk] < 02 + V2 < (C + I/)z.

|
We now provide a basic iterate relation for the method. This
relation relies on the preceding lemma and the nonexpansive

property of the projection on a closed convex set X C R™:
IMIx [z]—z]|| < |Jz—=]| for any x € R™ and z € X. (10)

The basic iterate relation is given in the following.

Lemma 4: Under Assumption [I] Assumption [3] and the
stochasticity of Wy, we have for all z € X, k£ > 1, and
i € Uy,

Elllzin — 21° | Fae1, Wi] < loig — 2|° + i (C +v)?
—20;V fi(vi )" (vig — 2).
Proof: For i € Uy, from relation and the nonexpan-
sive property of the projection operation in (I0), we obtain

lzin — 21> < lvik — i (Vi(vig) + €)= 2]
2,7 2

= ik — 21" + i [V fi(vig) + €kl

—20;(V fi(vig) + €ir)” (vig — 2).

We now take the conditional expectation on the past .Zj_1
and Wj. Under the assum}ptions on the errors, we have

E[efk(vi,k —2) | Fr_1,Wi| = 0. Using this and Lemma ,
we obtain the desired relation.
In our subsequent analysis, we invoke Holder’s inequality

K K K
ElZ nyzj,] < AU Elwl?) ([ D Elllzel?),  an
=1 =1 =1

which is valid for any two collections {y;}X | and {2}, of
random vectors with finite second moments ( [5], page 242).

IV. DISAGREEMENT ESTIMATE

The disagreement estimates as a function of time are impor-
tant in our development of the error bounds for the method.
We start the development by showing that

A=|E[DI D <1 (12)

for the matrices Dy = W), — Z117Wj,. This relation is
instrumental for the establishment of the estimates in this and
the following section. The relation is justified by the following.
Theorem 1: Let W be a random stochastic matrix such that
E[W] is doubly stochastic. Assume that the diagonal elements
of W are positive almost surely. Let the undirected graph
(V,E) be connected and such that for all ¢, 5 € V' with ¢ # 7,
E[le] >0 if {i,j}€é.

Then, we have for a scalar v < 1,
E[|IDz]|?] <~|z—z1||*>  forall z € R™,

where D =W — L117W.
Proof: For z € R™, let z =L 3™ 2, and define

1 m
f%; z)?

Let z be arbitrary and let y = Dz. Note that by the definition
of D, we have § = 0. Therefore ||Dz|? = |y — y1||*> =
mV (y). It can be seen that (see Theorem 4 in [31]),

1
— =Y Hij(z — %)%,
z) m (7 — 25)

i<j

for all z € R™.

EVyl <V



where H = E[WTW}. Thus,

E[||Dz[]*] < mV (2

) = > Hijlzi — 7).

1<J

Note that for any %, j € V' such that E[WW;;] > 0 or E[IW};] > 0,
we have

13)

Hy; =E lz Wang] > E[Wi;Wij] + E[W;; W] .
=1

Since W;; > 0 and W}; > 0 almost surely, it follows H;; > 0

whenever E[W;;] > 0 or E[W};] > 0. Since E[W;;] > 0

whenever {i,j} € £, we see that H;; > 0 whenever {3, j} €

&. Thus, let h = X ming; jyee H;j > 0. From (I3) we have

—mh Z Zi — 25) 2.

{i,j}e&

E[|D2]?] <mV(z (14)

Since the properties assumed in the theorem are invariant
under permutation of indices, let us assume that the entries of
z are sorted in nondecreasing order, i.e., 21 < 20 < -+ < 2,
(otherwise, we can permute coordinate indices of z, and the
rows and columns of W accordingly). Then, we have (z; —
2j)% > 371 (2041 — 2)? and hence,

S e Y S

{i,j €€ {z jreE l=i

15)

_zj

Now, since the graph (V,&) is connected, for any ¢ =
1,2,...,m — 1, there exists ¢ < ¢ and j > ¢ 4+ 1 such
that {i,j} € &, for otherwise, the two vertex sets {1,---,¢}

and {¢+1,--- ,m} will be disconnected. Hence, by relation
(15) we have 3=, s ce(zi — 2))2 > S0 (2041 — 20)% By
convexity of the squared-norm, we obtain
m—1 1
(ze41 — 20)® > m—l(Zm_Zl)Q

(=1
m

1 22
mm —1) Z;(zi—z) .

Therefore, by combining (T4), (I3) and the preceding relation
and using the definition of V(z), we see
h m
E[ID2]2] < mV(z) — —— 3 (2 — 2)2
1D=A7] < mV(z) = 75 3 e -9

h _
m

When Assumption@holds, each Wy, satisfies the conditions
of Theorem Thus, E[||[Dyz||?] =0 for z = ¢l with c € R,
while E[[|Dyz||?] < |z]|? if 271 = 0 (since then z = 0).
Hence, it follows

A= IE[DI D P <7 < 1.

We next measure the agent disagreement as the dispersion
of the iterates x; j, around their average at any given time. For

this, we define
1 m
- _ 1 .
Yk mjgl J.k

We quantify the agent disagreement by E:’;l
for which we have the following estimate.

Proposition 1: Let Assumptions hold. Let {x; 1}, i €
V, be the sequences generated by algorithm (Z)—(3). Then, we
have for all & > 0,

for all £ > 0.

Elllzix — gwll],

m m

ST Elllzig — gell] < VmAE | ST Ellzio — Goll2] + enets

i=1 i=1
where ¢4 is the error given by

\F
)Y
Omax = MaXi<j<m &;, and N is the maximum number of
nodes updating at any time, i.e., N = maxy |Ug|, and A < 1
is the scalar given in (12).

Proof: To prove the estimate, we will consider compo-

VN omax (C + 1),

Enet =

nents of the vectors x; ;. Define for each ¢ = 1,...,n, the
vectors
2= ([w1ales - [wmale)” for k> 0. (16)
From the definition of the method, we have
2 =Wyzt  +¢ forl=1,....n,k>1, (17)

where ¢f € R™ is a vector with coordinates [(f]; given by
if ¢ € Uk,
otherwise.

[Ci]i _ { BHX[’Uz‘,k —a; (Vfi(vig) +€k)] —
(18)

Furthermore, note that [gj], is the average of the entries of the
vector zf, i.e., for all £ and k,

ikl

B 1
[Ukle = m ]szi'

By and (19), we have [Jp]y = = (11 Wizf_, + 17¢})
for all £ and k£ > 1, implying

19)

1
Nt Wizi_y + G — - 117 (Wizp_q + GF)
= Dizp_y + MG,
where Dy = Wy — = 117W,,, M = I—-L 117 and I denotes

the identity matrix. Since the matrices W} are stochastic
(W1 = 1), it follows Dy 1 = 0, implying that Dy [gx]¢1 = 0.
Hence, for all ¢ and £,

— [G]el = Dy (21 — [Gr—1]el) + M.
From the preceding relation we have for all £ and k& > 1,

1D (et = (G-l + MG
+2Di(ef 1 — [l D MG

2 — [wlet]® <



By summing these relations over £ = 1, ..., n, and then taking
the expectation and using Holder’s inequality (11)), we obtain

Using 2f = ([z1,k]es - - [Tm.k]e) T (see ([6)), we have for all

k>0,

>OE[lz - mleal?] < (J > E[IDx(zy — [ge-aleD)]?]
=1

=1
2
-H E[lM¢EI] ) :

We estimate the term E[|| Dy, (zf_; — [gk—1]¢1)||?] by using
the iterated expectation rule, conditioning on .%_1, and using
the fact the matrix W}, is independent of .%;_;. This yields
for all £ and k > 1,

B[ Dk(at 1 = [l D] < M2ty = [l @1

where A = ||E[D] Dy] ||> with A < 1 (see (T2)).

We now estimate the term E[||M(f|?] of (20). The matrix
M=1- % 117 is a projection matrix (it projects on the
subspace orthogonal to the vector 1), so that we have || M||? =
1, implying that ||M§£&2§ ICE|? for all k. Using this and

(20)

the definition of ¢} in (18], we obtain

2
MG < > [[Mx[vis — |
1€Ug

i (Vfilvik) + €ip)] — virl,

Thus, by summing these relations over all ¢, by using v; , €
X (cf. (6)), and by using the nonexpansive property of the
projection (cf. (I0)), we see

SIMGN? <> Mx ik — i (Vi(vig) + €in)] — viel?
=1 €Uy
<Y IV fi(vin) + el
1€Uy

Taking the expectation, and using the iterated expectation rule
and Lemma [3] we obtain

STE[IMGIY] < E| Y alE[IVAi(vin) + €l | Fi]
=1 i€Uy,
< Nogax(C+v)°, (22)
where N = maxy, |Ug| and apayx = max; ;.
From relations (20)-(22) we have for all k > 1,
Z Efll=f — [eleL]?] <V Z Efllzf s — [Fs-let|?]
+ \/Namax (C+v).
Since A < 1, it follows that for all k > 1,
ZE 25 = [Gx]eL)?] <VA ZE 126 — [Hole1]|?]
1 — VA
\ﬁamax C+v
(23)

NE

Ellzf — [ule1)1?] = | D Elllzar — wl?. 24
=1

o~
I

1
By Holder’s inequality (IT), we also have for all k£ > 0,

m

ZE[H%k—ka ] <Vm ZEme—ka ]

i=1 i=1

Combining relation (where we use 1 — VI < 1),
equality (for k = 0), and inequality ([23), we obtain

(25)

m

> Elllwik = gil] <vmVAF | D Elllzio = G0l

i=1
I f»f VN otmax (C + 1)
Note that this relation holds for £ = 0 in view of (23). u
The result of Proposition [I| captures the effects of the
connectivity structure of the underlying graph (V&) and the
information flow due to choice of matrices Wy. In particular,
the random gossip algorithm we have N = 2, while in the
random broadcast, N is equal to the maximum number of the
neighbors of an agent [the maximum node degree in the graph
(V,E)]. We also note that the error grows as y/m in the size
m of the network for the network structures where N and A
do not depend on m.
Observe that, since A\ < 1, as & — oo the estimate of
Proposition |1| yields the following asymptotic error:

limsupz Elllzir — gell] < VN amax (C 4 v).

k—oo i—1

\/7%
1—vVX

Thus, the growth of the disagreement is of the order y/m in
the size m of the network if N and A do not depend on m.

V. ERROR ESTIMATES

In this section, we provide error estimates for the method.
We consider the iterates of the method for the case when
the functions f; are strongly convex in Section When
the functions are not strongly convex, we look at the running
averages of the iterates in Section

A. Estimates for Iterates

Assuming that the functions f; are strongly convex over
the set X, we provide asymptotic error estimates for
> Elllwie — 2*[|?] where z* is an optimal solution.

Based on Proposition [I] we have the following result.

Proposition 2: Let Assumptions [IH3] hold. Assume that, for
each ¢ € V, the function f; is strongly convex over the set X
with a constant ;. Also, let the stepsize a; > 0 be such that
2a;0; < 1. Then, for the optimal solution z* of problem ()
and the sequences {z}}, i € V, of method —, we have

m
2 C
fimsup 3 B — 7] < F20maxCm

k—o0 i—1 q

for &k > 1.



where

€ :27’71(1 - ,Ymin)(soc,acgf + Z a?’Y’L(C + V)2
i=1

+ 2m5a’7CCX.

Oimax = MaXg g, Ymin = Min; v;, ¢ = 1 — 2yyiy ming ooy,
da,0 = MaXy oy — MiNj @O, 0oy = MaXeQeYe —
min; a;y;, Cx = max, yex ||z — y|| and epee is as given
in Proposition [I]

Proof: Since each f; is strongly convex, the sum f =
Z;il fi is also strongly convex. Thus, problem (I) has a
unique optimal solution z* € X. From Lemma [4 where we
let z = x*, we obtain for any £ > 1 and any 7 € Uy,

Elllzix — 2" | Fior, Wi < llogs - o*|

+a(C+v)? =20,V fi(vin) " (vig — ). (26)

Using the strong convexity of f;, we have

V fi(vige) T (Wie — %) = (V fi(vig) — Vi) (vig — z7)
+ YV filz") (v — x%)
> oy|vik — 2*|?
+ V(@) (vig — 2*).

m

Adding and subtracting §r—1 = -3 x;;, we further
have Vfi(z) T (vix — 2*) = V(@) (Jp_1 — 2*) +
V fi(z*)T (v, — Ur—1), implying

V@) (vig—a*) > V(@) (Gr—1—2")—C ||vi g —Tr—1]-

(27)

By combining the preceding two relations with inequality (26)),
we obtain for any ¢ € Uy, and k > 1,

Elllwis — 21 | Fr-1, Wi] < (1 = 20504)||vi g — 2|

+ a7 (C+v)* =20V f;(2")T (Go—1 — 2*)

+20;C||vi ) — Yr—1]|-
Since x; ; = v;x = % r—1 When i ¢ Uj (agent ¢ does not
update), we can write

Elllzis = 2*? | Fre1, W] < (1 = 2004)[|vi g — 2*|?

+ 200z k-1 — 2P (1 = Xgiev,})

+(af(C +v)* =20,V fi(@") (Gr-1 — %)) X(iev)

+ 20, Clvi s — Yr—1]|-
Taking the expectation with respect to .%#j_1, and noting that

the agent updates with the probability v; > 0, independently
of the past, we obtain for any ¢ € V and k > 1,

E[Hxi,k —z*)|? | ﬁk,l] <(1- 2aiai)E[||vi7k — 2|2 | ﬁk,l]

+ 2005\ T k-1 — (1 = Ymin)
+ 2% (C +v)? = 207V fi(z*) T (Gr—1 — o)
+ 20; C][||vi g — Y1l | Fr—1]

with i = ming v,. Now we note that o;0; < ming apoy +
da,o, With 6 » = maxs agos — ming ayoy. Similarly, oy <

ming oye + 6oy, With 0o 4 = max, aeys — ming ayy,. We
use these relations, the boundedness of ||z;;—1 — «*||, and

Vfi(x*)T(gjk_l —z%) < C max ||y — |
z,yeX

(which follows from the subgradient boundedness and ;1 €
X), to obtain
Efllzie — 2% | Fii]

<(1- 21neinagag)E[||vi,k —*|? | Fi—1]

+2(1 = Ymin) <mzin ol T p—1 — x*||* + 5@,003()
+ay(C +v)? — 2minagy Vi (@) (Gr-1 — 2”)
+ 200,,CCx + 20 CE[||lvik — Gp-1|l | Fr-1],

with C'x = max, yex ||z —y|| < oo by the compactness of X.

Now, by summing the preceding relations over all ¢, using
relations B)—©) and >°1"; V f;(z*)T (Jr—1 — x*) > 0 (which
holds since yy—1 € X and z* is optimal), we obtain

m m
S Elllzin — a1 | Faa] <D lwjna — 2|
i—1 j=1

+ 2m(1 - ’Ymin)(;a,acgg + Z OCZ-Q’YZ‘(C =+ V)2

i=1

+ 2m0a A CCx + 20maxC Y _ 2 h-1 — Gr—1]-
j=1

where apax = max; a; and ¢ = 1 — 2y, ming agoy. Since
vi € (0,1) and 2a;0; € (0,1) (by our assumption), it follows
that ¢ € (0,1). Using this and taking the total expectation,
from the preceding relation, we have for all £ > 1,

Elllzin — 2117 < @) E[lwjn —a*[°] +¢
i=1 j=1

~

m

+ 2amaxc Z E[”xj,k—l - gk—l ||] )

j=1
where
€ :2m(1 - rYIIlin)éa’g-Cg( —+ Z ()(12/71(0 + l/)2

=1

+ 2m§a,VCCX-
Since ¢ € (0,1) by applying Lemma |1} we obtain

m 1
lim sup Efllair — 2*?] < €
maup Y €l —o°17) < 7
20maxC .. < -
+ %hmsupz Elllz) k-1 — Ur—1ll] -
—q k— o0

j=1
The desired estimate now follows by using Proposition [T

Proposition [2] captures the effects of the stepsize, the
connectivity structure of the graph and the information flow
governed by the matrices W on the asymptotic error. We
now take a closer look into the error estimate. We note that



when Vi & 1, the error term 2m(1 — Ymin)da.0C% would
be negligible. Thus, if all agents update with high probability,
this error term will be small. This term will also be small if
the difference o, = maxg ago¢ — min; ajo; is small. The
error term 2md, ,CCx will be small when the difference
da,y = Maxg oy — min; ojy; is small.

When both d,,, and d, -, are negligible, recalling ¢ = 1 —
29min Ming aoy, the estimate of Proposition |ZL reduces to

hmsupz (@i, —2*|| ]

k“?OOZl

1
2’ymm mlnf Qpoy ©

amaxCEnet

Zazm C+V) +

——maxEnet
VYmin Mg g0y

where Yin = min; v, max = maxy oy, and

- \ﬁf VN amax (C 4 v).
The error bound captures the effects of the agent stepsize
values «;, the probabilities v; of agents’ updates, the strong
convexity constants o; of the agent objective functions f;, and
the underlying network connectivity graph (V, ). The effect
of connectivity graph is seen through the maximum number
N of agents that update at any given time and the parameter A
that characterizes the convergence rate of random consensus.
Observe that the error is of the order of the largest stepsize,
Omax. Finally, note that the error grows linearly, as m, with
the number m of agents in the network, when the network
connectivity structure is such that A and N do not depend on
m. This is seen from the error term involving the summation.
Proposition [2] requires that each agent selects a stepsize «;
so that 2a;0; < 1, which can be ensured when each agent
knows the strong convexity constant o; of its own objective
function f;. Since 7; € (0, 1) for all 4, the relation 0 < 1 —
27min Min; a;o; < 1, ie., g € (0, 1), holds globally over the
network without any coordination among the agents.

Enet =

B. Estimate for Averaged Iterates

Here, we provide another error estimate that does not require
strong convexity. The estimate is for the network objective
function values along the time-averaged iterates of each agent.

Proposition 3: Let Assumptions |I|-E| hold, and let the se-
quences {z; 1}, i € V, be generated by method (2)—(3). Then,
for the average vectors z;; = %ZZ;B x; for t > 1 and
i € V, we have for any optimal solution z* of problem ()
and all i € V,

limsup E[f(2i,¢)] —

t—o0o

alnax
+ ( + m> C enet,
min; ;o

g

fl@®) <

2min; ;o

where

E_Z’Yz

Cx = max, yex ||z—y| and e 18 as given in Proposition

24 2m <m{gx'ygag — min vjaj> CCy,
4 J

Proof: Since X is compact and f Z:’;l fi is
continuous, the optimal set X* is nonempty. Thus, by using
Lemma [4 with z = z* for any z* € X*, we obtain for any
i€Ugand k> 1,

Efllzix — ™1 | Fre1, W] <llvip — 2| + o3 (C +v)?
— 2aini(Ui,k)T(Ui7k — CC*)

By using the estimate

Vfilz*) (vip—a*) > V filz*) (Gp1—

(see [27)), and the relation V f; (z*) (Jj—1—=
fi(x*), we obtain for i € Uy, and any k > 1,

*)=C vk~ |l
*) > fi(Ur-1)—

Elllzie —2*1? | Fre1, Wi] < |lvip — ™|
o (C+v)? = 205 (fi(Gr—1) — fi(z™))
+ QCYZ‘OH’UIL'JC — gk’—1||~

The preceding relation holds when ¢ € Uy, which happens
with probability ;. When i & Uy, we have x}C = v; 1, (see the
discussion after Assumption [2)) which happens with probability
1 — ;. Thus, by taking the expectation conditioned on %j_1,
we obtain

Ellzik —a™I* | Fier] < Efllvie — 2" * | Fii]

+ 707 (C + v)* = 2vi0 (fi(ik—1) — fi(z™))

+ QCKiCE[”’Ui’k — zjk,1|| | ﬁk,l] . (28)

We now add and subtract 2(min; v;o;) (fi(Gr—1) — fi(z™®))
in the right hand side of (28), and use the estimate

|fi(Uk—1) — fi(z™)] < Cllgp—1 — 2| < CCx,

which holds by the subgradient boundedness and g1 € X.
By doing so, we can see that

Elllzie —2*1? | Fror] <E[llvie —2*[? | Fioei]

+ a2 (C+v)? +2 (maxwae minwog) CCx
j

~2 (wminnja, ) (i) — (o)

+ 2amaxc E[”Ui,k - gk—l” ‘ yk—l] .

By summing the preceding inequalities over ¢ and using
relations (8) and (O) with z = g1 € X and z = z*
respectively, after rearranging the terms, we obtain

2 (mings05 ) (£(5:-1) <Z|\m V-
~ D Elleus | Fi]

+ Z% (C+v)*+2m <maxwo¢g — minyjozj) CCx
4 J

+ 2amaxc Z ||'rj,k:—1 - lek—1||7
j=1



where f = Z:’;l fi- By convexity of f and the boundedness
of the subgradients of each f;, we have

f@ip—1) = " < f(Ur-1) —

Substituting this in the preceding inequality and using the
notation

8—}2%

we obtain for all 7 € V and k£ > 1,

I*+mCllaip—1 — Gr—1|-
24 92m (m?x'ygag — min 'yjozj) CCYx,
J

m
2@?“%qﬂ(ﬂ%kl E:M%kd—xw2
N —
= Elllwig — 2" | Froa] +e
i=1
+ 2 (amax +mm1n7JaJ) C Z |5 k-1 — Tr—1]|-
j=1

Now, we take the total expectation and by summing the
resulting relations from £ = 1 to k = ¢ for any ¢ > 1, we
obtain for any i € V,

m

ZE lj.0 — 2|17]

2m1n’y]ozjg E[f(zik-1)
/ k=1

m
_ Z E[||a:i7t - x*HQ} + te
i=1
t m

—&—Q(amax—l—mmln'yjaj)CZZE||xjk 1— Gr—1ll] -

k=1j=1

By dividing with 2(min; v;a;)t and then taking the limit
superior as ¢ — oo, we have for any ¢ € V,

e

lim sup — ZE (Tip—1) — f(2")] <

t—oo

2min; v;0;

amax
(' )Chmsup ZZEH%k 1 — Je—1]l] -

min; v,
7 73% k=1j=1

By convexity of f and z;; = %Zkzl T; k1, we have

S Elf (i) — 1) 2 Elf )] - S,

k=1
Note that for any scalar sequence {uy}, there holds

t
lim sup — Z ur < limsup ug.

t—oo k 1 k—oo

Therefore, by combining the preceding relations, we see that

9
li E it)] — ) e
im sup E[f(z4)] = f (") < 2min; v;q
N m
+ | —= —i—m) Climsup » Eff|lzjr—1 — gkl
(e msip [, I

j=1

From Proposition [T] we have

m
limsupz Elllzjk—1 — Tr—1ll] < €net,

k—oo j=1

and the desired relation follows. [ ]
As a direct consequence of Proposition [3] and the convexity
of f, we have fori € V,

limsup f (E[z:¢]) < f* +

t—o0

€
2min; yja;

+ (Otmx + m> C enet,
min; ;o
where f* is the optimal value of problem (I)). We have another

consequence of Proposition In particular, since z;, are
averages of x; o,...,x;¢—1 fort > 1, we have forevery i € V,

liminf E[f(z; )] < ligior.}f E[f(zi)] < lilrfn sup E[f(zi0)] -

k—oo

In view of f(z;x) — f* > 0 (since z; ; € X for all k and 7),
and Fatou’s lemma, by Proposition [3] we have

IN

liminf E[f(x; )]

k—oo

E[hkrggffm,k)]
<4

2min; yja;

fo%
+ (max + m> C enet-
min; ;o
To get a closer insight into the behavior of the limiting error
of Proposition 3] let p be the ratio between the largest and the
smallest values of v;a; for ¢ € V, i.e.,
_IaXy ey
minj Vi

Then, the result of Proposition E] can be written as:

limsup E[f(2;)] < f* + —— M max p(C 4 v)?
t—oo
al]lax
+m(p—1)CCx + < +m) Cepet,
mlnj ’YjOtj

where . = max; a; and ener = g’%\/ﬁamax(C +v)2.

We note that the error bound captures the effects of the agent
stepsizes «;, the probabilities v; of agents’ updates [through
the ratio p], and the network connectivity structure (through
N and )). The bound grows as m+/m in the number m of the
agents, when A and N do not depend on m. This scaling is
worse than scaling as m obtained for strongly convex functions
in Proposition [2} Nevertheless, the scaling of the order m+/m
much is better that the scaling obtained for the distributed
consensus-based subgradient algorithm of [26]. Specifically,
for the consensus-based distributed algorithm of [26], it is

shown thaf’]
limsup E[f(z;,1)] < f* + ma(C +v)? (Z * ?m—e@

t—o0

3See, Theorem 5.4 in [26].



where « is the constant stepsize common to all agents, and
0 and 3 are some constants related to the network structure
(which is assumed to be dynamic, but deterministic) The
parameter 6 is of the order m?, while the ratio 3/(1 — 3)
does not depend on m, so that the error bound scales as m?
in the size m of the network.

VI. CONCLUSION

We have considered asynchronous algorithm for optimiza-
tion of a network objective given by the sum of objective
functions of the agents in the network. We considered the
situation where the agent communicate and update at random
over a connected communication network. The proposed al-
gorithm is analyzed for the case when agents use constant but
uncoordinated stepsize values. We provided two asymptotic
error bounds for the expected function values. The first is for
the iterates of the algorithm when the agent objective functions
are strongly convex, while the second is for the averages of
the iterates when the functions are merely convex. The bounds
are given explicitly as the function of the number of the agents
in the network, the agent stepsize values and some parameters
that depend on the network connectivity structure.
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