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Abstract— We consider the problem of signal estimation from
a statistical mechanical perspective, using a relationshibetween
the minimum mean square error (MMSE), of estimating a signaJ
and the mutual information between this signal and its noisy
version. We derive several statistical-mechanical relabinships be-
tween a few important quantities in this problem area, such & the
MMSE, the mutual information, the Fisher information, the f ree
energy, and a generalized notion of temperature. We also dva
analogies and differences between certain relations petigng
to the estimation problem and the parallel relations in statstical
physics. Finally, we provide several examples, demonstriaty how
analysis tools in statistical physics prove useful in the MNBE
analysis. In most of the examples, the corresponding statisal-
mechanical systems turn out to exhibit phase transitions, hich
are reflected as irregularities in behavior of the MMSE.

I. INTRODUCTION

Northwestern University
Evanston, IL 60208, USA
Email: dGuo@Northwestern.edu

Technion-Israel Inst. of Tech.
Haifa 32000, Israel
Email: sshlomo@ee.technion.ac.il

(SNR)) are inherent to the model in the sense that they are
apparent even for the optimum, MMSE estimator, and not just
artifacts of some ad hoc estimator. In these situationsethe
discontinuities are intimately related fghase transitionsn

the parallel statistical-mechanical systems.

We derive several statistical-mechanical relationships b
tween a few quantities: the MMSE, the mutual informatioe, th
Fisher information, the free energy, and a generalizednaif
temperature. We also draw analogies and differences batwee
certain relations pertaining to the estimation problem tred
parallel relations in statistical physics. Finally, weefteveral
examples demonstrating how statistical-mechanical aigly
tools prove useful in the analysis of the MMSE. In most of
the examples, the corresponding statistical-mechanjstéss
turn out to exhibit phase transitions, which are reflected as

Relations between information theory and statistical f%'s giscontinuities in the MMSE. For reasons of space limitatio
are by no means new and much of the research on thgfa do not provide here the full detailed derivations. These
focuses on identifying ‘mappings’ between problems in ingppear in the full version [9].

formation theory and certain many-particle system models i
statistical physics which are analogous in their mathesahti

formalisms. This work relates information theory and stéti

II. STATISTICAL PHYSICS BACKGROUND
Consider a physical system with particles, which can

cal physics with yet another area — estimation theory, whobe in a variety of microscopic states (e.g., positions and

link to information theory is provided by the-MMSE relation

momenta). For each microstate= (z1,...,z,), there is an

[5] (equivalent to the de Bruijn identity [2, Theorem 17]j,2 energy, given by d&amiltonian(energy function)£(z). One
which relates the minimum mean square error (MMSE), aff the most fundamental results in statistical physics &,th
estimating a signal in additive white Gaussian noise, to tlie thermal equilibrium, the probability of finding the syste
mutual information between this signal and its noisy versioat statex is given by theBoltzmann—Gibbslistribution

An earlier work where the I-MMSE relation was studied from
a physical viewpoint is [13]: an attempt was made there to
offer to this relation an alternative proof which was rooted

e~ BET)
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P(x) =

in thermodynamics, but this required a generalization ef thvheres = 1/(kT'), k being Boltmann’s constant arid being

theory of thermodynamics.

temperature, and/ () is the normalization constant, called

Our work is triggered by [13], but it is on a substantiallythe partition function which is given by

different route: We simply use the I-MMSE relation together

with analysis tools of statistical physics. The underlyithgg is

that quite often, the mutual information can be evaluateigus

Z(B) = e PE® or z(B) = / dz e PE@) - (2)
xr

these tools and then related to the MMSE using the I-MMSEePending on whethee is discrete or continuous. The parti-
relation. This combination proves rather powerful, beeaits tiOn function is a key quantity from which many macroscopic

enables us to identify situations where discontinuitieshi@

physical quantities can be derived, for example, the awerag

mean square error (as a function of the signal-to-noise ra§neray w.rt. (1) ist! = E{£(X)} = —(d/d3)In Z(3). The
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Shannon entropy pertaining to (1) #&3) = In Z(8) + 3 - E,
which suggests the differential equation

BUB) —(B) = S(B), 3)



where)(3) = —In Z(3) and+) means the derivative of. Proposition 1: The mutual information, MMSE and aver-

Equivalently, eq. (3) can be rewritten as: age free energy are related by
d [¢B)] _ 51 I(X;Y) = —(n/2) — Eg{ln Z(B]Y)}, (10)
el B (4) 5
whose solution is easily found to be mms¢X[Y) = _2%Eﬂ{lnz(ﬁ|y)}’ (1)
dgs mmséX|Y) = (n/3) + Cov{[|Y — X%, In Z(5]Y)}. (12)
Y(B) = BEy — 5/ ) (5)  Thefirstterm in (12)n/8 = Es||Y — X||?, is the amount

of noise in the raw datay’. The second term, which is
where Fy is a constant of mtegratlon obtained from the limialways negative, designates theise suppression levelue
(8 — oo. Thus, the log-partition function at a given temperatur® MMSE estimation relative to the raw data. We henceforth

is expressed as laeat integralof S(g), i.e., an integral of the denote A = —CoV{||Y — X||?,In Z(8|Y)}. In particular,
entropy at all lower temperatures. Taking the derivativ€®)f when the actual channel inpmtdominates (9), the correlation
we obtain: cancels the first term and the MMSE vanishes; otherwise, the
dﬁS (ﬂ) correlation is weaker. In view of the following relation dtee
E = =FE / ﬂ , (6) the orthogonality principle,

mmséX|Y) = E|Y - X|? - E|Y — E(X|Y)|? (13
where the first two terms form the free energy. ¢X1Y) | ” ” (XIY)I%(3)

it is clear that A is also related to the free energy. We
[Il. THEORETICAL DERIVATIONS next relate A to the Fisher information (FI) and then to a
Let (X,Y) be random vectors ifR", related byY = new generalized notion of temperature [11] via the de Bruijn
X + N, where the noiseN consists of i.i.d., zero-mean,identity. By de Bruijn’s identity, if W is a vector of i.i.d.
Gaussian random variables with variancg3, where3 > 0  Standard normal components, independenXofthen

denotes the signal-to-noise ratio, or the inverse tempegain d Vi 1 Vi
the statistical-mechanical viewpoint. It is assumed tkiaand Hh(X +VIW) = §tr{J(X +VIW)} (14)
N are independent. As is well known, the conditional meaWhereh( Y) is differential entropy and/(Y') is the FI matrix
estimator E(X|Y’) achieves the MMSE, mmgX|Y) = associated withY’ w.r.t. a translation parameter. Due to the
El|X - E{X|}/}||2 Theorem 2 in [5] establishes the I—elation betweer# (3|y) and theP(y) of (9), the FI can also
MMSE relation: be related to the free energy by

d 1

—I(X;Y) == XY). 7

g5 (X:Y) = ymmseX|Y) (7)

2
r{J(Y)} = ZE{ 8“‘”“’)} ] } (15)
Consider next the posterior distribution. L@{(x) denote the ' y=Y
probability mass function ot and P(y|z) denote the channel By comparing the I-MMSE relation (7) and de Bruijn's

induced byY = X + IV, then identity, we find mmseX | X + N) = —572tr{J(Y)} +n/B,
P _ —zl2/2 which is also shown in [5], where the facter3—2 accounts
P(x|y) = Q(ﬂj;)ﬁ(glw) _ Q) eXp[Z(?'s) 2|/ ], (8) for the passage fromto = 1/t. Combining this with the

previous relations yields the following:
whereP;(y) is the channel output density and we have defined Proposition 2: A = 3=2tr{J(Y')}.

n In [11, Theorem 3.1], a generalized definition of the inverse

Z(Bly) 2 ZQ —Bly-x|* _ (2_7T) 2Pg(y) 9) temperature is proposgd, as the response of.the _entropy to
B small energy perturbations, using de Bruijn’s identity. As

consequence of that definition, the generalized inverse tem
erature in [11] turns out to be proportional to the FI'Yf
nd thus, in our setting, it is also proportional #8A. It is

where we have assumed that is discrete. The function
Z(B)y) is similar to a partition function but the exponentlalg

are weighted by Q(x)}, which are independent of. AS ex- 10 that whenever the system undergoes a phase transition

plal_ned in[6, p. 3713, _th's Is notan issue beca{@_éw)} €aN thenA, and hence also the effective temperature, may exhibit
be interpreted as multiple states whose number is propmiuoa discontinuity.

to Q(x) of the same energy.

Denote byEg the expectation operator w.r.t. joint pdf of
(X.,Y) induced byg. It is clear that—Eg{ln Z(8|Y)}
differs from the output differential entropy(Y") by a constant

only. The following results are all proved in [9]: Es{lnZ(B|Y)} — ﬁ%Eﬁ{an(ﬁD/)

Additional relationships can be obtained in analogy to
certain relations in statistical thermodynamics that waen-
tioned in Section Il. Using (10)—(12), we obtain:

(16)
1The units of all information measures in the paper are nats alh I}
logarithms are natural. = §COV{HY - X||2, mZ(BlY)} - I(X;Y).



Thus, redefining the functiogh(3) = —E3{ln Z(3|Y)}, we of spin glasses [3], a model of disordered magnetic material
obtain a differential equation similar to (3): where the energy levels pertaining to the various confignmat
. B of the system{&(x)} are i.i.d. (see [10, Chapters 5,6], and [7]
BY(B) —v(B) = X(B) (17) for a detailed analysis of random code ensemble perfornm)ance
where ¥(3) = SCov{||lY - X|%InZ(3]Y)} - I(X;Y). Using large deviations theory, it can be shown that
The solution to this equation is the same as (5), except that N In Z(8ly) _ {%111(1 +8) + %7 3 < B

S(B) is replaced byx(3) and the ground-state enerdy, ¢ (5)=— li Rl N
is redefined asfy = Es{ming |Y — x|?}. Consequently, e +3 B2 PBr
mmse X Y') = 2¢(3), where where r = 2% — 1. Note thaty(3) is continuous but not
) < 44%(3 smooth atg = (. Thus, there is a phae transition af.
J0) = - [ LD 2O
B

52(5) + ET (18) Now,
1

and one can easily identify the contributions of the freergyne lim mmsg XY’ = 2dw(ﬁ) = {m’ b <br
and the internal energy (heat), as was done in Section II. e K ds 0, B = Br
which means that this is a first order phase transition in the
) . ) MMSE: As long as8 > (r, which means that the code rafe

In the following examples, the asymptotic MMSE is calis pelow the capacity, the MMSE essentially vanishes singe
culated using the I-MMSE relation in conjunction withg refiaply decodable; but for code rates above the capabity
statistical-mechanical techniques for evaluating the ualut \;\SE is as if the input were i.i.d. standard Gaussian. Such

information, or the partition function pertaining to thegperior 5 phase transition has previously been shown for good binary
distribution. In some of the examples, the mutual inforo@ti .44es in general in [12] using the I-MMSE relation.

can also be obtained through existing channel capacitytsesu

from information theory. In the last example, however, we afC- Hierarchical Code for the Degraded Broadcast Channel.
not aware of any alternative to the calculation. Consider the following code ensemble: First, randomly draw

_ N M; = e cloud-center vectordw;} on the /n-sphere.
A. Gaussian I.I.D. Inputs: Let the components oX be i.i.d. Then, for eachu;, randomly drawM, = e codewords
standard Gaussian. In this cas&(3|y) is proportional to a {z;;} according tox,; = ou; + vI—alv,;, where
Gaussian density, stis{In Z(5|Y)} = —(n/2)In(1+ 5) = 4 € (0,1) and {v, ;} are randomly drawn uniformly and
n/2 and its negative derivative is/[2(1+ ()], which is indeed jndependently on the/n-sphere. This means thalte, ; —
half of the MMSE. Here, we havel = n/(3(1+0)) and the 4,12 = (1 - a2). ’

relation t{.J(Y)} = 3?A can be easily verified. There is no fqr high enough SNR, the codewasd ; can be decoded;

(22)

IV. EXAMPLES

phase transition in the MMSE. while at certain lower SNR only the cloud cente; can
B. Random Codebook on a Sphere Surfacd.et X assume Pe decoded but nov; ;. In the following we show the
a uniform distribution over a codeboak = {,...,x,}, corrsponding phase transitions of the MMSE.

M = e"R, where each codeword, is drawn independently Without loss pf generality, Iebc(_),o, belonging to cloud
under the uniform distribution over the surface of the Centerug, be the inputto the Gaussian channel. We decompose

dimensional sphere, which is centered at the origin, andsehdhe partition function as follows:
radius is /n. The c_o_de is capacity achieving (the input 7(g|y) = e‘"’RZexp(—ﬂHy —zi;0?/2) (23)
becomes essentially i.i.d. Gaussianmas> o).

Without loss of generality, assumeg to be the transmitted
codeword. Here, for a given, we haveZ (6ly) = Z.(8ly) +

]
= e "exp(=ly — zo,l*/2)

Ze(Bly) where +e MY " exp(—Blly — @o4l°/2)
i1
Z.(Bly) :e*nRexp[_ﬂ”y—wO”Q/Q] (19) +e_"RZZexp(—ﬁ||y—w4 ”2/2) (24)
2]
is typically aboute"fe=F71/(28) = —n(R+1/2) gng i>1 g
AN
Z.Bly) = Y, e "Fexp[-flly-=|*/2]. (20) = Zo(Bly) + Ze1 (Bly) + Zea (Bly) (25)
LEC\To} where once againZ.(5|y) — the contribution of the correct

Let N(e) denote the number of codeworfis} in C\{x,} for codeword, is typically about="(%+1/2)_ The other two terms

which ||y — x||?/2 lies betweeme andn(e + de). Then Ze1(Bly) and Z.o(B|y) correspond to contributions of incor-
rect codewords from the same cloud and from other clouds,
Z.(Bly) = e‘"R/ deN (e)e=Pne (21) respectively.
R For typical codes, we can use large deviations theory to
where ‘=" denotes that the two sides of the equation arghow that

exponential inn with asymptotically identical exponent. The - . 1 1
integral can be treated as in the random energy model (REI&‘)”LZ61 = exp =0 |y 4 min | Ry, 2 In(1+05) 0 + 2



broadcast channel. Consider two receivers, referred to as

orl ] receiver 1 and receiver 2, with SNR equal f and 3,
respectively. Receiver 1 can decode the cloud center, \akere
o8- ] receiver 2 can decode the entire codeword. In other words,

suppose the hierarchical code ensemble with rate(pair R- )
and parameteny is sent to two receivers with fixed SNR of

Zos ~v1 and v, respectively. Then the minimum decoding error
probability vanishes as long d%, R2, «) are such that
0.3
1 anyl
] Ri<=log(14+ —"1 ), 27
. 1<20g(+1+(1_a2)%) (27)
1
] Ry < S log (1+ a*ys) . (28)
" : : 8 beta : : : ’ In particular, all boundary points of the capacity region te

achieved by varying the power distribution coefficientThis
Fi?- 1-t_ Gr«’if%hfoﬂignaoglf (}? Y)O/ZQ{E%{IH Z(()ﬁ;\?;g))}/nhfhlﬂ a?t capacity region result also leads to the fact that if only the
a runction o or r£1 = 0.1, Hg = 0. ,anda = 0. , which resu .
in B1 = 0.5545 and B2 = 5.001. As can be seen quite clearly, there areclout_j cente_r is decodable,_ then the MMSE for the c_o_deword
phase transitions at these valuesgof v;; Is no different to that if the elements ef; ; were i.i.d.
standard Gaussian. Knowledge of the codebook structure of

{v; ; } does not reduce the MMSE because otherwise the code

whereb = 1 — a2 and cannot achieve the capacity region.
. In Zeo(B)y) D. Hierarchical Tree-Structured Code. Let n be partitioned
vl n into two segments of lengtlh; = A\;n and lengthn, =

n —ni = Agn, respectively\; € (0,1). We randomly draw
(26) a1, = emf first-segment codewordéz;} on the surface
b of the \/n;-sphere, and then, for eaah, we randomly draw
—B {5 + Po — 1Py — 12 /2b(P, — 7‘1Pg)] } ; M, = "> second-segment codeworfis; ;} on the surface
of the /ny-sphere. The total messageoR = n ki +na Ry
where p; = V1 —e2F1, po(ry) = /1 —e2B/(1—7?), nats R = \ Ry + M2 Ry) is encoded in two parts: The first-
P, =(1+1/8+0a%/2, and P, = ay/1+ 1/3. The above segment codeword depends only on the firsk; nats of the
expression does not seem to lend itself to closed form aisalysiessage whereas the second-segment codeword depends on
in an easy manner. Numerical results (cf. Fig. 1) show the entire message.
reasonable match (within the order of magnitudd of10~°) Let C(8) = 1 In(1+ ). It can be shown using large devia-
between values dfim,, . /(X;Y")/n obtained numerically tions theory [9] that—% converges tanin{ R, C(5)} +1/2
from the asymptotic exponent df3{In Z(5]Y ')} and those if R; > Ry, and\; min{ R, C(3)}+ o min{ Ry, C(B)}+1/2
that are obtained from the expected behavior in this case: otherwise. The MMSE then is as in (22) whé& > R, and

1 1
= max max —In(1 —7%) +=In(1 — 73
[r1]<p1 |r2[<p2(r1) {2 ( 1) 2 ( 2)

ixy) [0S, B8< B given by
Jim === =GRy (14 ), By < B < b g B <6
R =Ry + Ry, B> 6 mmséX|Y) = 2%, fOr, <0< Or, (29)
where 0, B> Br,
6é62R1_1 6é62R2_1
PSR 0 2T 1o when Ry < R, (where, again,Gr L 2R _ 1). This

and it is assumed that the parameters of the modgl ( dichotomy between these two types of behavior have their
R and «) are chosen such that, < (3,. Accordingly, the roots in the behavior of the GREM, a generalized version
MMSE undergoes two phase transitions, where it behavesthe REM, where the random energy levels of the various
as if the input were: (i) Gaussian i.i.d. with unit varianceystem configurations are correlated (rather than beindy)i.i
for 3 < pB1 (where no information can be decoded), (iijn an hierarchical structure [4]. The GREM turns out to have
Gaussian input of a smaller variance (corresponding to the intimate analogy with the tree-structured code ensemble
cloud), in the intermediate range (where the cloud center gonsidered here (see [8] for details).
decodable, but the refined message is not), and (iii) the MMSEThe above result on the MMSE is consistent with the
altogether vanishes fof > (., where both messages areanalysis based solely on information theoretic considtanat
reliably decodable. In caseR; < Rs, the first segment code is decodable as long
The hierarchical code ensemble takes the superpositian casd R; < C(/3), whereas the second segment code is decodable
structure which achieves the capacity region of the Ganssifialso Ry < C(3). Hence the MMSE is given by (29). In case



Ry > R,, the second-segment code is decodable if and onlyThe value ofm which makes (34) an equality is known as a
if the first-segment is also decodable, i.e., the two codes ceritical point, beyond which the solution to (33) ceases to be a
be decoded jointly. This requird®, < C(5), Ry < C(8) and local maximum and becomes a local minimum. The dominant
R = MRy + MRy < C(f). The last inequality dominates,m* must jump elsewhere. The MMSE may also undergo an
hence the MMSE is given by (22) in Example IV-B. abrupt change, and so the MMSE may be discontinuous (w.r.t.
these parameters) at these points. Also, as we vary one of the
other parameters of the model, it might happen that the ¢loba
maximum jumps from one local maximum to another.
The special case of quadrafi¢m) = am-+bm?/2 is similar
ough not identical to theandom-field Curie—Weiss modef
spin systems. Eq. (33) becomes= E{tanh(bm+a+ H)},
- 1 similarly as in the mean field model with a random field [1].

P(x) = ZP(S)H {Wexf’{_ﬁ/(%mz)}} (30 The caseb = 0 corresponds to ii.dS;, i.e., a system of

8 _”:1 . S non-interacting particles, where no phase transitionsesast.
where a zero-variance Gaussian distribution is unders&®dTherefore, what we learn from statistical physics here & th
the Dirac delta function. Transforming to “spins” p phase transitions in the MMSE estimator cannot be a property

E. Estimation of Sparse SignalsMotivated by compressed
sensing applications, we consider the a model wh€ye=

S;U;, whereU,; ~ N(0,02) are i.i.d. and independent of the
binary variabless;, where only a small fraction of the elementih
of S =(51,5,...,5,) are nonzero. LeSS ~ P(s), then

(1, pn) DY p; =1 —2s; € {1, +1}, we get: of the sparsity alone (because sparsity may be presentaiso f
exp{_g(1+q/2)”y”2} n the i.i.d. case withP{S; = 1} small), but rather a property
_ 2(1+q) f strong dependency betwedis;}, whether it comes with
Z ﬁ - P ex ihi 0 g p y i
(Bly) (1+q)n/4 %: (1) exp {; : } sparsity or not.
where (31) ACKNOWLEDGEMENT
Bro?y? 1 9 N. Merhav thanks Yonina Eldar for useful discussions
= 4 I (14 G0?) (32) . ) .
! 4(1 + 502) 4 ' concerning Example E during the early stages of this work.

By viewing the expressiony_,, P(p)exp{}_, puihi} as the
partition function of a certain spin system with a nonunifior
random field{ H;} (whose realization i§h;}), we can borrow
techniques from statistical physics to analyze its behavio

Assuming certain symmetry properties on the componentéz]
of s, we postulate that”(p) depends ornp only via the  [3]
magnetizationn(p) = L 3" | 11;. Consider in particular the
form P(u) = C,, exp{nf(m(w))}, whereC,, is a normaliza-
tion constant and (m) is twice differentiable with finite first
derivative on[—1, 1]. On substituting thisP () into (31), the
dominant value ofn asn — oo in the expression foZ (5|y)
is found to satisfy:

m* = E{tanh(f'(m*) + H)}

(1]

(33)

and

E{tanh’®(f'(m*) + H)} > 1—1/f"(m*).  (34)

Clearly, m* is the dominant magnetizaticaposteriorj i.e.,
the one that dominates the posteriomefu) given (a typical)

y. Thus the asymptotic normalized mutual information is [0l

. 2
nmoo  m A(1+q) 214 101

— E {log [2 cosh(f"(m*) + H)]} . ]
For the model of (30)H is defined by (32) withy; replaced
by Y and the expectation ovér is w.r.t. a mixture of two
Gaussians centered at 0 and 1 respectively. The MMSE is
equal to twice the derivative of (35) w.ri. Note that the [13]
dominant valuem™ is dependent orn3. The expression is
omitted here but can be found in [9].

(12]
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